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Abstract
Recently, the use of coherent space-frequency coding in Orthogonal Frequency
Division Multiplexing (OFDM)-based frequency-selective multiple-input multipleoutput (MIMO) antenna fading channels has been proposed [1, 2]. Acquiring knowledge of the fading coefficients in a MIMO channel is already very challenging in
the flat-fading case. In the frequency-selective case, estimating the MIMO channel
becomes significantly more difficult due to the presence of multiple paths, which
results in an increased number of channel coefficients. In this paper, we address
code design for non-coherent frequency-selective MIMO-OFDM fading links, where
neither the transmitter nor the receiver knows the channel. We derive the design
criteria and quantify the maximum achievable diversity gain. We demonstrate
that unlike in the coherent case, non-coherent space-frequency codes designed to
achieve full spatial diversity in the flat-fading case can fail completely to exploit not
only frequency diversity but also spatial diversity when used in frequency-selective
fading environments. Such codes are termed “catastrophic”. Finally, we provide
explicit constructions of full-diversity (space and frequency) achieving codes and
assess their performance through simulation results.

1

Introduction and Outline

Space-time coding has emerged as a promising technique for realizing spatial diversity gain
in multiple-input multiple-output (MIMO) antenna systems. Previous work on spacetime coding has been restricted to coherent [3, 4, 5] and non-coherent [6, 7, 8] narrowband
flat-fading MIMO channels, where spatial diversity only is available. Recently, the use
of MIMO systems in frequency-selective fading channels in combination with Orthogonal
Frequency Division Multiplexing (OFDM) and coherent detection has been considered
[9, 10, 1, 11, 2, 12, 13]. Code design criteria for the coherent frequency-selective case
were derived in [1, 11], and specific code designs have been presented in [2, 14].
While the coherent case is representative for fixed or low mobility wireless systems, future mobile broadband access systems are expected to operate at high vehicle speeds and
will hence experience fast frequency-selective fading. Learning the coefficients of a MIMO
fading channel is already very challenging in the narrowband frequency-flat fading case.
Often this is not possible at all due to fast channel variations. In the broadband case,
∗
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estimating the channel becomes even more challenging due to the presence of multiple
paths, which requires the estimation of an increased number of fading coefficients.
Contributions. Considering a strategy which consists of coding across antennas
and OFDM tones (space-frequency coding), we derive the design criteria for non-coherent
space-frequency codes, where neither the transmitter nor the receiver knows the channel.
The resulting design rules are found to be vastly different from the well-known HochwaldMarzetta criteria for the flat-fading case [7]. We furthermore demonstrate that employing known non-coherent space-time codes as space-frequency codes (by coding across
frequency rather than across time) will in general not exploit the additionally available frequency diversity. Moreover, we show the existence of “catastrophic non-coherent
codes”, which are non-coherent space-time codes designed to achieve full spatial diversity in the flat-fading case and fail to exploit both spatial and frequency diversity when
employed in frequency-selective channels. The non-coherent broadband case therefore
calls for new code designs. We present explicit constructions of full (i.e. spatial and
frequency) diversity achieving codes and derive the maximum-likelihood (ML) decoding
rule. We prove that the maximum achievable diversity order is given by dmax = MT MR L
with MT and MR denoting the number of transmit and receive antennas, respectively,
and L denoting the channel order. Finally, we assess the performance of the proposed
space-frequency codes through simulation results.
Outline. The paper is organized as follows. Sec. 2 introduces the system model
and discusses our assumptions. In Sec. 3, we derive the design criteria and discuss
performance bounds. Sec. 4 presents our code constructions and simulation results, and
Sec. 5 contains conclusions.

2

Non-Coherent MIMO-OFDM Systems

In this section, we introduce the non-coherent broadband fading channel model, and
then briefly describe non-coherent MIMO-OFDM systems and the idea of non-coherent
space-frequency coding.

2.1

Channel Model

In the following, MT and MR denote the number of transmit and receive antennas,
respectively. We assume that the channel consists of L matrix-valued taps (each of size
MR by MT ) with the matrix-valued transfer function given by
H(ej2πθ ) =

L−1
X

Hl e−j2πlθ ,

0 ≤ θ < 1.

