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Abstract—Many practical machine learning tasks employ very
deep convolutional neural networks. Such large depths pose
formidable computational challenges in training and operating
the network. It is therefore important to understand how fast
the energy contained in the propagated signals (a.k.a. feature
maps) decays across layers. In addition, it is desirable that the
feature extractor generated by the network be informative in the
sense of the only signal mapping to the all-zeros feature vector
being the zero input signal. This “trivial null-set” property can
be accomplished by asking for “energy conservation” in the sense
of the energy in the feature vector being proportional to that of
the corresponding input signal. This paper establishes conditions
for energy conservation (and thus for a trivial null-set) for a
wide class of deep convolutional neural network-based feature
extractors and characterizes corresponding feature map energy
decay rates. Specifically, we consider general scattering networks
employing the modulus non-linearity and we find that under
mild analyticity and high-pass conditions on the filters (which
encompass, inter alia, various constructions of Weyl-Heisenberg
filters, wavelets, ridgelets, (α)-curvelets, and shearlets) the feature
map energy decays at least polynomially fast. For broad families
of wavelets and Weyl-Heisenberg filters, the guaranteed decay
rate is shown to be exponential. Moreover, we provide handy
estimates of the number of layers needed to have at least
((1 − ε) · 100)% of the input signal energy be contained in the
feature vector.

I. I NTRODUCTION
Feature extraction based on deep convolutional neural networks (DCNNs) has been applied with significant success in a
wide range of practical machine learning tasks [1], [2]. Many
of these applications, such as, e.g., the classification of images
in the ImageNet data set, employ very deep networks with
potentially hundreds of layers [3]. Such network depths entail
formidable computational challenges in the training phase due
to the large number of parameters to be learned, and in
operating the network due to the large number of convolutions that need to be carried out. It is therefore paramount
to understand how fast the energy contained in the signals
generated in the individual network layers, a.k.a. feature maps,
decays across layers. In addition, it is important that the feature
vector (obtained by aggregating filtered versions of the feature
maps) be informative in the sense of the only signal mapping
to the all-zeros feature vector being the zero input signal.
This “trivial null-set” property for the feature extractor can
be obtained by asking for the energy in the feature vector
being proportional to that of the corresponding input signal, a
property we shall refer to as “energy conservation”.

Scattering networks as introduced in [4] and extended in
[5] constitute an important class of feature extractors based
on nodes that implement convolutional transforms with prespecified or learned filters in each network layer (e.g., wavelets
[4], [6], uniform covering filters [7], or general filters [5]),
followed by a non-linearity (e.g., the modulus [4], [6], [7],
or a general Lipschitz non-linearity [5]), and a pooling operation (e.g., sub-sampling or average-pooling [5]). Scattering
network-based feature extractors were shown to yield classification performance competitive with the state-of-the-art on
various data sets [8]–[13]. Moreover, a mathematical theory
exists, which allows to establish formally that such feature extractors are—under certain technical conditions—horizontally
[4] or vertically [5] translation-invariant and deformationstable in the sense of [4], or exhibit limited sensitivity to
deformations in the sense of [5] on input signal classes such
as band-limited functions [5], [14], cartoon functions [15], and
Lipschitz functions [15].
It was shown recently that the energy in the feature maps
generated by scattering networks employing, in every network
layer, the same set of (certain) Parseval wavelets [6, Section
5] or “uniform covering” [7] filters (both satisfying analyticity
and vanishing moments conditions), the modulus non-linearity,
and no pooling, decays at least exponentially fast and “strict”
energy conservation (which, in turn, implies a trivial nullset) for the infinite-depth feature vector holds. Specifically,
the feature map energy decay was shown to be at least of
order O(a−N ), for some unspecified a > 1, where N denotes
the network depth. We note that d-dimensional uniform covering filters as introduced in [7] are functions whose Fourier
transforms’ support sets can be covered by a union of finitely
many balls. This covering condition is satisfied by, e.g., WeylHeisenberg filters [16] with a band-limited prototype function,
but fails to hold for multi-scale filters such as wavelets [17],
[18], (α)-curvelets [19]–[21], shearlets [22], [23], or ridgelets
[24]–[26], see [7, Remark 2.2 (b)].
Contributions. The first main contribution of this paper
is a characterization of the feature map energy decay rate in
DCNNs employing the modulus non-linearity, no pooling, and
general filters that constitute a frame [17], [27]–[29], but not
necessarily a Parseval frame, and are allowed to be different in
different network layers. We find that, under mild analyticity
and high-pass conditions on the filters, the energy decay rate
is at least polynomial in the network depth, i.e., the decay is

