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Abstract

We characterize the entropy and minimax risk of a broad class of compact pseudodifferen-
tial operators. Under suitable decay and regularity conditions on the symbol, we combine
a Weyl-type asymptotic relation between the eigenvalue-counting function and the phase-
space volume of the symbol with a general correspondence between spectral quantities,
entropy, and minimax risk for compact operators. This approach yields explicit asymp-
totic formulae for both entropy and minimax risk directly in terms of the symbol. As
an application, we derive sharp entropy and minimax risk asymptotics for unit balls in
Sobolev spaces on R?, thereby extending Pinsker’s theorem for Sobolev classes beyond the
bounded-domain setting, and showing that the sharp asymptotic constants are determined
by phase-space geometry rather than domain geometry.

H. Bolcskei dedicates this paper to Prof. Thomas Kailath on the occasion of his 90th
birthday.

1 Introduction

Metric entropy provides a natural measure of the massiveness of classes of mathematical
objects—such as functions, dynamical systems, or statistical estimators—by quantifying
the number of bits required to approximate their elements uniformly to a given precision.
This concept plays a central role in a wide range of mathematical fields, including approx-
imation theory [16, 17, 41-43], harmonic analysis [20-22, 29], high-dimensional statistics
and probability [59, 60], and machine learning [3, 25, 34]. The theory of metric entropy
itself has also attracted renewed interest in recent years [2—6]; this line of work goes be-
yond purely scaling-based considerations and develops a more quantitative framework for
complexity estimation.

Minimax risk in non-parametric estimation provides a complementary notion of com-
plexity, quantifying the intrinsic difficulty of recovering elements of a class from noisy
observations; see, e.g., [37, 47, 58]. While metric entropy and minimax risk are closely
related, existing characterizations typically treat them through separate analytical frame-
works and under restrictive structural assumptions. The present paper develops a unified
framework for characterizing the entropy and minimax risk of a large class of compact
pseudodifferential operators. Explicit asymptotic characterizations are derived in terms
of the associated operator symbols. These quantities characterize operator compactness
by describing, respectively, the effective size of the operator image of the unit ball and the
intrinsic difficulty of recovering elements of this image from noisy measurements [2, 4].

We build on the well-known observation that images of pseudodifferential operators
are often localized in phase space, with localization properties governed by the associated



operator symbols; see, for example, the discussion of uncertainty principles and phase-
space concentration in [26]. This observation motivates characterizing the metric entropy
and minimax risk of operator images as a natural and effective way to study the complexity
of sets of phase-space-localized signals. Such a viewpoint was adopted by the authors in
[4, Section 3.1], where the metric entropy of signal classes subject to time—frequency
concentration constraints is analyzed via the ellipsoidal structure of the image of the unit
ball under the Landau—Pollak—Slepian operator. This approach yields improvements over
the previously best-known entropy characterizations for both the Landau—Pollak—Slepian
operator and Sobolev balls.

The central contribution of the present paper is to expand this localization-based
methodology by dispensing with explicit ellipsoidal structure and developing a symbol-
based framework that applies to broad classes of compact pseudodifferential operators,
thereby enabling a unified analysis of entropy and minimax risk under general phase-space
localization conditions encoded by symbol decay and regularity.

For compact pseudodifferential operators with sufficiently regular symbols, phase-space
localization at the symbol level is reflected in the spectral properties of the operator; see,
e.g., [26] for the underlying microlocal principle. A spectral formulation is therefore
natural. In the analysis of entropy and minimax risk for compact linear operators, it
suffices to restrict attention to operators that are positive and self-adjoint. This follows
from the fact that any compact operator admits a polar decomposition, and that metric
entropy and minimax risk depend only on the geometry of the image of the unit ball,
which is preserved under the isometry induced by the polar decomposition (see, e.g., [4],
[52], or [13, Chapter 3.4]). Positive self-adjoint compact operators 7' admit a spectral
decomposition; the corresponding nonzero eigenvalues {\, }nen+, listed in non-increasing
order and counted with multiplicity, are nonnegative and tend to zero. The spectral
properties of T are typically characterized through the eigenvalue-counting function

Mp(\) = #{n e N |\, > A}, forall A >0. (1)

It is well established that the entropy of a positive self-adjoint compact linear operator is
governed by its spectral properties; see, e.g., [4, 12, 14, 24, 39, 52]. Expressing the operator
in its eigenbasis turns these spectral properties into a geometric description of the image of
the unit ball under the operator. In particular, this image is an ellipsoid whose semi-axes
are given by the eigenvalues {\, }nen+, see [4]. As shown in [2, Theorems 2, 4, and 5],
this ellipsoidal structure yields sharp asymptotic characterizations for both the entropy
Hr and the minimax risk Ry of T via the type-7 (for 7 > 1) integrals

°© Mp(X)

I (e) = G

£

dx, ¢>0. (2)

Specifically, the minimax risk R7 is asymptotically determined by the type-2 and type-3
integrals according to
Rr(k) ~ k%ecIa(ey), as k — 0, (3)

where the critical radius ¢, is defined as the unique solution of

12(511)
€k

K> (2]3(%) - > =1, forall k> 0. (4)
Moreover, under a mild regularity condition on the eigenvalue-counting function My, the

entropy Hr is asymptotically equivalent to the type-1 integral, that is,
Hp(e) ~ I(e), ase—0. (5)

The relations (3)—(5) reduce the characterization of the asymptotic behavior of the
entropy and minimax risk of a compact operator to that of its asymptotic spectral dis-
tribution. This reduction has already proved effective in [4, Section 3.2] and [2, Sec-
tion 5], where sharp asymptotic characterizations of metric entropy and minimax risk
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for unit balls in Sobolev spaces on bounded domains were derived. In that setting, the
operator T is related to the inverse of the Laplacian, and the required asymptotics of
the eigenvalue-counting function follow from the Weyl law (see, e.g., [54, Chapter 9.5])
and its Riesz-means counterpart (see [28]). The goal of the present paper is to extend
this spectral-reduction strategy to operator classes for which the asymptotic behavior of
the eigenvalue-counting function can be derived from symbol-level information, notably
compact pseudodifferential operators. We keep the discussion in this section informal;
Section 2 defines metric entropy and minimax risk formally, in (12) and (16) respectively.

An important consequence of our results is a conceptual extension of Pinsker’s theo-
rem [51] to unbounded domains. Pinsker’s original result and its subsequent extensions
are formulated in settings where compactness arises from working on bounded domains,
leading to compact embeddings of Sobolev balls into L?. We show that after restoring
compactness on R¢ through spatial confinement, the same minimax principle continues to
govern statistical estimation. In this setting, the sharp asymptotic constants are deter-
mined by phase-space geometry rather than by domain geometry, indicating that Pinsker’s
theorem reflects a structural feature of nonparametric estimation rather than an artifact
of bounded domains.

Pseudodifferential operators are linear operators acting on the Schwartz space

xcRd

S(Rd) = {f € C’OO(]Rd) : sup xaﬁﬂf(x)‘ < oo forall a, 8 € Nd},

and are of the form

T, f(z) = /R () fw) T d, (6)

where ¢ € C®(R? x R?) is the associated symbol, - w denotes the Euclidean inner
product in R¢, and f is the Fourier transform of f, defined in (116). Under appropriate
regularity assumptions on o, such operators can be extended compactly to L?(R%) and
admit a well-developed spectral theory. Pseudodifferential operators were originally intro-
duced in mathematical physics in connection with quantization; see, e.g., [61, 62]. They
subsequently became central tools in harmonic analysis (see [55] and [27, Chapter 2]),
time-frequency analysis (see [30, Chapter 14]), electrical engineering in the context of
linear-time-varying systems [63, 64], and wavelet theory ([46, Chapter 2.10]). In pure
mathematics, pseudodifferential operators play a fundamental role in partial differential
equations and microlocal analysis [32, 33, 35, 53, 56, 57], and they form a key ingredient
in the proof of the Atiyah-Singer index theorem (see, e.g., [40]).

The mapping (6) that associates a linear operator to a symbol is known as the Kohn—
Nirenberg quantization. In addition to (6), two other classical quantization schemes are
commonly used, namely the Weyl quantization and the right quantization; these are re-
viewed in Appendix A. An important aspect of our analysis is that the results do not
depend on the particular choice of quantization; this is formalized in Theorem 1. Accord-
ingly, we often write H,, M,, and R, for the entropy, eigenvalue-counting function, and
minimax risk of Ty, omitting explicit reference to the quantization when it is irrelevant.

Many properties of pseudodifferential operators relevant to spectral asymptotics are
naturally expressed at the level of the symbol. In particular, for symbols that are positive
and decay at infinity, a central quantity in our analysis is the phase-space volume above
level A > 0, defined by

VU(A) = /de H{O’(Cb,w) > A} dx dw. (7)

The function V, records the phase-space distribution of the symbol. Under the regularity
conditions specified in the main results below, the behavior of V,(\) as A — 0 quantifies
the decay of 0. As recalled in Theorem 8, this gives rise to a Weyl-type asymptotic for
the spectral distribution of T;, namely

My(\) ~ Vo(A), A= 0. (8)
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Relation (8) serves as the link between symbol-level quantities and the general entropy
and minimax-risk characterizations in (3)—(5). Combining these results leads to the main
conclusions of the paper, stated in Theorem 1 and Corollaries 2-3. In particular, the
entropy satisfies

Hy(e) ~ /de In, <”(i’ “)) dz dw, € — 0, 9)

and the minimax risk has the asymptotic behavior

o(x,w)

Rg(n)wﬁ/ <1— o > dodw, K — 0, (10)
R2d +

where the critical radius ¢, is determined by

1 K
f<c2/ R dedw=1, x>0. (11)
R2d 0(T,w) €k o(r,w)/ |

To put (8) into context, we review the classical Weyl-type theory for hypoelliptic
operators in Appendix A. In Section 2, we adapt these ideas to the compact symbol-
decay setting considered here and use them to establish the entropy—volume relation of
Theorem 1. Section 2 also contains the principal conceptual contributions of the paper,
namely the asymptotic formulae (9)—(11) together with their interpretation. Finally,
Section 3 applies these results to Sobolev spaces on R?, complementing the corresponding
results for bounded domains obtained in [4, Section 3.2] and establishing Pinsker’s theorem
in the unbounded setting.

Notation. We write N for the set of natural numbers including zero, N* for the set of
natural numbers excluding zero, R for the real numbers, R’ for the positive real numbers,
and C for the complex numbers. Z denotes the complex conjugate of z € C. For d € N*,
we denote by wy the volume of the unit ball in RY, and by ||z||2 the Euclidean norm of
z € R%

L3(RY), C*(R%), and C§°(R%) designate, respectively, the Lebesgue space of square-
integrable functions, the space of infinitely differentiable functions on R, and the space
of compactly-supported infinitely differentiable functions on R%. When relevant, we will
disambiguate the complex- and real-valued functions in the notation, for instance by
writing L2(R%, R) or L2(R%, C), and likewise for C*, and C§°. For f € C*®(RY), we write
V f for its gradient and 0;f for its partial derivative with respect to the i-th coordinate,
where i € {1,...,d}. A multi-index a = (a,...,aq) € N? defines the partial derivative
o =o' --- 097, with order |a| = a1 + -+ + ag.