(1)

l=0

Note that in general there will be a continuum of delays. The channel model (1) is
derived from the assumption of having L resolvable paths, where L = bBτ c with B
and τ denoting the signal bandwidth and delay spread, respectively. For the sake of
simplicity, we restrict ourselves to purely Rayleigh fading channels. The elements of
the Hl (l = 0, 1, ..., L − 1) are circularly symmetric1 zero mean uncorrelated complex
gaussian random variables with variance σl2 . For the sake of simplicity of exposition,
throughout the paper we assume uncorrelated taps Hl and a uniform power delay profile
with σl2 = L1 (l = 0, 1, ..., L − 1).
1

A circularly symmetric complex gaussian random variable is a random variable z = (x + jy) ∼
CN (0, σ 2 ), where x and y are i.i.d. N (0, σ 2 /2).
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2.2

Non-Coherent MIMO-OFDM Systems

In an OFDM-based MIMO system the individual data streams are OFDM-modulated
before transmission (Fig. 1 shows the schematic of a MIMO-OFDM system). In the
following, N denotes the number of OFDM tones. The OFDM modulator applies an
N -point IFFT to N consecutive data symbols and then prepends the cyclic prefix (CP)
(which is a copy of the last L samples of the symbol) to the symbol. In the receiver,
the individual signals are passed through an OFDM demodulator, which first discards
the CP and then applies an N -point FFT. Organizing the transmitted data symbols into
(0) (1)
(M −1)
(i)
frequency vectors ck = [ck ck ... ck T ]T (k = 0, 1, ..., N − 1) with ck denoting the
data symbol transmitted from the i-th antenna on the k-th tone, the reconstructed data
vector for the k-th tone is given by [9, 10]
rk =

q

2π

Es H(ej N k ) ck + wk ,

k = 0, 1, ..., N − 1,

(2)

where wk is an MR × 1 complex-valued additive white gaussian noise vector satisfying2
E{wk wlH } = IMR δ[k − l]

(3)

with IMR denoting the identity matrix of size MR .
Throughout this paper, we employ a generalization of the block-fading model used in
[6] to the broadband case. We assume that the delay-spread channel remains constant
for the duration of one OFDM symbol and then changes to a new realization in an
independent fashion. We emphasize that due to the presence of multipath delay-spread
2π
the individual channel gain matrices H(ej N k ) (k = 0, 1, ..., N −1) will be correlated. Note
that in the narrowband case considered in [6, 7, 8], where coding is performed across space
and time rather than across space and frequency, the channel is flat in the sense that the
channel gain matrix H remains constant within the entire coherence interval.
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Figure 1: Schematic of a MIMO-OFDM system.

3

Non-Coherent Space-Frequency Codes: Design
Criteria and Performance Bounds

In this section, we derive the design criteria for non-coherent space-frequency codes,
and we compute ultimate performance limits by quantifying the maximum achievable
The superscripts T,H,∗ stand for transpose, conjugate transpose, and elementwise conjugation, respectively. E denotes the expectation operator.
2
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diversity order and coding gain. Moreover, we establish the existence of “catastrophic”
non-coherent space-frequency codes.
Assumptions. The bit stream to be transmitted is encoded by the space-frequency
encoder into blocks of size N × MT . One data burst therefore consists of MT vectors of
size N × 1. We adopt the following notation. The N × MT codeword matrix corresponding to the transmitted vectors ck (k = 0, 1, ..., N −1) is denoted as C = [c0 c1 ... cN −1 ]T ,
the corresponding received N × MR matrix is given by R = [r0 r1 ... rN −1 ]T with rk
defined in (2). Furthermore, we have R = Y + W, where
Y=

q

0

1

Es [H(ej2π N )c0 H(ej2π N )c1 ... H(ej2π

N −1
N

)cN −1 ]T

and W = [w0 w1 ... wN −1 ]T with wk defined in (3). Now, since the individual elements
2π
of the Hl satisfy [Hl ]m,n ∼ CN (0, L1 ), it follows that the H(ej N k ) (k = 0, 1, ..., N − 1)
k
are circularly symmetric complex gaussian with [H(ej2π N )]m,n ∼ CN (0, 1).
The conditional received signal density. The columns of the N × MR matrix
R are independent and have the same covariance matrix. Assuming that the codeword
matrix Ci was transmitted, this covariance matrix is given by
V(Ci ) = IN + ρ