at least of order O(N −α ), and we explicitly specify the decay
exponent α > 0. This result encompasses, inter alia, various
constructions of Weyl-Heisenberg filters, wavelets, ridgelets,
(α)-curvelets, shearlets, and learned filters (of course as long
as the learning algorithm imposes the analyticity and high-pass
conditions we require). For broad families of wavelets and
Weyl-Heisenberg filters, the guaranteed energy decay rate is
shown to be exponential in the network depth, i.e., the decay is
at least of order O(a−N ) with the decay factor given as a = 35
in the wavelet case and a = 32 in the Weyl-Heisenberg case.
We hasten to add that our results constitute guaranteed decay
rates and do not preclude the energy from decaying faster in
practice.
Our second main contribution shows that the energy decay
results above are compatible with a trivial null-set for finiteand infinite-depth networks. Specifically, this is accomplished
by establishing energy proportionality between the feature
vector and the underlying input signal with the proportionality
constant lower- and upper-bounded by the frame bounds of the
filters employed in the different layers.
Finally, for input signals that belong to the class of bandlimited functions, our energy decay and conservation results
are shown to yield handy estimates of the number of layers
needed to have at least ((1 − ε) · 100)% of the input signal
energy be contained in the feature vector. For example, in the
case of exponential energy decay with a = 53 and for bandlimited input signals, only 8 layers are needed to absorb 95%
of the input signal’s energy.
For proofs of the results in this paper and the general
notation used we refer to [30].
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Fig. 1: Network architecture underlying the feature extractor
(k)
(5). The index λn corresponds to the filter gλ(k) of the
collection Ψn associated with the n-th network layer. The
function χn+1 is the output-generating filter of the n-th
network layer. The root of the network corresponds to n = 0.
We extend (3) to paths on index sets q = (λ1 , λ2 , . . . , λn ) ∈
Λ1 × Λ2 × · · · × Λn =: Λn , n ∈ N, according to
U [q]f = U [(λ1 , λ2 , ..., λn )]f
:= Un [λn ] · · · U2 [λ2 ]U1 [λ1 ]f,

(4)

where, for the empty path e := ∅, we set Λ0 := {e} and
U [e]f := f . The signals U [q]f , q ∈ Λn , associated with
the n-th network layer, are often referred to as feature maps
in the deep learning literature. The feature vector ΦΩ (f ) is
obtained by aggregating filtered versions of the feature maps.
More formally, ΦΩ (f ) is defined as [5, Definition 3]
ΦΩ (f ) :=

∞
[

ΦnΩ (f ),

(5)

n=0

II. DCNN - BASED FEATURE EXTRACTORS
Throughout the paper, we use the terminology of [5],
consider (unless explicitly stated otherwise) input signals
f ∈ L2 (Rd ), and employ the module-sequence