When comparing the asymptotic behavior of functions f,g: R} — R as x — 0, we
write f(x) = 0g—0(g(2z)) if limy—o f(x)/g(z) = 0, and f(x) = Oz—0(g(z)) if there exists
a constant C' > 0 such that limsup,_,o f(z)/g(x) < C. Further, f(z) ~ g(x) as = — 0
if limg 0 f(z)/g(z) = 1. We write f(z) < g(x) as © — 0 if there exist constants C' > 0
and xy > 0 such that f(x) < Cg(zx) for all x € (0,z9), and f(x) 2 g(x) as z — 0 if
g(x) < f(x). Moreover, f(x) < g(x) as x — 0 if there exist constants 0 < ¢ < C' < oo and
xg > 0 so that cg(z) < f(z) < Cg(x), x € (0,29). These relations are used analogously
as © — 0o, with (0,zg) replaced by (z¢,0), in particular for sequences as n — oo, and
for functions of z € R? as ||z||s — co. We further say that f is regularly varying at zero
with index v € R if lim,_,o f(tz)/f(x) = t” for every t > 0.

Finally, In(-) denotes the natural logarithm, In; (z) = max{0,In(x)} for z > 0 (with
the convention Iny(0) = 0), (z);+ = max{0,z} for x € R, and 1x(-) stands for the
indicator function of the set X.



2 Entropy and Minimax Risk of Compact Hy-
poelliptic Pseudodifferential Operators

We recall the definition of metric entropy for compact sets and the associated notion of
entropy for compact linear operators. Let H be a separable real Hilbert space and let
K C H be a compact set. For € > 0, an e-covering of K is a finite set {z1,...,zn} C H
with the property that, for every = € K, there exists an index i € {1,..., N} such that

|z —il|% < e.

The e-covering number N (g; K, || - ||) is defined as the cardinality of a smallest such e-
covering; the metric entropy H(e; K, || - ||%) of K is the natural logarithm of the e-covering
number.

Given a compact linear operator T': H — H, the entropy of 7" is defined as the metric
entropy of the closure of the image of the unit ball By C H under T, namely

Hr(e) = N (T8, | - ). (12)

Since T is compact, the set T'(By) is compact in H, and the right-hand side of (12) is
therefore finite for every ¢ > 0.

The symbols treated in the classical literature on spectral asymptotics for pseudo-
differential operators are predominantly drawn from the class HI'" (R??) of positive-order
hypoelliptic symbols; see Theorem 7 and the review of the standard spectral theory for
hypoelliptic pseudodifferential operators in Appendix A. In this regime, the associated
operators are necessarily non-compact. Consequently, their entropy is not well defined
and their minimax risk does not converge to zero. By contrast, operators whose symbols
lie in HI'~(R??) can be extended to compact operators on LQ(Rd, C); see, for example,
[53, Theorem 24.4]. The results developed here build on spectral asymptotics for such
compact hypoelliptic operators, recalled in Theorem 8.

The volume function (7) is defined through the superlevel sets of the symbol o and
hence require it to be real-valued. While standard pseudodifferential calculus, recalled
in Appendix A, is developed for operators between spaces of complex-valued functions,
the characterization of entropy and minimax risk we draw from [2] pertains to ellipsoids
in the real sequence space ¢2(N*), and the function classes we consider consist of real-
valued functions. We hence restrict our attention to pseudodifferential operators that map
real-valued functions to real-valued functions and so act on L?(R? R); we say that such
operators preserve the real structure. It is shown in Appendix A that a pseudodifferential
operator with real-valued symbol preserves the real structure if its symbol is frequency-
even, that is, o(z, —w) = o(z,w) for all (z,w) € R??

The asymptotic formulae derived below are obtained under the assumption that the
volume function V, is regularly varying at zero with negative index. This assumption
excludes highly irregular decay behavior while encompassing the polynomial decay rates
that arise naturally in hypoelliptic pseudodifferential calculus, as well as mild logarithmic
perturbations thereof. Its role is to ensure sufficient regularity of the associated eigenvalue-
counting function to allow for a precise evaluation of the leading-order asymptotics in the
integral characterizations of entropy and minimax risk.

More concretely, regular variation of the volume function V, implies condition (RC)
in [2, Theorem 2], allowing one to pass from spectral information to the entropy and
minimax-risk asymptotics in (9)—(11). We emphasize that condition (RC) is never ver-
ified directly in our arguments, and enters only through the standing regular-variation
assumption on V. Background on regular variation and a detailed proof of the implica-
tion ‘V, regularly varying = condition (RC)’ can be found in [9] and in [2, Appendix C].
Regular variation of V, neither implies nor is implied by hypoellipticity of o, as the ex-
amples in Appendix A show.



Theorem 1. Let o € HI' ™ (R?*?) be a real-valued frequency-even symbol, and assume that
the associated volume function V, is reqularly varying at zero with negative index. Then,

V(A

H,y(2) ~ / ‘N o0 (13)
- A

where H, denotes the entropy of the operator associated with o, independently of whether

o is quantized using the left, right, or Weyl quantization. Moreover, if o is strictly positive

and the operator T,—1 is invertible, then

HT;_ll (€) ~ Hy(e), e —0. (14)

Proof. See Section 4.1. O

The proof of Theorem 1 is carried out within the standard hypoelliptic pseudodifferential
operator framework summarized in Appendix A, following [53]. The asymptotics in (13)
readily extend to operators on L?(R%, C), with the right-hand side of (13) multiplied by
two, since a complex ellipsoid with positive semi-axes p1, tio,... can be viewed as a real
ellipsoid with semi-axes p1, p1, po, o, - . - .

The following heuristic motivates the use of (8) in the derivation of the entropy and
minimax-risk asymptotics (9) and (10). Guided by the uncertainty principle, one expects
the eigenfunctions of T, to be essentially localized in phase space on regions of unit volume.
Within such a localized region centered at a point (xg,wg) € R??, the symbol o may be
regarded as approximately constant, with value o(zg,wp).

Under this approximation, the number of eigenvalues exceeding a level A > 0 is ex-
pected to be proportional to the number of disjoint unit-volume regions of phase space
centered at points (z,w) for which o(x,w) > A. This leads naturally to the volume-based
relation (8). A related heuristic for elliptic operators is discussed by Fefferman in [26].
Of course, the argument above is purely heuristic; a central contribution of the present
work is to identify precise conditions under which the insertion of (8) into the entropy and
minimax-risk integrals can be rigorously justified in the compact, symbol-decay setting
considered here.

The volume principle underlying (8) is reminiscent of the approximate diagonalization
results in underspread operator theory [8, 23, 31, 38, 44, 45, 48], in that both frameworks
interpret the Weyl symbol as an effective time—frequency transfer function and relate
spectral quantities to its pointwise values through a phase-space localization principle. In
that setting, one expects entropy formulae of the same log-integral form as (9), paral-
leling Shannon-type expressions for frequency-selective channels. Developing a rigorous
analogue of Theorem 1 for underspread operators is an interesting direction for future
work.

We now present a reformulation of Theorem 1 that makes the connection between
entropy and the symbol explicit. Again, the symbol ¢ in Corollary 2 may be taken to be
the left, right, or Weyl symbol of the associated operator.

Corollary 2. Let 0 € HI'™(R??) be a real-valued strictly positive frequency-even symbol
and assume that the associated volume function Vy is regularly varying at zero. Then,

H,(e) ~ /de ln+<0(x€’ “)> dr dw,  e—0. (15)

Proof. See Section 4.2. O

Recall that, after normalization by a factor In(2), the metric entropy of a compact set
admits an information-theoretic interpretation as the number of bits required to uniformly
encode the set with accuracy e. From this perspective, relation (15) suggests the follow-
ing interpretation. The phase space R?? may be partitioned into regions of unit volume,



centered at points (z,w), each contributing to the total entropy the number of bits re-
quired to encode the local symbol value o(x,w) to within . At the heuristic level, this
contribution is given by [log, (o(x,w)/e)/In(2)], which is equivalent in the limit ¢ — 0 to
log, (0(z,w)/e)/1In(2). Corollary 2 shows that this phase-space heuristic is in fact correct
and yields a sharp characterization of the leading-order term of the entropy. Cells on
which o(z,w) < e contribute nothing, so that the entropy aggregates the contributions of
the active cells alone.

Minimax risk has been studied extensively in nonparametric estimation for function
classes and compact subsets of Hilbert spaces, in particular through the analysis of the
spectral decay of associated compact operators, such as covariance operators, embedding
operators, or diagonal operators arising from basis expansions; see, for example, [36, 51,
58]. In these settings, the function class is typically represented implicitly as the image of
a unit ball under a compact linear operator, and minimax risk is characterized in terms
of the eigenvalues or singular values of that operator.

In contrast, the present framework treats minimax risk as a functional of the opera-
tor itself and aims to characterize its asymptotic behavior directly at the symbol level.
This operator-centric perspective makes it possible to link minimax risk explicitly to
phase-space geometry and spectral asymptotics, in parallel with the corresponding en-
tropy analysis developed above.

We make this precise in two steps, defining the minimax risk in the Gaussian white-
noise model first for a compact set L C ‘H and then for a compact operator. Let {u;};jen-
be an arbitrary orthonormal basis of H, and suppose that, for an unknown z € K, one
observes the sequence y = {y;}jen+ with y; = (x,u;) + &, for all j € N*, where £ > 0
is the noise level and {¢;}en are independent standard normal random variables. The
minimax risk of estimating x from y is

: . 2
R(k;K) = 1£€f 2161’12 Eywx[HxH(y) - x“%}’ (16)

where the infimum is over all measurable estimators Z,.: RN — A, with RY" endowed
with the product o-algebra, and E,., denotes expectation with respect to the law of y
for fixed z. The risk does not depend on the choice of the basis, as the law of the noise
is invariant under orthogonal transformations. The minimax risk Ry of a compact linear
operator T: H — H is now defined as in (16) with I = T'(By), and we write R, for Ry, .

The asymptotic behavior of the minimax risk then follows from Theorem 1 via the

general correspondence between metric entropy and minimax risk developed in [2].

Corollary 3. Let o € HI'™(R?%) be a real-valued strictly positive frequency-even symbol,
let T, be the Weyl quantization of o, and assume that the associated volume function V,
1s reqularly varying at zero. Then, the minimax risk satisfies

R, (k) ~ /12/ (1 _ = ) dx dw, Kk — 0, (17)
R2d +

o(z,w)

where the critical radius €, is determined (implicitly) by

1 K
/{2/ 1-—° dzr dw =1, Kk > 0. (18)
r2d 0(T,w) g o(r,w)) |

Proof. See Section 4.3. O

3 Applications to Sobolev Spaces

Throughout this section, T, denotes the Weyl quantization of 0. We now apply the
results developed in the preceding sections to characterize the metric entropy of unit balls



in Sobolev spaces on R?. This extends the corresponding analysis for Sobolev spaces
on bounded domains presented in [4, Section 3.2]. In contrast to the bounded-domain
setting, the unit ball of a classical Sobolev space on R%—as defined, for example, in [56,
Definition 3.1] or [11, Section 9.1]—is not compact with respect to the L?(R% R) metric
due to translation invariance (cf. [1, Example 6.11]). As a result, its metric entropy is
infinite for every ¢ € (0, 1).