L−1
X

−l
D l Ci CH
i D ,

(4)

l=0

2π

−1
Es
where D = diag{e−j N k }N
k=0 and ρ = L . (Note that ρ = Es /L does not denote a
normalized SNR. The SNR per receive antenna is given by Es MT .) Defining the stacked
N × MT L matrix
G(Ci ) = [Ci DCi ... DL−1 Ci ],
(5)

we can rewrite (4) as
V(Ci ) = IN + ρ G(Ci )GH (Ci ).
Noting that the entries of R are circularly symmetric complex gaussian and using the
fact that the individual columns of R are independent, the conditional received signal
density is obtained as3
p(R|Ci ) =





exp −Tr RH V−1 (Ci )R
π N MR |V(Ci )|MR



.

(6)

Maximum likelihood (ML) decoding. Assuming a space-frequency constellation
of K codeword matrices Ci (i = 0, 1, ..., K − 1), and using (6), the ML decoding rule
follows as
b
C
M L = arg

min

Ci ∈ {C0 ,C1 ,...,CK−1 }









Tr RH V−1 (Ci )R + MR ln |V(Ci )| .

In the following, we assume that the codeword matrices are such that GH (Ci )G(Ci ) =
IMT L (i = 0, 1, ..., K − 1). We note that unitarity of the G(Ci ) has to be ensured explicitly by code design. Applying the matrix inversion lemma to V −1 (Ci ) and noting that
ln |V(Ci )| becomes a constant independent of i, the ML decoding rule for unitary G(Ci )
simplifies to
b
C
M L = arg

max

Ci ∈ {C0 ,C1 ,...,CK−1 }

= arg

max

Ci ∈ {C0 ,C1 ,...,CK−1 }

3



Tr RH G(Ci )GH (Ci )R
Tr RH

L−1
X
l=0



!

!

−l
D l Ci CH
R .
i D

|A| and Tr(A) stand for the determinant and the trace of the matrix A, respectively.
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Pairwise error probability. We are now in a position to derive the pairwise error
probability (PEP) for non-coherent unitary space-frequency codes. Assume that the
matrix Ci was transmitted and that ML decoding is performed. The Chernoff upper
bound on the average (with respect to the channel) probability of mistaking Ci for
another codeword, say Cj , is given by [15]
P (Ci → Cj |Ci ) ≤

MTY
L−1
r=0

M R



1


ρ2
1 + 4(1+ρ) (1 − λ2r (i, j))

,

(7)

where λr (i, j) denotes the r-th singular value of the MT L × MT L matrix

H

G (Cj )G(Ci ) =








CH
j Ci
H −1
Cj D Ci
..
.

CH
j DCi
CH
j Ci
..
.

L−1
... CH
Ci
j D
H L−2
... Cj D Ci
..
...
.

−L+1
−L+2
CH
Ci CH
Ci ...
j D
j D

CH
j Ci





.