Ω := (Ψn , | · |, Id) n∈N ,
(1)
i.e., each network layer is associated with (i) a collection of
filters Ψn := {χn } ∪ {gλn }λn ∈Λn ⊆ L1 (Rd ) ∩ L2 (Rd ), where
χn , referred to as output-generating filter, and the gλn , indexed
by a countable set Λn , satisfy the frame condition [17], [27],
[29]
X
An kf k22 ≤ kf ∗ χn k22 +
kf ∗ gλn k2 ≤ Bn kf k22 , (2)
λn ∈Λn

for all f ∈ L2 (Rd ), for some An , Bn > 0, (ii) the modulus
non-linearity | · | : L2 (Rd ) → L2 (Rd ), |f |(x) := |f (x)|, and
(iii) no pooling, which, in the terminology of [5], corresponds
to pooling through the identity operator with pooling factor
equal to one. Associated with the module (Ψn , | · |, Id), the
operator Un [λn ] defined in [5, Eq. 12] particularizes to
Un [λn ]f = f ∗ gλn .

2

1

(3)

where ΦnΩ (f ) := {(U [q]f ) ∗ χn+1 }q∈Λn are the features
generated in the n-th network layer, see Figure 1. Here, n = 0
corresponds to the root of the network. The function χn+1
is the output-generating filter of the n-th network layer. The
feature extractor
S∞ Λn
ΦΩ : L2 (Rd ) → L2 (Rd ) n=0
was shown in [5, Theorem 1] to be vertically translationinvariant, provided although that pooling is employed, with
pooling factors Sn ≥ 1, n ∈ N, (see [5, Eq. 6] for
the definition
of the general pooling operator) such that
QN
lim
S
n=1 n = ∞. Moreover, ΦΩ exhibits limited sensitiviN →∞
ty to certain non-linear deformations on (input) signal classes
such as band-limited functions [5, Theorem 2], cartoon functions [15, Theorem 1], and Lipschitz functions [15, Corollary
1].
III. E NERGY DECAY AND ENERGY CONSERVATION
The first central goal of this paper is to understand how fast
the energy contained in the feature maps decays across layers.
Specifically, we shall study the decay of
X
WN (f ) :=
kU [q]f k22 , f ∈ L2 (Rd ),
(6)
q ∈ ΛN

as a function of network depth N . Moreover, it is desirable
that the infinite-depth feature vector ΦΩ (f ) be informative in
the sense of the only signal mapping to the all-zeros feature
vector being the zero input signal, i.e., ΦΩ has a trivial null-set
!

N (ΦΩ ) := {f ∈ L2 (Rd ) | ΦΩ (f ) = 0} = {0}.

(7)

N (ΦΩ ) = {0} can be guaranteed by asking for “energy
conservation” in the sense of
AΩ kf k22 ≤ |||ΦΩ (f )|||2 ≤ BΩ kf k22 ,

∀f ∈ L2 (Rd ),

(8)

for some constants AΩ , BΩ > 0 (possibly depending on
the module-sequence Ω) and with the feature space norm

P∞
n
2 1/2
, where |||ΦnΩ (f )||| :=
|||ΦΩ (f )||| :=
n=0 |||ΦΩ (f )|||

P
1/2
2
. Indeed, (7) follows from (8)
q ∈ Λn k(U [q]f )∗χn+1 k2
as the upper bound in (8) yields {0} ⊆ N (ΦΩ ), and the lower
bound implies {0} ⊇ N (ΦΩ ). We emphasize that, as ΦΩ is
a non-linear operator (owing to the modulus non-linearities),
characterizing its null-set is non-trivial in general. The upper
bound in (8) was established in [5, Appendix E]. While the
existence of this upper bound is implied by the filters Ψn ,
n ∈ N, satisfying the frame property (2) [5, Appendix E],
perhaps surprisingly, this is not enough to guarantee AΩ > 0
(see [30, Appendix A] for an example). We refer the reader to
Section VSfor results on the null-set of the finite-depth feature
N
extractor n=0 ΦnΩ .
Previous work on the decay rate of WN (f ) in [6, Section 5]
shows that for wavelet-based networks (i.e., in every network
layer the filters Ψ = {χ} ∪ {gλ }λ∈Λ in (1) are taken to be
(specific) 1-D wavelets that constitute a Parseval frame, with χ
a low-pass filter) there exist ε > 0 and a > 1 (both constants
unspecified) such that
Z
 ω  2