Compactness-restoring variants of Sobolev spaces on R?, such as those involving con-
fining potentials or weights, are classical and have been studied extensively from the
perspectives of functional analysis and spectral theory.

By modifying the Sobolev structure so as to restore compactness while preserving the
underlying notion of regularity, one obtains function classes that fall within the scope of
the present theory. Two such modifications are particularly natural and widely used in
practice: Sobolev spaces with a confining potential (Theorem 4) and weighted Sobolev
spaces (Theorem 5). In both cases, the resulting spaces admit compact embeddings into
L?(R%,R). Throughout this section, the metric entropy of a set is taken with respect to
| - | L2 (e ), and we accordingly write H (e; K) for H(e; K, || - || 2(rd,r))-

We begin with Sobolev spaces equipped with a confining potential. Fix s > 0, let
u € C®(R?% R) be a potential function, and consider the symbol

os(@,w) = (1+u(@) + (2r]w]2)?) ", (19)
and the corresponding power of the Schrodinger operator
Ts = (I+U — A)*/2, (20)

where I is the identity operator, U acts by pointwise multiplication with u(-), and —A is
the Laplace operator whose symbol is given by (27 ||w||2)?. For s = 2, Ts is the Schrédinger
operator itself and og its Weyl symbol. As a concrete and widely studied example, we
work with the quadratic potential (cf. [53, Section 25.3]), that is, u(x) = c||=||3, for all
z € R?, with a fixed constant ¢ > 0.

The Sobolev space of order s induced by T is defined as

—mg o IS 00
HS = CF®RILR) ©°,  ol§) = ITselzmep), ¢ € CRLR),

where the closure is taken with respect to the topology induced by || - ||f;), so that Hg)

embeds continuously into L? (]Rd, R). In this sense, 7-[595) may be viewed as a Sobolev space

of order s with a confining potential, encoding s degrees of smoothness together with
spatial localization. The corresponding unit ball is

BS = {f € HE ¢ I Tsfllaam < 1}- (1)

We are now in a position to characterize the metric entropy of Bg).

Theorem 4. Let d € N* and s,c > 0. The metric entropy of Bgs) obeys

RS SWad  __sass
H ~ 22
(E’BS> a0 <70 (22)

and the corresponding minimax risk admits the asymptotic expansion

(s) d—+s d s woq K> T

; ~ . 2
R(mBS) ~ = ((2wﬁ)d(d Toedts) o "0 (23)
Proof. See Section 4.4. O



Theorem 4, in particular the minimax-risk asymptotic (23), extends Pinsker’s theorem to
Sobolev spaces on R? with a confining potential. Pinsker’s original result was established
in [51]; general reviews can be found in [37, 47, 58], and an extension to arbitrary bounded
domains is provided in [2, Theorem 9]. The result obtained here shows that Pinsker’s
principle is not confined to bounded domains: after restoring compactness through spa-
tial confinement, the minimax risk remains governed by the same structural mechanism
identified by Pinsker, with the sharp asymptotic constant now determined by phase-space
volume rather than boundary effects. This indicates that Pinsker’s theorem reflects an
underlying geometric principle of statistical estimation, rather than an artifact of bounded
domains or specific boundary conditions.

As a second application, we consider weighted Sobolev spaces, defined following [32,
Section 2.3]. Fix s,7,¢ > 0, set u(z) = c||z||3 for z € R, and let

Ty = (I — A)**(1+U)"?,

where I is the identity operator, U acts by pointwise multiplication with u(-), and —A is
the Laplacian operator. As before, Tyy is interpreted as a pseudodifferential operator. By
the Weyl composition formula [53, Theorem 23.6], the Weyl symbol of T)y agrees, up to
lower-order terms, with

ow(z,w) = (1 + 2 wll2)?)** (1 + c|l||3)/. (24)

The weighted Sobolev space of regularity s and weight exponent r induced by Tyy is
defined as

, —s g I :
Hy = Cr®LR) ™ el = el gagy, @ € CRRER),

where the closure is taken with respect to the topology induced by || - ||§,‘;’r), so that H%r)

embeds continuously into L?(R%,R). In this sense, Hg/sv’r) may be viewed as a weighted
Sobolev space of regularity s, where the weight exponent r enforces spatial localization.

The corresponding unit ball is

BT = {f e HS T fll o) < 1}- (25)

We are now ready to characterize the metric entropy of B)(jjr).

Theorem 5. Let d € N* and s,r,c > 0. The metric entropy of B%’T) obeys

d
2 Ersdc ™l if r# s,
H<€7B~E/\9;T)> N(Q(Uﬁ €—>0,
my/c d
€ s ln(afl), ifr=s,
where, for r # s,
. d|s— d
_ minfr s T2 )T(9)
Srysd = dmax{r,s} ’ (26)
2F< 2min{r,s} )
and I' denotes Fuler’s Gamma function.
Proof. See Section 4.5. O

The expression (26) for the constant appearing in Theorem 5 can often be simplified
by exploiting standard identities for the Gamma function [7]. In particular, when the
dimension is even, say d = 2k with £k € N*, the Gamma factors reduce to factorials and
one obtains

(k —1)! min{r, s} #*1

, r#s
2 H;?:l (kmax{r, s} — jmin{r, s})

= _
—r s,2k —

9



For example, in dimension d = 2 this yields

_ min{r, s}

—rs,2

2 (max{r, s} — min{r, s})’

Theorem 5 also delivers sharp entropy asymptotics for compact embeddings between
weighted Sobolev spaces defined through the operators Tyy. In particular, for parameters
s1 > s and r1 > 19, consider the inclusion map

I: Hg/svl’”) — ’H%,ff’m,

which is compact by Rellich’s theorem (see [32, Theorem 2.17 and Exercise 2.12]). The
special case treated in Theorem 5 corresponds to the choice ss = ro = 0. The same
analysis as in the proof of Theorem 5 applies to the embedding operator I with the
parameters (r, s) replaced by (r1 — r2,s; — s2). Consequently,

_—_ d .
w2 B —ro,s1—s0,d € Mnlrimrzsimsal o if 4 59 # 1o + 51,
H[(€) ~— s — 07
(2my/c)?

__4d .
£ s1—s2 ]n(g_l), ifry+s9=1r9+ S1,

where the constant =, ; 4 is defined as in Theorem 5. The order of the entropy numbers for
such embeddings has been studied in a more general setting—for instance for weighted
Besov and Triebel-Lizorkin spaces [24, Theorem 4.3.2]. However, these results do not
identify the leading constants. The present approach provides these constants explicitly
in the weighted Sobolev setting.

4 Proofs

4.1 Proof of Theorem 1

We first assume that the symbol o is strictly positive and refer to the discussion fol-
lowing Lemma 6 for the general case. Next recall that, by definition of HI'~(R??) (see
(121)), there exist p € (0,1] and real numbers m,,m_ with my > m_ > 0, all of
which we fix throughout the proof, such that o € HI',"™ "~ "~ (R2?). Moreover, by [53,
Lemma 25.1, 1)a)], o € HI', "7 (R??) implies that o~ € HI',' " (R%).

To derive the entropy asymptotics, we first reduce the Weyl quantization T, to a
positive self-adjoint operator. By the polar decomposition [18, VIII.3.11], there exists a
partial isometry U such that T, = U|T,|. Since U acts isometrically on the range of |7}/,
it maps the image of the unit ball under |T,,| onto the image of the unit ball under T,.
Consequently,

Hrp (e) = H|T(,\(5)a e>0. (27)

Our strategy is to invoke the spectral asymptotics of Dauge and Robert stated in
Theorem 8. To this end, we choose the weight functions

6(2) = () = (1+1213)"%  w(z)=0(), 2eR™ (28)

Once it is verified that this choice satisfies conditions (H1), (H2), (W), and (N), and that
o € T(R%: w, ¢, p), Theorem 8 yields

M‘Ta|()\) ~ Vg()\), A— 0. (29)

Since w = o, the assumption V,,(A) = O(V,(\)) required in Theorem 8 holds trivially.
Because V;; is assumed to be regularly varying at zero, it follows that M|r, | is regularly
varying at zero as well, with the same index; o € HI,” "™~ (R??) further implies that

this index of regular variation belongs to [—2d/m_, —2d/m], and is in particular negative.
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We mention that, although Theorem 8 is stated for pseudodifferential operators on
L?(R%,C), its spectral asymptotics apply without change to T, acting on L?(R% R).
Indeed, T, is the Weyl quantization of a real-valued symbol and hence self-adjoint on
L2(Rd,(C), with real eigenvalues, and o is frequency-even, so that T, preserves the real
structure. Consequently, for a non-zero eigenvalue A, writing f = f; + ¢fo with f; and
fo real-valued and comparing real and imaginary parts shows that T, f = Af holds if and
only if T, fi = Afy and T, fo = Afs. The eigenspace of X in L?(R?,C) therefore consists
exactly of the functions f = f; 4+ ifs with f; and fo in the eigenspace of A in L?(R% R),
which is finite-dimensional as T, is compact. An orthonormal basis of the eigenspace
of A in L?(R? R) is an orthonormal basis of the eigenspace of A in L?(R¢,C), so that
the eigenspaces have the same dimension and the eigenvalue-counting function of T, on
L*(R? R) and L?(R%, C) coincide. As Ty, is self-adjoint, the eigenvalues of |T,| are the ab-
solute values of those of T,, counted with multiplicity. The eigenvalue-counting functions
of |T,| on L?(R% R) and L?(R%, C) therefore coincide as well.

Since |T,| is a positive compact operator, it admits an orthonormal eigenbasis {uy, }nen-
with corresponding eigenvalues {\, }nen+ listed in nonincreasing order and converging to
zero. In this basis, the image of the unit ball under |T;| is the ellipsoid

&—{x—ixnunliigl}.
n=1 n=1

The semi-axis-counting function of the ellipsoid &) coincides with the eigenvalue-counting
function M, |(A) of |T,|. Hence, the entropy Hr,|(€) is precisely the metric entropy of
the ellipsoid €. Since M|z, |(A) ~ V5(A) as A — 0 and V; is regularly varying at zero, the
regularity condition (RC) required in [2, Theorem 2] is satisfied (cf. [2, Appendix C.1]).
We may therefore apply [2, Theorem 2] to conclude that

o My, (A
H|Ta|(5) N/ ITj\|()d)\, e —0.
€

S|z

Combining this with (27) and (29) yields

(@) = Hr, @)~ [ 52y e, (30)
15

which is precisely (13). It remains to verify conditions (HI)-(N) for the choice (28).
Verifying (H1). To establish that ¢—! and ¢! are (¢, p)-continuous, we start from
the elementary inequality

L4 (t+8)2 < (L+ )24 19)%  t,t>0,

which follows by direct expansion. Applying this with ¢; = ||z]|2 and t3 = ||2’||2, and using
the triangle inequality ||z + 2'||2 < ||2]|2 + ||2’[|2, we obtain

1/2 1/2
A+l +213)"" < (14 28) 2 + 11, 2,2 € R (31)
Replacing z by z + 2’ and 2’ by —2’ in (31), yields the corresponding lower bound
1/2 1/2
(T+lz+ 2132 > @+ 11203) % = 12]l2, 22 €R™ (32)
Fix ¢ > 0 and take z,2’,w,w’ € R% such that

M2, llell2

o(mw) T o w)

Setting z = (z,w) and 2’ = (2/,w’), and using ¢(z) = (z) = (1 + ||2[|3)#/?, we obtain

<ec.

1212 < ll2'll2 + llol2 < e (1 + 1213)77% < e (1 + ||=113)"/2,

11



since p < 1. Combining this with (31)—(32) yields

(1+ ||z + 2/[)3)Y/2
1—c< <1 .
ST ST

Raising both sides to the power p and choosing ¢ = 1/2 shows that
-1 !
C—l S ¢ (zl +z )
¢~1(2)
which proves that ¢~! is (¢, p)-continuous. Since ¢ = ¢ by (28), we have ¢~! = @71

Therefore, the same estimate holds for ¢!, and both functions are (¢, )-continuous.
We next verify that ¢~! and ¢! are (1, 1)-temperate. By Peetre’s inequality (see [57,

(2.21))),

<0, C=2"

(L+[121B) 2 < V2A+ 12182+ [l + 21DV, 22 e R (33)
Rewriting (33) gives
(L+1l2+ 2'13) 77 < 2072 (L4 |12]13) 772 (1 + | 2'13)77. (34)
For z = (z,w) and 2’ = (2/,w’), using 1+ ||2’||3 < (1 + ||2'||2 + ||']|2)?, we obtain
o @+l w W) <2297 (@ w) (L [l2fl2 + 1o]]2)"-

Since ¢ = ¢ by (28), we have ¢! = 1. Hence, the same bound holds for ¢ =1, and both
functions are (1, 1)-temperate.

Finally, since p > 0, we have ¢~1(2) = p~!(2) < 1 for all € R??, and hence both func-
tions are bounded on R??. Together with the (¢, ¢)-continuity and (1,1)-temperateness
established above, this verifies condition (H1).

Verifying (H2). To verify condition (H2), we start from the elementary bound
2t < 1+¢2, for t > 0. Applying this bound first with ¢ = ||z|| and then with ¢ = [|w]|2,
where z,w € R?%, and adding the resulting inequalities, yields

L+ fzllz + llwllz < 2(1+ zl3 + lwl3), 2w eRY
Recalling that ¢(z,w) = ¢(x,w) = (1 + ||z]|3 + ||w||3)?/?, this bound can be rewritten as

1/p
)

L+ [zl + llwllz2 < 2(é(z, w) o(z,w)) z,w € R™

This is exactly condition (127) with C' =277 and ¢ = p.
Verifying (W). By hypoellipticity of o (recall (120)), there exists R > 0 such that,
for every multi-index a € N2?¢, the bound

plo]

|0%0(2)] < Cao(2)(1+2[13) " 7 (35)

holds for all z € R?? with ||z||s > R, for some constant C, > 0 depending on a. For
_rplel
fixed a, the function z — o(2)(1 + [|2[3)” > is continuous and strictly positive, while

z + 0% (2) is continuous since o € C*(R24). As the closed ball {z € R?? : ||z||s < R} is
compact, there exists a constant C/, > 0 such that

« ! 2 — el
0% ()| < Cho(x)(1+2lI2) =, zllz < R (36)
Combining (35) and (36), and recalling that w = ¢ and ¢ = ¢ = (14| - ||3)?/2, we obtain,
for all z,w € R% and all multi-indices o, € N¢,

oo 4 —elal+1s)
|05 0w(z,w)| < Capw(a,w)(1+|(z,w)]3)” (37)

B w(z,w)
= )T o)

(38)
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This establishes condition (126) and hence shows that w € T'(R*;w, ¢, ), as required for

(W).
We show that the weight w = o is (¢, ¢)-temperate by a case distinction on 2’. Fix
2,2 € R¥,

Case 1: ||2'||2 < ||z||5/2. Define the function
g: 10,1 = R, g(t) = In(o(z + t2")).
Then Vo i) 2
oz +1tz') -z
gt)=——""—
o(z +t2)
By hypoellipticity of o, applying (35) and (36) with || = 1 yields bounds on each first-

order partial derivative of ¢. Combining the componentwise bounds corresponding to
|| = 1, there exists a constant K > 0 such that

, t €0,1]. (39)

[Vo(z+t2)|s < Ko(z+t2')(1+ |z + tz’”%)”’”, teo,1]. (40)
Substituting this bound into (39) and applying the Cauchy-Schwarz inequality yields
/(O] < K |12/ll2 (1+ 2+ 1), te0,1]. (41)
Under the restriction of this case, ||2[|2 < ||z]|5/2, and assuming ||z||2 > 1, we estimate

Iz + t2'll2 > llzll2 = tl'll2 > llzlla — gll2l5 > 3llzll, ¢ €0,1],

where the last inequality uses p < 1. Inserting this bound into (41) shows that the right-
hand side is uniformly bounded for ¢ € [0, 1]. Hence, there exists a constant Ky > 0 such
that

g (t)] < Ko, t €[0,1]. (42)

If ||z|]2 < 1, then the assumption of this case implies [|2’[2 < 3. Consequently, for all
t € [0,1], the points z + ¢z’ remain in a fixed compact subset of R??. Since o € C°°(R??)
is strictly positive, the function Vo /o is continuous and therefore bounded on this set. It
follows that |¢/(¢)| is uniformly bounded for all ¢ € [0,1], which yields (42). Integrating
(42) over the interval [0, 1] gives

b

and therefore
o(z+2) <efo(2).

Writing z = (z,w) and 2’ = (2/,w’), and recalling that w = o, we hence get
Wz + 1w+ o) < K0 w(zw) < 0wz w) [1+ |l 6, w) + 16 ol w)],

which is exactly (125) with C' = e and ¢ = 1.
Case 2: ||2'||2 > ||z]|5/2. By hypoellipticity, there exist constants R > 0 and Cy > 0 with

—ma /2
o(z) > Cr (14 [212)™"% |z > R.

Since o is continuous and strictly positive on R2??, it attains a strictly positive minimum
on the closed ball B = {2z € R?? : ||z||2 < R}. Hence, there exists Cy > 0 satisfying

—my /2
o(2) 2 Co (L+I203) ™%, 2l < R.
These estimates imply that there exists a constant K7 > 0 such that

o(z) > Ky (14 2)2) ™7, zeRr

13



Using this lower bound in conjunction with the corresponding upper bound from (120),
we obtain

o(z+2") < I (1+]z+ z’||%)_m_/2
O (R
for some constant Ko > 0. Applying Peetre’s inequality (33) to the numerator gives
o(z+2)
o(z)

for some constant K3 > 0. Using the assumption of this case, ||2'[|2 > ||z|5/2, we can

bound (1+[|z[3) ™™ < ¢ (14 ||123) ™) which leads to

< Ks(1+[1213)™ 2 (1 + (1)) ™,

my —

mo myome
o(z+2) < Kyo(2)(L+[I3) 7 7 %, (44)
for some constant K4 > 0. Writing z = (z,w) and 2’ = (2/,w’), we note that
2 2
L[5 = 14125+ w5 < (L4112 lla+[lw'll2)” < (14 [12”]l2 é(@, w) + o]z (@, w)) ™

Recalling that w = o, this implies

m_)'_*m_
w(z +  w+ w/) < Kqjw(z,w) [1 + ||:c/H2 o(x,w) + Hw/||2 @(m,w)] m-+—- 7

which is precisely the (¢, ¢)-temperateness condition (125) with C' = K4 and { = m_ +
(my —m-_)/p.

Finally, taking 2’ small enough for Case 1 to apply and for (124) to be satisfied, the
(¢, )-continuity of w is established after exponentiating (43).

Verifying (N). By hypoellipticity of ¢ € HT,™ """~ (R2) (recall (120)), there exist
constants C1,Cs, R > 0 such that

CL1+ |2]2) ™ <o(z) < Co(1+|2]3) ™%, ze R with ||zl > R, (45)

With the choice w = o, the bounds in (45) imply

_2p 2p 2p 20

C, "Tw(z)m- < (14 HzH%)_p < C'l_er w(z) ™+, z € R? with lIz]l2 > R. (46)

Since w = o is continuous and strictly positive, its restriction to the closed ball {z € R2¢ .
|z||]2 < R} attains a positive minimum and a finite maximum. Define

C_ = min w(z C. = max w(z).
lell2<R =), T el<r (=)

Then, for all z € R?? with ||z|]z < R,

_2p 2p _2p 2p

(1+R)"C." wz)™ <(1+R) "< (1+23) "<1<C_"Tw(z)m. (47)

Combining (46) and (47), and setting

_2p _ 2 _2  _ 2
K' = min{C'2 " 1+ RHTPC T } K = maX{C'l oot }

v =2p/m_, and v = 2p/m ., we obtain
Kw(z)" < ¢ Hz2) o 1(z) < Kw(z)?, z € R?,

which is exactly condition (128).

This completes the verification of conditions (HI)-(N) and hence establishes (13) for
the Weyl quantization. We next show that the same entropy asymptotics hold for the left
and right quantizations. To this end, we first state a technical lemma, which is proved at
the end of this section.
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Lemma 6. Let p; € (0,1] and m > 0. Let Th and Ty be compact linear operators
on L2(R%,C), both preserving the real structure, such that Ty = To(I + K) + K_o, for
some operators K € \I';lm(Rd) and K_oo € W=°(RY), both preserving the real structure.
Assume further that there exists a real-valued strictly positive symbol o € HI'~(R??) whose
associated volume function V, is reqularly varying at zero, and that either Ty or Ty is the
Weyl quantization of . Then

Hr, (e) ~ Hrp,(e), e —0. (48)

Lemma 6 allows us to remove the strict positivity assumption on the symbol . Indeed, by
hypoellipticity, the symbol ¢ has a fixed sign outside a sufficiently large ball in phase space.
By regular variation of the volume function with negative index, this sign must be positive.
One may therefore modify o inside this ball by adding a compactly supported frequency-
even smooth perturbation so as to make it strictly positive everywhere. The operator
thus obtained differs from T, only by an additive smoothing operator K_,, € W~°(R9),
and one gets the desired result upon application of Lemma 6.

Invariance under change of quantization. We establish invariance of the entropy
asymptotics under a change of quantization by treating explicitly the Weyl-left case; the
Weyl-right case follows by the same arguments. Let T7 and T denote the left and Weyl
quantizations of the symbol o, respectively, and let o; be the Weyl symbol of T7. Since T3
is the left quantization of a symbol o € HI', """~ (R??), Proposition 25.1 in [53] implies
that the corresponding Weyl symbol o; also belongs to HF;mJ”_m’ (R24),

Since Ty is the Weyl quantization of a hypoelliptic symbol in HT', """~ (R??), The-
orem 25.1 in [53] guarantees the existence of a two-sided parametrix Bs with symbol
by € HI',' "™+ (R??) such that

ThBo =148, S U ®RY. (49)
Note that, upon replacing Bs by (B + B3 + CB2C + CB;C) /4, where C is the complex-

conjugation operator (C'f)(z) = f(z) and -* the adjoint, the symbol by can be assumed,
without loss of generality, to be frequency-even and real.