dω,
(9)
WN (f ) ≤
|fb(ω)|2 1 − rg
εaN −1
R
V

for real-valued 1-D signals f ∈ L2 (R) and N ≥ 2, where
2
rg (ω) := e−ω . For scattering networks that employ, in every
network layer, uniform covering filters Ψ = {χ} ∪ {gλ }λ∈Λ ⊆
L1 (Rd ) ∩ L2 (Rd ) forming a Parseval frame (where χ, again,
is a low-pass filter), exponential energy decay according to

V

−N

WN (f ) = O(a

),

2

d

∀f ∈ L (R ),

(10)

for an unspecified a > 1, was established in [7, Proposition
3.3]. Moreover, [6, Section 5] and [7, Theorem 3.6 (a)]
state—for the respective module-sequences—that (8) holds
with AΩ = BΩ = 1 and hence
|||ΦΩ (f )|||2 = kf k22 .

(11)

The first main goal of the present paper is to establish i) for ddimensional complex-valued input signals that WN (f ) decays
polynomially according to
Z

 ω  2
2
N
WN (f ) ≤ BΩ
fb(ω) 1 − rbl
dω,
(12)
Nα
Rd
for f p
∈ L2 (Rd ) and N ≥ 1, where α = 1, Q
for d = 1, and α =
N
N
= k=1 max{1, Bk },
log2 ( d/(d − 1/2)), for d ≥ 2, BΩ

and rbl : Rd → R, rbl (ω) = (1 − |ω|)l+ , with l > bd/2c +
1, for networks based on general filters {χn } ∪ {gλn }λn ∈Λn
that satisfy mild analyticity and high-pass conditions and are
allowed to be different in different network layers (with the
proviso that χn , n ∈ N, is of low-pass nature in a sense to be
made precise), and ii) for 1-D complex-valued input signals
that (6) decays exponentially according to
Z
 ω  2

2
dω,
(13)
WN (f ) ≤
fb(ω) 1 − rbl N −1
a
R
for f ∈ L2 (R) and N ≥ 1, for networks that are based, in
every network layer, on a broad family of wavelets, with the
decay factor given explicitly as a = 53 , or on a broad family
of Weyl-Heisenberg filters [5, Appendix B], with decay factor
a = 32 . Thanks to the right-hand side (RHS) of (12) and (13)
not depending on the specific filters {χn } ∪ {gλn }λn ∈Λn , we
will be able to establish—under smoothness assumptions on
the input signal f —universal energy decay results. Specifically, particularizing the RHS expressions in (12) and (13) to
Sobolev-class input signals f ∈ H s (Rd ), s > 0, where
o
n
H s (Rd ) = f ∈ L2 (Rd ) kf kH s < ∞ ,
1/2
R
, we show that
with kf kH s := Rd (1 + |ω|2 )s |fb(ω)|2 dω
(12) yields polynomial energy decay according to

WN (f ) = O N −γα ,
(14)
and (13) exponential energy decay

WN (f ) = O a−γN ,

(15)

where γ := min{1, 2s} in both cases.
Our second central goal is to prove energy conservation
according to (8) (which, as explained above, implies N (ΦΩ ) =
{0}) for the network configurations corresponding to the
energy decay results (12) and (13). Finally, we provide handy
estimates of the number of layers needed to have at least
((1 − ε) · 100)% of the input signal energy be contained in the
feature vector.
IV. M AIN RESULTS
Throughout the paper, we make the following assumptions
on the filters {gλn }λn ∈Λn .
Assumption 1. The {gλn }λn ∈Λn , n ∈ N, are analytic in the
following sense: For every layer index n ∈ N, for every λn ∈
Λn , there exists an orthant HAλn ⊆ Rd , with Aλn ∈ O(d),
such that
supp(d
gλn ) ⊆ HAλn .
(16)
Moreover, there exists δ > 0 so that
X
|d
gλn (ω)|2 = 0, a.e. ω ∈ Bδ (0).