We may further assume, again without loss of generality, that the symbol by is nowhere
vanishing on R??. Indeed, by hypoellipticity and the lower bound in (120), there exists
R > 0 such that ba(z) # 0 for all z € R?? with |[z|s > R. If by vanishes at some
point in {z € R?? | ||z|]2 < R}, we can construct a frequency-even real-valued function
b, € C®(R??), supported in {z € R?? | ||z|| < 2R}, such that

b = by + by € HI'— "+ (R*Y)

and bj(z) # 0 for all z € R??. Let B} and B} denote the Weyl quantizations of b}, and b},
respectively. Replacing By by BY in (49) yields

ToBY =1+ S+ ThB),

where Ty By € U~=°°(R%) since b, is compactly supported. Absorbing this term into the
remainder, we obtain a representation of the form

T,BY =1+S", 8" €U >RY,

with a parametrix whose symbol does not vanish on R2?.
Composing (49) on the right with (71 — T3) yields

TQBQ(Tl — TQ) = (T1 — TQ) + S(Tl — Tg)

Because S € U~°(R?) and Ty — Ty is a pseudodifferential operator, and since ¥~=°°(R%)
is a two-sided ideal in the pseudodifferential calculus, the composition S(T} — T») belongs
to W=°(R%); see, for example, [32, Theorem 4.22] or [53, Theorem 23.6]. Letting

S = —8(T) — Tp) € U~(RY),
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we may therefore rewrite the above identity as
ToBo(Ty —To) = (Th — To) — S'.
Rearranging terms yields
71 =15 (I + Bo(Th — TQ)) + 9. (50)

With K = By(Ty — Ts) and K_o, = S’, we see that (50) is of the form required in
Lemma 6. Since By and 17 — Tb preserve the real structure, K and K_,, do as well.
Therefore, once it is shown that K € \II;Im(Rd) for some p; > 0 and m > 0, the lemma
applies and yields

Hr, (e) ~ Hrp,(e), e — 0. (51)

We next prove that in fact K € \1!;2’) (RY). This will be done by first showing
that o~ 1(o; — o) € T,*"(R2). Recall that o, denotes the Weyl symbol of the left
quantization T7. By [53, Theorem 23.3], for every N € N* there exists a remainder

TN € F;m’_2(N+1)p(R2d) such that
1\ J
o1(z,w) —o(z,w) = Z o <47r> 05050 (x,w) +ry(z,w), z,we R (52)
aeN?
1<|a|<N

2\ el ga 5o
o1—0 1/ 0%0%0 rn
o Z oz'(471'> s (53)

We treat the two terms on the right-hand side of (53) separately. First, since o~! €
HT,' """ (R24), application of [53, Lemma 25.1] allows us to conclude that

™~ e P mt—m- _2(N+1)p(R2d).
o P

Choosing N sufficiently large ensures

N —2p (mp2d
- € Fp P(R=?). (54)

Second, consider the derivative terms appearing in the finite sum in (53). For each multi-
index a # 0, the Leibniz rule together with the derivative bounds in (120) imply that

o 19000 € T, 2I(R?),
Since || > 1, we have —2p|a| < —2p, and hence
ol 98000 € T, %P (R*). (55)
Combining (54) and (55) in (53) yields
o Yoy —0) € F;2p(R2d),

as claimed.
Returning to the parametrix identity T5B2 = I + 5, let s denote the Weyl symbol of
the operator S. By the composition formula for Weyl quantization [53, Theorem 23.6]
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and the hypoellipticity of both by and o, for every M € N there exist constants C, g € C
and a remainder 1, € I‘LnJr*m_J(MH)p(]RQd) such that

L+sz) = 3 Capdba(z) 9o(2) + i (2) (56)

o,BeN2d
0<]al+|B|<M

e 02ba(2) Do(2) | Th(2)
=by(z)o(2) | 1+ BZ;I Cos ") o) T hielm | 7
I<]al+|B|<M

for all z € R??. Recall that o(z) is non-vanishing for all z € R?? by assumption, and that
bo(z) has been chosen to be non-vanishing on R?¢ without loss of generality.

Choosing M sufficiently large ensures that (r},/bao) € T, *(R24). Moreover, by the
Leibniz rule and hypoellipticity,

byl 0%by € TP I(RYM), 071 9%0 e T PIPI(RH),

for all multi-indices «, . Consequently, the expression in parentheses in (57) is of the
form 1+ ' with ' € I',*”(R2?). Since 1/(z) — 0 as ||z]|2 — oo, there exists R > 0 such
that

()] < 3, for all z € R* with ||z[s > R.

We may now modify 7’ on {z € R? | ||z||z < R} as follows. Let x € C°(R?9) satisfy
x(z) =1 for z € {z € R¥||z|2 < R},

and
x(z) =0 for z € {z e R* | |z]| > 2R},

and let G: C — C be a smooth truncation of the identity satisfying

G(a) =a for |a| < 3, |G(a)| < 5 forallaeC.
Define
7(z) = (1= x(2)r'(2) + x(2) G(r'(2)), = €R™.
Then
7 =1 =x(G(r') — 1) € CX(R*),
and hence

7 e T, (R*),
since 7/ € I', *(R24) and C2°(R24) ¢ T~°(R2?) ', (R>¥). Redefining
1+35="byo(1+7),

we get
F—s="byo(i —1') € I7°(R™),

since 7 — ' € C°(R??). Hence 5 € T~°°(R?%), while 7’ € F;Qp (R24) by construction, and
the identity
1+5=byo(1+7)

5

retains the form of (56)—(57). Replacing (s,r’) by (5,7) in (56)—(57), we thus preserve
all structural properties required in what follows—namely the identity, the symbol class
of 7', and the property of s—and we may therefore assume, without loss of generality,

I7(2)| < 3, 2 € R*,

DO
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It follows that

_ 1+S(Z) 2d
b = L R
2(’2) U(Z) 1+T/(Z)’ z 6
Moreover,
/
1+7) =1 =
(L+77) o 4=

Writing ¢ = 7/ H(r') with H(a) = —1/(1 + a), we obtain H(r') € I')(R**) and hence
q€ I‘;Q'D(R%).

Therefore,

1+s - - _
- st =147 7 €T, %P (R*),

and consequently
by=0"Y(1+F), 7eT,*R™. (58)

Applying the same arguments to the operator Bo(T} —T5) shows that its Weyl symbol
is of the form
bo(oy — o) (1 +7"), (59)
for some " € T',*"(R2?). Using (58) in (59) along with o~ !(o; — o) € T, *(R%), we
obtain

bo(oy — o)1 +1") =0 Yoy — o)1 +7) (1 +7") € F;Q’J(RM)

and hence
By(Ty — Ty) € U, (RY).

This establishes the required property for the operator K = By(T) — T%), and thus com-
pletes the proof of the invariance under the change of quantization stated in (51).

Invertibility formula. By [53, Theorem 25.4], under strict positivity of the symbol
o € HI'~(R?%), the inverse of the operator T,,-1 is also a hypoelliptic operator with symbol
in HI'~(R2?). We now prove the second statement of Theorem 1, namely

HTo_jl (e) ~ Hy(e), e—0.

To this end, we establish a parametrix relation between T, and T, -1, showing that their
composition differs from the identity by a compact operator of strictly negative order.
Using the assumed invertibility of T,,-1, this relation allows us to compare the entropy of
T, with that of Ta__ll. Applying the Weyl composition formula [53, Theorem 23.6] to 0!
and o and following a similar line of arguments as the one leading to (58), shows that

T,1T, =1+ R, (60)

with R € ¥, *(R%).
Since T, -1 is invertible by assumption, (60) can be rewritten as

T, =T, (I+R). (61)

By [53, Theorem 24.4], the operator R € \P;Qp(Rd) extends to a compact operator on
L*(R%). Identity (61) is therefore of the form required in Lemma 6, with 7} = T,
T = T;}l, K =R, and K_,, = 0. Due to o being frequency-even, all these operators
preserve the real structure, and applying the lemma yields

HT(,_fl (e) ~ Hy(e), e—0,

which is precisely (14).

18



Proof of Lemma 6. Let k denote the Weyl symbol of K. Since K € \Ifglm(Rd) for some

m > 0, we have k € P;lm(RZd), hence k is of strictly negative order. The constant symbol

1 belongs to Hf‘g’lO (R24). Applying Shubin’s stability result for hypoelliptic symbols under

lower-order additive perturbations [53, Lemma 25.1 (1c)] yields
1+ k € HI)O(R*).

Consequently, by [53, Theorem 25.1], the operator I + K admits a right parametrix, that
is, there exists a pseudodifferential operator P & \Ilgl (R9) such that

(I+K)P=1I+R_, (62)

for some residual operator R_o, € ¥~°(R%). By the Weyl composition formula [53,
Theorem 23.6], the Weyl symbol of (I + K)P has the form

(1+k)p+gq,

where p is the Weyl symbol of P and ¢ € F;fpl (R2?). On the other hand, by (62), the
Weyl symbol of (I + K)P is 1 + r_o, where r_ is the symbol of R_,,. Using that
ke F;lm(RQd) and comparing expressions, it follows that there exists a symbol

e F;IW(RQd)7 v = min{2p1, m}a

such that
p= 1+ .

Equivalently, in operator form,
P=I+R;, Rie¥, R
We now multiply the identity
T =TI+ K)+ K_«
from the right by P and use (62) to obtain

TWP=T,(I+K)P+ K_.P
=TI+ R_)+ K_oP
=T+ TR o+ K_P.

Rearranging terms yields
To =TI+ R1)+ R

—0o0)

(63)

where
R =-TR o — K P ec U ®RY),

since ¥~°(RY) is a two-sided ideal in the pseudodifferential calculus. Equation (63)
provides a representation of T5 of the same structural form as the hypothesis of Lemma 6,
namely

T, =Ty(I+Ri)+R_,

with Ry € ¥, (R?) for some v > 0 and R_ € ¥~°(R%). With an argument similar to
the one following (49), upon replacement by (R; + CR;C)/2 and (R_ + CR__C)/2,
respectively, Ry and R’ __ can be taken to preserve the real structure. Although the order
~ may differ from the original exponent m, the lemma only requires the perturbation to
be of strictly negative order. This symmetry explains why Lemma 6 only requires that
either 71 or Ts be the Weyl quantization of o.

19



We now turn to the comparison of the entropy numbers of 77 and 75. Recall that the
entropy numbers {e,(T)}nen of a compact operator T: L*(R?) — L?(R?) are defined by

en(T) ==inf{e > 0| Hr(e) <n}, neN (64)

We refer to [13, 24, 43, 49, 50] for background on entropy numbers and their basic prop-
erties. Starting from the representation (63), and using the submultiplicativity and sub-
additivity of entropy numbers (see, for example, [43, Section 15.7] or [24, Section 1.3.1,
Lemma 1]), we obtain

en+5[n1/2j (TQ) < en(Tl) €Ln1/2J (I + Rl) + €4Ln1/2J (R/—oo)v (65)

together with
eLnl/Qj(I+R1) < 60(1)+6Ln1/2j(R1)’ n € N. (66)

Since eo(I) = ||I||2—2 = 1 [43, Section 15.7], and R; by virtue of being compact satisfies

lim ej(R1) =0,
J—00
it follows, by (66), that
ez (I + R1) <1+ o(1), n — o0o. (67)

We now estimate the term e4m1/2J(R’_OO) appearing in (65). Since R, € U~°(R%),
it has a Schwartz kernel (cf. the discussion following [53, Definition 23.4]) so that singular
values decay faster than any polynomial (see, e.g., [15, Theorem 5.1 (5)]). Therefore,
Carl’s inequality [14, Corollary 1] guarantees that, for every ¢ > 0,

€4ln1/2) (R_) =o(n79), n — 0o. (68)

From now on, we assume without loss of generality that 177 = T, where T, is the Weyl
quantization of the hypoelliptic symbol o. If instead T5 = T,,, the same argument applies
after interchanging the roles of 77 and 75 from the outset.

An argument identical to that used to derive (68) shows that the entropy numbers of
the operator K_ . in the parametrix relation

T =TI+K)+ K_« (69)
also decay faster than any polynomial rate. More precisely, for every g > 0,
egpnt/2(K-o0) = o(n™9), n — 00. (70)

We next derive two-sided polynomial bounds for the entropy numbers of 77 = T,. Since
o€ HI') (R2?), there exist exponents my > m_ > 0 such that the two-sided hypoelliptic-
ity bounds (120) hold. Consequently, there exist constants c¢1,co > 0 and Ag > 0 so that,
for all A € (0, Ag),

A2 < V() < g2

Since (13) has already been established for the Weyl quantization, this yields

HTl(g)N/ 10
€

and therefore
c3e 2 < Hp () < ege 24/, e € (0,ep),

for suitable constants cs,c4,e9 > 0. By the definition of the entropy numbers, these
bounds imply the existence of constants cs, cg > 0 such that

csn D <o (1) < g/ D) n — 00. (71)
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Choose ¢ > m4/(2d). Then (68) and (71) imply
€4Ln1/2J(R/_OO) = o(en(Th)), n — 0.
Combining this with (65) and (67), we obtain
€nisint/2) (12) < en(T1) (14 o(1)), n — oo.
Based on (69), applying the same entropy-number calculus as before, we get
€ nisinirz) (Th) < en(T2) ez (I + K) + e /2 (K —co).

Since K is compact,
ez (I + K) <1+ 0(1), n — oo.

Moreover, by (70),
€4n1/2] (K-x0) = O(n_q)7
for every ¢ > 0. Using the lower bound in (71) together with (73), we infer that

en(Ty) = n~m+/2d), n — 0o.

In particular,
e4Ln1/2J(K_OO) = 0(€n(T2)), n — 0.

Reinserting this into (73), we obtain

€ nt5(nl/2] (Tl) < en(TZ)(l + 0(1)), n — oo.

(74)

The preceding argument was carried out under the assumption 77 = T,. Since the
parametrix relation assumed in Lemma 6 and the derived reverse parametrix relation
are invariant under exchanging 77 and 75, the same reasoning applies when To = T,,.
Consequently, the estimates (72) and (74) hold irrespective of which of the two operators

is the Weyl quantization of o.

We now convert the entropy-number relations (72) and (74) into corresponding asymp-

totic relations for the entropy functions. Fix € > 0 and choose n. € N such that
ne +5\nl%] < Hr,(e) < ne + 14 5[(n. +1)/2].
By the definition of entropy numbers this implies

€n5+5\_n;/2j (Tg) > €.

Combining this with (72), we obtain

e < en€+5m;/2J(Tg) < en. (T1) (14 0(1)), e — 0.

Hence, there exists a function ¢ : R% — R* with ((¢) — 1 as € — 0 such that
e((e) < en (Th).

Applying again the definition of entropy numbers yields

Hry(2((€)) = ne = Hry(2) (1 + 0e-0(1))-

(75)

(76)

(77)

To obtain an upper bound for Hp, in terms of Hr,, let m. := [Hrp,(g)]. Then m, — oo

as € — 0, and by the definition of entropy numbers we have

€m,. (TQ) S E.
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Applying (74) with n = m, yields

e (Ty) <e(1+o0(1)), e — 0.

me+5\md/?)

Consequently, there exists a function ¢’ : R% — R with ¢{’(¢) — 1 as € — 0 such that
Hry(e¢'(e)) < me +5[ml/2]. (78)

Since

me = Hp,(g) + O(1), e —0,
and Hr,(g) — oo, we obtain
me +5|m/?| = Hy, () (14 0e—0(1)).
Substituting this relation into (78) yields
Hr, (¢'(e)) < Hpy(e) (1 + 0e0(1)). (79)

From here on we assume, without loss of generality, that 77 = T,,. The case Th = T, is
treated in the same way after interchanging the roles of 77 and T5. Since (13) has already
been established for the Weyl quantization, we obtain

Hyecen ~ [ N (80
V(N < Ve(N)
- /6 2+ /6 o X
~ Hrp(e) + / N V”A(A) dx, (81)

as € — 0, where the second integral is understood with its natural orientation. Using the
monotonicity of V,, the remainder term in (80)-(81) satisfies

210 Vo(e¢(e)) Vo(e¢*(e))
dA\| < ————F e —¢e((e)| = ——————= |1 = ((¢)], 82
L™ o = Tag T e @)
for all e > 0, where (*(¢) = min{1, ((¢)}. Since V} is regularly varying at zero, Karamata’s
theorem implies
. 0 Ve(A
Vo(C* () = Oeso ( / W dA) . (s3)
£¢*(e)
Because ((¢) — 1 as € — 0, it follows from (83) that
* < V(A
Vale NI - (o)) = oaﬁo< [ dA>. (51)
¢*(e)
Combining (80)—(81), (82), and (84) therefore yields
Hr(e((e)) ~ Hp, (¢), e—0. (85)
The same argument, with ¢ replaced by ¢’, gives
Hry(e('(g)) ~ Hry(e), e —0. (86)
Finally, combining (77), (79), (85), and (86), we conclude that
Hr, (6) ~ Hr, (5)7 e—0,
which completes the proof of Lemma 6. O
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4.2 Proof of Corollary 2

From the definition (7) of V,,, we have

o] oo 1
/ Vald) gy / / A2 G s d A
e )\ e R2d )\

© 1
- / / @A gy g dy, e > 0.
0 R2d A

Since the integrand is nonnegative, Tonelli’s theorem yields

o0 Tio(zw * 1io(zw
/ / {”(’)M’d:pdwd)\:/ / “Hol@w)>A>e} g\ g de, e > 0.
0 R2d A R2d J0 A

For fixed (z,w) € R??, the inner integral can be computed explicitly:
& ]1 o(x,w g 9
/ {o( ,)\)>)\> } d)\:ln+<a(m w))’
0 e

where Iny (¢) = max{ln(¢),0}. Consequently,

/ Vo) gy = 1n+<"("”’°")) dodw, > 0.
c A R2d g

The claim now follows directly from Theorem 1.

4.3 Proof of Corollary 3

We combine the theory of regular variation (see, e.g., [9]) with Theorem 1 to derive the
asymptotics of the type-7 integrals (2). Specifically, for 7 = 2 and 7 = 3, definition (2)
gives

IQ(E):/OO My (A) A2 d), Ig(s)z/oo M, (A\) A3 dA.

By Theorem 1, we have

Hg(g)w/ V”A(A) d\, £—0,
€

for all quantizations. Since V, is regularly varying at zero, condition (RC) holds and [2,
Theorem 2] yields
H,y(e) ~ Ii(e),

Ii(e) ~ / VU)(\)\) dA, e — 0.
£

which, in turn, implies

Using integration by parts, we obtain

Be) = nE) - [ BN g,

and
I3(e) = e 21 (e) — 2 / IlA(gA) dX.

)

Since I is regularly varying at zero, another application of Karamata’s theorem implies

LI(e) ~ /OO VU(;‘) d\, I3(e) ~ /OO VoY) dA, e—0.

A A3
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In particular, by Pinsker’s asymptotic minimax theorem (cf. [37, Theorem 5.3] and the
discussion preceding [2, Theorem 5]) and [2, Theorem 4],

<1 (A
Ry (k) ~ K? an/ V/\(Q ) dA, k=0, (87)

where the critical radius ¢, is determined by

2 _
K / V() (AS - A255> dx=1, &>0. (88)

We next compute the integrals appearing in (87) and (88) explicitly. From the definition

(7) of V,
]]‘0'.'170.)
/ // {of )>”dddx
£ RQd

1
/ / Ho(zw)>A>e} xw)>)\>£} da dw d\.
R2d

Since the integrand is nonnegative, Tonelli’s theorem allows us to exchange the order of

integration, giving
1
{o(z,w)>A>e}
——=""—=dAdz dw.
/w /0 A2 T

For fixed (z,w) € R??, the inner integral can be evaluated explicitly:

/OO ﬂ{a(:c,w)>>\>5} d\ — 1 _ 1
0 A2 e o(r,w)/,

/:O V)\(;\) d)\ — /de (i _ a(xl,w))erx dw. (89)

Substituting (89) into (87) yields (17).
A completely analogous computation gives

V(M) 1 1
d\ = — - —— | dxdw.
I /de<262 20(:1:,(,u)2>Jr T (90)

Combining (89) and (90), we obtain

[z LGm), - (- Jos

- /R a(:cl, @) (i B 0@;1, w>>+ o de

Inserting this expression into (88) yields (18), thereby completing the proof.

Consequently,

4.4 Proof of Theorem 4

By [53, Proposition 25.4], Bf;) is compact, and therefore bounded, in L?(R%). We next
show that ker Tis = {0}. If Ts1p = 0 for some nonzero 1) € L*(R%), then ) € Bés) for

all © € R, which contradicts boundedness of Bgs) in L?(R%). Since Ts is self-adjoint,
kerTé = kerTs = {0}, and [53, Theorem 25.4] therefore guarantees the existence of an

inverse T'g ! which can be extended via [53, Theorem 24.4] to a compact operator on
L%*(R%). Setting g = Tsf in (21), we obtain

BY = {T5'g: Ngllome) < 1} = T ' Ba,
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where By denotes the unit ball in L?(R?). Consequently,
H(:BY) = Hyoi(e), 2> 0. (91)

To apply Theorem 1, we study the volume function

S

Vogt ) = /md Li(1telal3+@nlwlz)?) /252y Ao dw, A € (0,1). (92)

Performing the change of variables z — 2///c and w — '/(27) yields

]‘ / /

Vo N = Gr vy /Rad L1 B+ [3) /252y 42 dw (93)
]‘ / /

= W /de ]]'{HJ*J”%J"HW/H% <)\72/5_1} dz' dw'. (94)

Hence VU; (\) is proportional to the volume of a ball of radius (A\=2/* —1)!/2 in R?*¢, and

therefore

Vo) = 24 (\2s _qyd o P2 j-2dfs 0y,

st Gy @m0y
A direct calculation further shows that
ooV __1(A) sw
IS A~ 22 —2d)s 0. 95
/5 X\ 2dm/ed s (95)

The symbol agl satisfies the assumptions of Theorem 1. Applying successively (91), (14),
(13), and (95), we obtain

H(&; Bés)> = HTS—1(€) ~ Ho§1(8)

N /oo Va—gl ()\) A\ ~ SWad _ 572d/s’
. A 2d(2m\/¢)

e — 0,

which establishes (22).
Finally, by [2, Appendix A, Table (iv)], metric entropy scaling of the form

with ¢, > 0, is equivalent to minimax risk scaling

2

a+2 ca K2 at2
Rr) ~ — <(a+1)(a+2)> "0

In view of (22), for Bés) we may choose

(L W o — 2d
- (@2ryod R
which yields
s d+s d s wag K2 e
R(r;BY)) ~ 0.
(H’ S ) d ((27rﬁ)d(d +5)(2d + s) ’ R

This establishes (23) and completes the proof of Theorem 4.
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4.5 Proof of Theorem 5

It follows from Rellich’s compactness theorem (see [32, Theorem 2.17 and Exercise 2.12])

that B%T) is compact in L?(R?). Proceeding as in the proof of Theorem 4, with oy in
place of os, we reduce the problem to determining the asymptotic behavior of

V 1 ()\) (27_‘_\[) /RM ﬂ{ 1+||w’|| )~ s/2(1+”x/‘|%)—7‘/2>>\} dl’l dw', A > 0. (96)

Oy

We rewrite the integral in polar coordinates to get

o0 o0
d—
/0 /0 I]'{(l«l»ug)_s/z(1+U3)_T/2>/\} 53_1(“0@0) ! duo dUO,

where s;_1 denotes the surface measure of the unit sphere in R4, With the change of
variables u = ug and v = U(C)l, we get

Vg-;vl <)\) (2ﬂf / / ]l{ 1+u2/d) .5/2(1_;’_1}2/11) 7/2>>\} du dU (97)

using wy = $q_1/d.