(17)

λn ∈Λn

In the 1-D case, i.e., for d = 1, Assumption 1 simply
amounts to every filter gλn satisfying
either

supp(d
gλn ) ⊆ (−∞, −δ]

or

supp(d
gλn ) ⊆ [δ, ∞),

which constitutes an “analyticity” and “high-pass” condition.
For dimensions d ≥ 2, Assumption 1 requires that every
filter gλn be of high-pass nature and have a Fourier transform
supported in a (not necessarily canonical) orthant. Since the
frame condition (2) is equivalent to the Littlewood-Paley
condition [31]
X
|d
gλn (ω)|2 ≤ Bn , a.e. ω ∈ Rd , (18)
An ≤ |c
χn (ω)|2 +
λn ∈Λn

(17) implies low-pass characteristics for χn to fill the spectral
gap Bδ (0) left by the filters {gλn }λn ∈Λn .
The conditions (16) and (17) we impose on the Ψn , n ∈ N,
are not overly restrictive as they encompass, inter alia, various
constructions of Weyl-Heisenberg filters (e.g., a 1-D B-spline
as prototype function [32, Section 1]), wavelets (e.g., analytic Meyer wavelets [17, Section 3.3.5] in 1-D, and Cauchy
wavelets [33] in 2-D), and specific constructions of ridgelets
[26, Section 2.2], curvelets [20, Section 4.1], α-curvelets [21,
Section 3], and shearlets (e.g., cone-adapted shearlets [34,
Section 4.3]). We refer the reader to [5, Appendices B and
C] for a brief review of some of these filter structures.
We are now ready to state our main result on energy decay
and energy conservation.
Theorem 1. Let Ω be the module-sequence (1) with filters
{gλn }λn ∈Λn satisfying the conditions in Assumption 1, and
let δ > 0 be the radius of the spectral gap Bδ (0) left by the
filters {gλn }λn ∈Λn according to (17). Furthermore, let s ≥ 0,
QN
QN
N
AN
Ω :=
k=1 min{1, Ak }, BΩ :=
k=1 max{1, Bk }, and
(
1,
d = 1,
p
(19)
α :=
log2 ( d/(d − 1/2)), d ≥ 2.
i) We have
WN (f ) ≤

N
BΩ

Z
fb(ω)
Rd

2



1 − rbl

 ω  2
dω, (20)
N αδ

for f ∈ L2 (Rd ) and N ≥ 1, where rbl : Rd → R,
rbl (ω) := (1 − |ω|)l+ , with l > bd/2c + 1.
ii) For every Sobolev function f ∈ H s (Rd ), s > 0, we have

N −γα
WN (f ) = O BΩ
N
,
(21)
where γ := min{1, 2s}.
iii) If, in addition to Assumption 1,
N
0 < AΩ := lim AN
Ω ≤ BΩ := lim BΩ < ∞, (22)
N →∞

N →∞

then we have energy conservation according to
AΩ kf k22 ≤ |||ΦΩ (f )|||2 ≤ BΩ kf k22 ,
2