Let us first assume that 7 < s. For v > 0, the inequality (14+u2/®)=5/2(14-0%/4)=7/2 > )
has solutions in u only if A\(1 + v?/4)"/2 < 1. Solving this inequality for v gives v <
(A2/7 —1)4/2 and we therefore define

vy = (AT —1)Y2, (98)

Fix v € [0,v)). Then the condition (1 4 u?®)=%/2(1 4+ v?/4)="/2 > X is equivalent to
1+ u?/® < X\=2/5(1 +v¥4)="/5 and hence to

u < ()\—2/3(1 +U2/d)—r/s . 1)d/2‘

Consequently, integrating first with respect to u gives

2 v d/2
3 — Wa —2/s 2/d\—r/s _
Vet ) = ey /0 (A (1 + v 1) dv,  A>0.

After the change of variables t = v /vy, the integral becomes

v (A)—“’c%/1 B)dt, A0 (99)
it N = Gy J, ’

where

uy(t) = ()\—2/5(1 + (th)z/d) e 1) d/2, t€10,1). (100)

Note that the integral (99) includes the endpoint ¢ = 1, although the admissible region
corresponds to t € [0,1). This is justified since the singleton {1} has Lebesgue measure
zero and wu) extends continuously to [0,1] with uy(1) = 0. From the definition of vy in
(98) we have vy ~ A~%" as A — 0. Letting ~ := 2r/(ds) and using (100), we obtain the
pointwise limit

urn®) — (=17 x>0, te(01).

Since 7 < s, we have v < 2/d, and therefore the function ¢ — (t~7 — 1)%2 is integrable on
(0,1). Moreover,

(1+(m)2/d) APTS 7(1+ 2/d) s S0, te (0,1),
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which implies

ur(t) < (7 = 1)%2.
Since uy(t) — (=7 — 1)%2 pointwise on (0,1) as A — 0, and |ux(t)| < (t~7 — 1)%2 with
the latter integrable on (0, 1), the hypotheses of the dominated convergence theorem are
satisfied. Consequently,

1 1
/u,\(t)dt — / ¢ —1D)Y2dt,  A—0.
0 0

Using the representation of V _1(\) derived above and applying the dominated conver-
w
gence theorem, we obtain
wfl Ux wﬁ UX

1 1 ”
vgwl(x):w/o u(t) dt ~ (277\/5)d/0 7~ )24, A0, (101)

Changing variables according to ty = t” in the integral on the right-hand side of (101),
we obtain

! 1 [t Lo 1 (1 dd
t‘”—ld/zdt—/t” 2(1—to)¥?dtg=-B(=— -, - +1 102
[ —vra= [T a - a = tp(2-5.541). o

where B denotes Euler’s Beta function. Using the relation between the Beta and Gamma
functions (see [7, Chapter 2]), we further get

(L) G-y _ar(re
T\ 22 r(L+1) 2T(5:)
Combining (98), (101), (102), and (103), we conclude that
dw?2T (4 (d
N~ (52)r() =4/t o, (104)

2(2my/c)?T (%) ’

in the case r < s.

By symmetry, the case r > s is treated in the same way after interchanging the roles
of r and s throughout the preceding argument. In particular, the auxiliary quantities vy,
uy, and «y are redefined with r and s swapped, so that v = 2s/(dr). This yields

dwit (U5
2(2my/c)? () ’

For r = s, we first observe that

V._1(\) ~

s A— 0. (105)
(14 u4)=5/2 < (14 u)~/, U — 0.
Hence, for every fixed n € (0, 1) there exists R, > 0 such that
(L= +u®) 7P < (1 4u)/" < (L4 + a2 w>R, (106)

and the same estimates hold with u replaced by v. Now, whenever u,v > R,, (106) and
its version with u replaced by v imply that

(1= )21+ w21 4 )72 < (14 u) 7L A o)
< (1 +17)2(1 _|_u2/d)—s/2(1 _|_,U2/d)—s/2'



Consequently, for u,v > R,, we obtain the set inclusions

{1+ w221 02 4)75/2 5 2 C{(1+u) /(1 + ) > (1—m)2A} (107)
and

{1 +w)" 1+ o) > (1 +0)2A} C{A + N1 +0¥)72 > A} (108)

We next decompose the double integral (97) defining VU;\}()\) according to

R"] R”’I R"]

The first integral satisfies

Ry Ry
/0 /0 ]]_{(1+u2/d)7s/2(1+v2/d)7s/2>)\} dudv — R%, A—0. (109)

Next, for the mixed region we have

oo Ry o)
/ / Il{<1+u2/d>5/2<1+v2/d>L<>-/2>A}d“"””SR’?/ L{apoaray-srzsy dv
R, Jo R,
— Ors0 (xd/S). (110)

It remains to analyze the tail region

1 w2/dy—s/ v2/dy—s/ du dv.
/Rn/Rn {(+u?/d)=o/2(1402/d)=5/2> 2}

To this end, we introduce the tail part of the corresponding comparison integral

fn()\) = /R /R :ﬂ_{(1+u)7s/d(1+v)fs/d>>\} du dv.
n v fin

For )\ sufficiently small, the admissible region in this tail integral is given by

—d/s )\fd/s
1, Ry<u<
=S Ty

R, <v<

—1
>~ 1+Rn 5

and therefore

A4y g
T _ 145y A /s _ d —d/s -1 —d/s
In(A)_/R <1+v—1—Rn>dv—SA In(A )+0H0(A )

n

so that p
L) ~ =2 m\™h,  A=o0. (111)
S

We now use the set inclusions (107) and (108) to get

I ((1 + 7] /R / ]l{ 14u2/d)=s/2(1402/d)=5/25 2} du dv
n

and o o
/ / :H.{(1+u2/d)75/2(1+U2/d)—s/2>)\} du dU S In((l — 77)2)\)
Rn Rn

By (111), this implies

/ ]]'{(1+u2/d)*8/2(1+v2/d)7s/2>)\} dudv

_Qd/s< .. R, JRy
(1+mn) < h&n_iélf T3} (112)
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and

R /R Lo pu2/ay=s/2(1402/a)-s/25 ) dudv
lim su n Y by 1 .
A—)Op %)\*d/s In(A—1) < n) (113)
Combining (112)—(113) with (109) and (110), and taking n € (0,1) arbitrarily small, we
can conclude that

dw?l —d/s -1

We now apply Theorem 1 with o = 0]7\,1 to obtain

ooV _1(A
H l(e)w/ Vo )d)\, e — 0. (115)

O'W A
Combining (104), (105), (114), and (115), we arrive at

— —d/ mi .
2 (Brsas S iy £,
d

H 1(e) ~ ——d__ e — 0,

Oy (27T\ﬁ)d E—d/s ln(€_1)7 T .
where .
N min{r,s}r(m;;s})r(g)
Finally,

H(s; Bgf{;r)) ~ HJ;\} (e), e—0,

which completes the proof.
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A Review of Spectral Theory for Pseudodifferen-
tial Operators

This appendix reviews the spectral-theoretic material required for the development of our
results. We begin by recalling the Kohn—Nirenberg representation of a pseudodifferential
operator. With the Fourier transform defined by

f = [ fwes e, werd (116)

the operator T, associated with a symbol o admits the integral representation

(T, f)(x) = /2d o(x,w) erile—y)w fly) dy dw, z € R%. (117)
R
Following standard practice (see, e.g., [53, Definition 23.1]), we assume throughout
that the symbols under consideration satisfy appropriate regularity and growth conditions.
Specifically, for N € N* (typically N = 2d or N = 3d below), m € R, and p € (0, 1], we
define the symbol class F;”(]RN ) as the set of complex-valued functions o € C*°(R") such
that, for every multi-index ov € NV there exists a constant C, > 0 with

m=pla]
2

0°0(2)| < Ca (14 |2]2) 2,  zeRYN. (118)

For later use, it is convenient to work with a slightly more general integral represen-
tation than (117), allowing the symbol to depend on the integration variable y as well.
Specifically, we consider operators of the form

Truf)@) = [ ouloyp) e fg) dy dw, a R (119)

where o, € F;”(R3d) is referred to as the amplitude of the operator. The precise defini-
tion of an amplitude varies somewhat across the literature; see, for example, [53, Defini-
tion 23.3] and [57, Definition 2.1]. We follow [53, Definition 23.3] and let II’*(R3%) denote
the set of complex-valued functions o, € C*°(R3?) for which there exists an m’ € R such
that, for all multi-indices a, 3, € N?, one can find a constant Ca,p~ > 0 with

m=|atp+ m' +|at 4|

ol
050 0)0a(m,y,w)| < Capr(T+1I2l3) 2 (A+lz—yl3) =
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where z € (x,y,w) € R3. Operators of the form (119) with amplitude in o € Hz"‘(R?’d)
define the class \IIZT(Rd). Finally, we set

v o= () TRRY),
meR

which can be shown to be independent of the parameter p; see the discussion following
[53, Definition 23.4].

The amplitude formulation (119) provides a unified framework encompassing several
standard quantization schemes. The Kohn—Nirenberg representation (117) is recovered
when the amplitude is independent of the variable y, that is, when there exists a symbol
or € I‘:)”(RM) such that

oo(z,y,w) = op(z,w).

In this case, oy, is referred to as the Kohn—Nirenberg symbol (or left symbol) of the
operator T,,. If oy € FZ‘(RM) and

ooz, y,w) = aw(%ﬂ’,w),
then T}, coincides with the Weyl quantization of the symbol oy, which is therefore called
the Weyl symbol of the operator. Similarly, when the amplitude depends only on the
second spatial variable,

O-a(xa yaw) = O-R(yuw)v OR € F:}n(R2d)7

the function op is referred to as the right symbol of T,. Conversely, every operator
Ty, € \IJZ“(]Rd) admits equivalent representations in terms of a left symbol, a Weyl symbol,
and a right symbol; see [53, Theorem 23.1].

We recall that an operator T is said to preserve the real structure if it sends real-
valued functions to real-valued functions, or, equivalently, if it commutes with complex
conjugation. Furthermore,

TouF)o) = [ Galm e 0 1) dy
R2d
= / 0o, y, —w) 7@V £ dy dw, zeRY,
R2d

where the last step uses the change of variables w — —w. Therefore, for pseudodifferential
operators with real-valued Weyl, right, or left symbol, evenness of this symbol in the
frequency variable w is sufficient for the operator to preserve the real structure.

A central theme in the spectral theory of pseudodifferential operators is that the
asymptotic behavior of the eigenvalue-counting function can be characterized in terms
of the associated symbol, independently of the chosen quantization (Kohn—Nirenberg,
Weyl, or right). We highlight two results of this type. The first, stated as Theorem 7, is
a classical Weyl-type result for hypoelliptic pseudodifferential operators and is included
here for context. The second, Theorem 8, concerns compact pseudodifferential operators
and provides the spectral characterization used in the proof of our main result.

To state Theorem 7, we first introduce the notion of a hypoelliptic symbol; see, for
example, [53, Definition 25.1]. A complex-valued function o € C*°(R??) is said to be
hypoelliptic if there are constants C1, Cs,, R > 0, a parameter p € (0, 1], and real numbers
m4 > m_ such that, for every multi-index o € N?¢, one can find a constant C, > 0 for
which

m__ m
2

m_ + aa _P|O“
CLA+ER) T < lo()] < Co(14]212) 7, and 1220

2\~
o S Call+la3) =, (120)

for all z € R?? with ||z||2 > R. We denote this class of symbols by HT'," ™" (R??). Direct
comparison of (120) with the estimate (118) yields that every hypoelliptic symbol is a
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symbol in the sense of T, (R2?), that is, HI,' " (R24) c T, (R??). A hypoelliptic
operator is a pseudodifferential operator whose symbol is hypoelliptic.

Depending on the asymptotic behavior of the symbol at infinity, hypoelliptic sym-
bols exhibit qualitatively different spectral properties. We therefore distinguish between
symbols that grow at infinity and symbols that decay at infinity.

Positive-order hypoelliptic symbols. A hypoelliptic symbol o is said to be of positive
order if it belongs to the class

HCHRY) = U HOp-m (R,
pe(0,1] m4,m_>0
my >m_

That is, o is of positive order if there exist parameters p € (0,1] and real numbers
my > m—_ > 0 such that
o € HIP— "+ (R*).

For symbols in this class, we have
lo(2)] = oo, as ||z]ja — oo.

Negative-order hypoelliptic symbols. A hypoelliptic symbol o is said to be of nega-
tive order if it belongs to the class

HD-(R*) = J =D, (R, (121)
p€(0,1] m4,m_>0
my >m_

That is, o is of negative order if there exist parameters p € (0,1] and real numbers
my > m_ > 0 such that
o € HL, ™+ = (R*).

For symbols in this class, we have
lo(z)] = 0, as [|z]|l2 = oo.

The classical spectral theory of hypoelliptic pseudodifferential operators predominantly
addresses the positive-order case. This stands in contrast to the negative-order setting
of the present paper, where the symbols of interest decay at infinity, so that the volume
integral in (7) is finite. Nevertheless, in order to place our results in context and to recall
the classical Weyl-type asymptotics available in the positive-order case, it is convenient to
introduce counterparts of the eigenvalue-counting function (1) and of the volume function
(7), which we denote by a superscript 1. Specifically, for a real-valued Weyl symbol oy €
HI't(R??), we define the upward eigenvalue-counting function of the pseudodifferential
operator 1y, by

M () = #{ne N\ (T,,) <A},  A>0,

where { A, (T, ) }nen+ denotes the eigenvalues of Ty, . It follows from [53, Corollary 23.3
and Theorem 26.3] that T, has purely discrete spectrum. The upward volume associated
with the same symbol oy is defined by

VJTW (/\) = /RQd ]l{gw(x7w)<)\} dr dw, A> 0. (122)

With these notions in place, a classical Weyl-type result in the spectral theory of
hypoelliptic pseudodifferential operators can be stated as follows.
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Theorem 7 ([53, Theorem 30.1]). Let o € HI'H(R??) be real-valued. Assume that there
exist constants R > 0 and C > 0 such that o(z) > 0 for all z € R? with ||z||2 > R and

|z-Vo(z)| > Clo(2)], for all z € R?*® with ||z||2 > R. (123)

Then the upward eigenvalue-counting function M} of the corresponding Weyl-quantized

operator satisfies
MI(N) ~ VI, as A — 00.

The second result we invoke is due to Dauge and Robert [19]. Their work concerns compact
pseudodifferential operators of negative order and establishes a Weyl-type asymptotic
formula for the eigenvalue-counting function, including a remainder estimate. FEarlier
results in this direction are due to Birman and Solomyak [10], who analyzed compact
pseudodifferential operators with symbols that are homogeneous or quasi-homogeneous
with respect to the phase variable. A typical example of such behavior is given by symbols
o for which there exists ¢ < 0 such that

o(z,tw) = tSo(z,w),

for all t > 1, 2 € R, and w € R? with ||w]||2 sufficiently large. Dauge and Robert relax
the requirement of exact homogeneity and work under more general decay assumptions at
infinity, thereby extending Weyl-type spectral asymptotics to a broader class of compact
pseudodifferential operators. This flexibility makes their result applicable to the negative-
order symbol regime considered in the present paper.

Dauge-Robert formulate their results in terms of general weight functions ¢, €
C>=(R%) taking values in R*; see [19, Definition 1.1]. In this framework, a function
w € C*®(R?) taking values in RY is called (¢,¢)-continuous if there exist constants
¢, C' > 0 such that
w(r+ 2w+ w)

-1 <
¢ w(z,w)

<C

for all z,2',w,w’ € R satisfying

1=l lle2

plz,w) oz, w)

The weight w is said to be (¢, p)-temperate if it is (¢, ¢)-continuous and there exist
constants C, ¢ > 0 so that

<c. (124)

w42, w+w') < Cwlz,w)[1+ |22 ¢(z,w) + ||l ¢z, )], (125)

for all z,2’, w,w’ € R4,

Further, given a (¢, p)-temperate weight w, Dauge-Robert define the symbol class
I'(R%;w, ¢, p) as the set of complex-valued functions o € C*°(R??) such that, for every
pair of multi-indices «, 8 € N, one has

w(z,w)

d
oz o)l gy DY RY, (126)

0205 o (2, w)| < Cup

with a constant C, g > 0.

In order to control the spectral asymptotics of compact pseudodifferential operators
with symbol decay, Dauge—Robert impose a set of structural conditions on the weight
functions w, ¢, ¢ governing localization and scaling in phase space. For ease of reference,
we reproduce these assumptions below, using the same labels as in [19].

(H1) The functions ¢~ and ¢~! are (¢, p)-continuous, (1, 1)-temperate, and bounded
on R??,
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(H2) There exist constants C, ¢ > 0 such that
C 1+ lz]2 + w]2)* < d(z,0) p(z,0),  @weR™ (127)

(W) The weight w belongs to the symbol class T'(R?%;w, ¢, ¢) and is (¢, ¢)-temperate.
(N) There exist constants K, K’, v, > 0 such that

K w(z,w) <¢ N (z,w) e Hz,w) < Kw(z,w), z,w € RY, (128)

Under assumptions (H1)—(N), Dauge-Robert establish the following Weyl-type asymp-
totic formula for the eigenvalue-counting function of compact pseudodifferential operators
whose symbol o belongs to I'(R?%;w, ¢, ).

Theorem 8 ([19, Theorem 1.3]). Let w, ¢, p € C>®(R??) be weight functions taking values
in R, and satisfying (H1), (H2), (W), and (N). Let o € T(R*%;w, ¢, ¢) be real-valued non-
negative and assume that the maps X\ — Vy(A) and X\ — Vi, (X) are regularly varying at
zero of negative index with Viy(\) = Ox0(Vo(N)). Then, Mz, |(A) ~ Mr,(A) ~ Vy(A), as
A — 0, where T, is the Weyl quantization of o.

We remark that both Theorems 7 and 8 are stated here in slightly simplified forms relative
to their original counterparts in [53, Theorem 30.1] and [19, Theorem 1.3], respectively.
More precisely, [53, Theorem 30.1] replaces the condition (123) by the weaker requirement

|z Vo(z)| > Clo(2)]*?, for all z € R* with ||z|» > R, (129)

for some § € [0, min{p’,1}), where p’ > 0 is a parameter depending on the symbol o (with
the universal lower bound p’ > p/m.). Under this assumption, Shubin establishes the
refined asymptotic expansion

MI(N) = Vj(A)(1 + OA_>OO()\5‘P/+”)), for every n > 0.
Similarly, [19, Theorem 1.3] provides a remainder estimate of the form
M, (\) = Vo(\) + Oxsso (AC Vw(A)), for some ¢ > 0,

under their original set of assumptions. In the present paper, only first-order asymp-
totics are required, and the finer remainder estimates available in the original results are
not needed. For this reason, the simplified formulations given in Theorems 7 and 8 are
sufficient for our purposes.

Additionally, we note that the regular-variation assumption imposed in Theorem 8
replaces the original condition (T) in [19]. This is made possible by the smooth variation
theorem [9, Theorem 1.8.2], which guarantees that V, admits smooth regularly varying
lower and upper equivalents f_ < V, < fi such that fir(A) ~ V,(A) as A — 0. In
particular, fi satisfy (T) for sufficiently small arguments by [9, Chapter 1.8]. In the proof
of [19, Theorem 1.3], one needs to replace V,, by f1 and apply the corresponding estimates
to these smooth functions only at those points where (T) and its integrated form (1) are
invoked; one keeps V, in the geometric identities. Since fi(A) ~ V5(A) as A — 0, the
resulting replacement introduces only o(V,(\)) errors, which can be safely ignored given
that our statement considers only first-order asymptotics. A similar argument holds for
Vw. This modification is introduced here in order to enable the subsequent connection
between eigenvalue-counting functions and metric entropy, and therefore does not entail
any loss of generality in the context of our results.

Let us also record here that the regular variation condition is independent of a hy-
poellipticity condition of the type o € HI'™(R??). Morally, regular variation of the phase-
space volume controls the global decay of the symbol, while hypoellipticity—especially
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the second part of (120)—controls its local regularity. Let us formalize this idea with two
examples. First, for fixed m > 0, the fast oscillations of the symbol

_ 14 |[2]I3 + sin(]l2]3)
(Z - m-+2 9

L+ 1l=03) ="

z e R?,

prevent it from satisfying the right part of (120), while V,;(\) is asymptotically equivalent
to wagA~2%™ and thus regularly varying. Conversely, the hypoelliptic symbol

e sin(log(1+||z‘|%))

L +1l=03)=

o(z) = , zeR* and a€ (0,m/2),

has slow oscillations preventing its volume function from being regularly varying.
Finally, the non-negativity assumption on the symbol ¢ can in principle be removed.
In [19], this is achieved by separating the asymptotic analysis of the positive and negative
parts of the spectrum of T,. When ¢ is strictly positive and of negative order, the neg-
ative spectrum does not contribute to the leading asymptotics, and Mz, |(A) ~ Mr,(N).
Since our analysis focuses exclusively on the leading-order behavior, the formulation of
Theorem 8 for non-negative symbols is compatible with the assumptions of Theorem 1.
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