(23)

d

for all f ∈ L (R ).
The strength of the results in Theorem 1 derives itself from
the fact that the only condition we need to impose on the filters
Ψn is Assumption 1, which, as already mentioned, is met
by a wide array of filters. Moreover, condition (22) is easily
satisfied by normalizing the filters Ψn , n ∈ N, appropriately
(see, e.g., [5, Proposition 3]). We note that this normalization,

when applied to filters that satisfy Assumption 1, yields filters
that still meet Assumption 1.
The identity (21) establishes, upon normalization [5, Proposition 3] of the Ψn to get Bn ≤ 1, n ∈ N, that the energy
decay rate, i.e., the decay rate of WN (f ), is at least polynomial
in N . We hasten to add that (20) does not preclude the energy
from decaying faster in practice.
The next result shows that, under additional structural
assumptions on the filters {gλn }λn ∈Λ , the guaranteed energy
decay rate can be improved from polynomial to exponential.
Specifically, we can get exponential energy decay for broad
families of wavelets and Weyl-Heisenberg filters. For conceptual reasons, we consider the 1-D case and, for simplicity of
exposition, we employ filters that constitute Parseval frames
and are identical across network layers.
Theorem 2. Let rbl : R → R, rbl (ω) := (1 − |ω|)l+ , with l > 1.
i) Wavelets: Let the mother and father wavelets ψ, φ ∈
b ⊆ [1/2, 2] and
L1 (R) ∩ L2 (R) satisfy supp(ψ)
2
b
|φ(ω)|
+

∞
X

b −j ω)|2 = 1,
|ψ(2

a.e. ω ≥ 0.

(24)

j=1

Moreover, let gj (x) := 2j ψ(2j x), for x ∈ R, j ≥ 1, and
gj (x) := 2|j| ψ(−2|j| x), for x ∈ R, j ≤ −1, and set
χ(x) := φ(x), for x ∈ R. Let Ω be the module-sequence
(1) with filters Ψ = {χ} ∪ {gj }j∈Z\{0} in every network
layer. Then,
Z
 2


ω
2
dω, (25)
WN (f ) ≤
fb(ω) 1 − rbl
(5/3)N −1
R
for f ∈ L2 (R) and N ≥ 1. Moreover, for every Sobolev
function f ∈ H s (R), s > 0, we have

WN (f ) = O (5/3)−γN ,
(26)
where γ := min{1, 2s}.
ii) Weyl-Heisenberg filters: For R ∈ R, let the functions
g, φ ∈ L1 (R) ∩ L2 (R) satisfy supp(b
g ) ⊆ [−R, R],
gb(−ω) = gb(ω), for ω ∈ R, and
2
b
|φ(ω)|
+

∞
X

|b
g (ω − R(k + 1))|2 = 1,

(27)

k=1

a.e. ω ≥ 0. Moreover, let gk (x) := e2πi(k+1)Rx g(x), for
x ∈ R, k ≥ 1, and gk (x) := e−2πi(|k|+1)Rx g(x), for x ∈
R, k ≤ −1, and set χ(x) := φ(x), for x ∈ R. Let Ω be the
module-sequence (1) with filters Ψ = {χ} ∪ {gk }k∈Z\{0}
in every network layer. Then,
Z

 2

ω
2
WN (f ) ≤
fb(ω) 1− rbl
dω, (28)
(3/2)N −1 R
R
for f ∈ L2 (R) and N ≥ 1. Moreover, for every Sobolev
function f ∈ H s (R), s > 0, we have

WN (f ) = O (3/2)−γN ,
(29)
where γ := min{1, 2s}.
The conditions we impose on the mother and father wavelet
ψ, φ in i) are satisfied, e.g., by analytic Meyer wavelets

[17, Section 3.3.5], and those on the prototype function g
and low-pass filter φ in ii) by B-splines [32, Section 1].
Moreover, as shown in [35, Theorem 3.1], the exponential
energy decay results in (26) and (29) can be generalized to
O(a−N ) with arbitrary decay factor a > 1 realized through
suitable choice of the mother wavelet or the Weyl-Heisenberg
prototype function.
For a detailed discussion on the relation between the results
in Theorems 1 and 2 and related results in the literature [6],
[7], [36], we refer the reader to [30, Section IV].
V. N UMBER OF LAYERS NEEDED
DCNNs used in practice employ potentially hundreds of layers [3]. Such network depths entail formidable computational
challenges both in training and in operating the network. It is
therefore important to understand how many layers are needed
to have most of the input signal energy be contained in the feature vector. This will be done by considering Parseval frames
in all layers, i.e., frames with frame bounds An = Bn = 1,
n ∈ N, and by asking for bounds of the form
PN
|||ΦnΩ (f )|||2
≤ 1,
(30)
(1 − ε) ≤ n=0
kf k22
i.e., by determining the network depth N guaranteeing that at
least ((1 − ε) · 100)% of the input signal energySare captured
N
by the corresponding depth-N feature vector n=0 ΦnΩ (f ).
Moreover,
(30) ensures that the depth-N feature extractor
SN
n
exhibits
a trivial null-set.
Φ
n=0 Ω
The following results establish handy estimates of the
number N of layers needed to guarantee (30).
Corollary 1.
i) Let Ω be the module-sequence (1) with filters {gλn }λn ∈Λn
satisfying the conditions in Assumption 1, and let the
corresponding frame bounds be An = Bn = 1, n ∈ N.
Let δ > 0 be the radius of the spectral gap Bδ (0) left by
the filters {gλn }λn ∈Λn according to (17). Furthermore,
let l > bd/2c + 1, ε ∈ (0, 1), α as defined in (19), and
f ∈ L2 (Rd ) L-band-limited. If
&
!1/α
'
L
N≥
−1 ,
(31)
1
(1 − (1 − ε) 2l )δ
then (30) holds.
ii) Assume that the conditions in Theorem 2 i) and ii) hold.
For the wavelet case, let a = 53 and δ = 1 where δ
corresponds to the radius
of the spectral gap left by the

wavelets {gj }j∈Z\{0} . For the Weyl-Heisenberg case, let
a = 32 and δ = R here, δ corresponds to the radius
of the spectral
 gap left by the Weyl-Heisenberg filters
{gk }k∈Z\{0} . Moreover, let l > 1, ε ∈ (0, 1), and f ∈
L2 (R) L-band-limited. If
!'
&
L
N ≥ loga
,
(32)
1
(1 − (1 − ε) 2l )δ
then (30) holds in both cases.

wavelets
Weyl-Heisenberg filters
general filters

0.25
2
2
2

0.5
3
4
3

(1 − ε)
0.75 0.9
4
6
5
8
7
19

0.95
8
10
39

0.99
11
14
199

Table I: Number N of layers needed to ensure that ((1 − ε) ·
100)% of the input signal energy are contained in the features
generated in the first N network layers.

Corollary 1 nicely shows how the description complexity of
the signal class under consideration, namely the bandwidth L
and the dimension d through the decay exponent α defined in
(19) determine the number N of layers needed. Specifically,
(31) and (32) show that larger bandwidths L and larger
dimension d render the input signal f more “complex”, which
requires deeper networks to capture most of the energy of
f . The dependence of the lower bounds in (31) and (32) on
the network properties, through the module-sequence Ω, is
through the decay factor a > 1 and the radius δ of the spectral
gap left by the filters {gλn }λn ∈Λn .
The following numerical example provides quantitative insights on the influence of the parameter ε on (31) and (32).
Specifically, we set L = 1, δ = 1, d = 1 (which implies α = 1,
see (19)), l = 1.0001, and show in Table I the number N of
layers needed according to (31) and (32) for different values
of ε. The results show that 95% of the input signal energy are
contained in the first 8 layers in the wavelet case and in the
first 10 layers in the Weyl-Heisenberg case. We can therefore
conclude that in practice a relatively small number of layers is
needed to have most of the input signal energy be contained in
the feature vector. In contrast, for general filters, where we can
guarantee polynomial energy decay only, N = 39 layers are
needed to absorb 95% of the input signal energy. We hasten to
add, however, that (20) simply guarantees polynomial energy
decay and does not preclude the energy from decaying faster
in practice.
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