From (7) it follows that the PEP upper bound is lowest when all singular values λr (i, j)
(r = 0, 1, ..., MT L − 1) are equal to zero and highest when all singular values λr (i, j) (r =
0, 1, ..., MT L − 1) are equal to one. The ideal constellation therefore has all the columns
of G(Cl ) orthogonal to all the columns of G(Cl0 ) for l 6= l0 . Note, however, that since
all the columns within the G(Cl ) are orthogonal to each other, all the pairwise λr (i, j)
cannot all be made zero if K > MNT L . Especially for large L, satisfying this condition
will yield very low code rates.
mn
PEP time-domain formulation. Set4 C = FCt with [F]m,n = √1N e−j2π N denoting the N × N FFT matrix. Next, note that FH Dl FCt = Ct−l , where Ct−l denotes the
matrix obtained by cyclically shifting the columns of Ct by l positions down. It then
follows that
GH (Cj )G(Ci ) = GH (Cj,t )G(Ci,t )
with
G(Ci,t ) = [Ci,t Ci,t−1 ... Ci,t−L+1 ].
This result suggests an interpretation of the additional taps inducing “virtual antennas”,
which transmit delayed versions of Ci,t . In the frequency-flat fading case the PEP is determined by the distance between the subspaces spanned by the columns of the codeword
matrices Ci,t . In the frequency-selective case, this distance is replaced by the distance
between the subspaces spanned by the pseudo-codewords G(Ci,t ).
Diversity order and coding gain. In the following, we shall focus on the high
SNR case, where the PEP upper bound reduces to
P (Ci → Cj |Ci ) ≤

 −MR s(i,j) s(i,j)−1
Y

ρ
4

r=0

1
(1 −

λ2r (i, j))MR

with s(i, j) denoting the number of singular values of GH (Cj )G(Ci ) that satisfy λr (i, j) <
1. Setting s = mini 6= j s(i, j), we conclude that the diversity gain achieved by the code
is given by d = sMR , and the coding gain is obtained as the minimum of

4





s(i,j)−1

Y

r=0

(1 − λ2r (i, j)

1
s(i,j)

The subscript t indicates that Ct denotes the time-domain version of C.
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with the minimum taken over all GH (Cj )G(Ci ) that satisfy s(i, j) = s. Since s(i, j) ≤
MT L, the maximum achievable diversity order is given by dmax = MT MR L, and the
coding gain is maximized if λr (i, j) = 0 for r = 0, 1, ..., s(i, j) − 1 for all pairs {i, j} with
s(i, j) = s.
Catastrophic codes. Note that designing a code such that the singular values of
H
Cj Ci are small will in general not guarantee that the singular values of the MT L × MT L
matrix GH (Cj )G(Ci ) are small as well. In other words, a code that performs well in
the frequency-flat fading case (i.e. L = 1) will in general not exploit the additionally
available frequency diversity. The situation can be even worse as the following example
shows. Assume we have a code for MT = MR = 1 and L = 1 such that all the code
vectors ci are mutually orthogonal, which constitutes the best possible case (but at the
same time very low code rate) in the presence of flat-fading. With this assumption, the
high SNR PEP upper bound exhibits inverse proportional behavior to ρ, i.e.,
P (Ci → Cj |Ci ) ≤

1
.
1 + ρ/4

Using this code in a scenario where MT = MR = 1 and L = 2 (i.e., frequency-selective
fading), the PEP upper bound is determined by the singular values of (for the sake of
clarity of exposition we work in the time-domain)
GH (Cj,t )G(Ci,t ) =

"

cH
cH
j,t ci,t
j,t ci,t−1
H
cj,t−1 ci,t cH
j,t ci,t

#

,

(8)

H
where we exploited cH
j,t−1 ci,t−1 = cj,t ci,t . Since the ci were assumed to be mutually
orthogonal, (8) simplifies to

H

G (Cj,t )G(Ci,t ) =

"

0
cH
j,t−1 ci,t

cH
j,t ci,t−1
0

#

.

H
The singular values of GH (Cj,t )G(Ci,t ) are given by λ1 = |cH
j,t ci,t−1 | and λ2 = |cj,t−1 ci,t |,
which results in

P (Ci → Cj |Ci ) ≤

1+

ρ
(1
4

1
1
.
ρ
H
2
2
− |cj,t ci,t−1 | ) 1 + 4 (1 − |cH
j,t−1 ci,t | )

Now, if cj and ci are such that |λ1 | < 1 and |λ2 | < 1, the PEP decays as ρ−2 , and we
achieve second-order diversity. If only one singular value has magnitude less than 1, the
PEP is proportional to ρ−1 , and hence we get the same diversity order as in the frequencyflat fading case. Finally, if |λ1 | = |λ2 | = 1, the PEP upper bound becomes 1, and the
diversity order is 0, i.e., the performance is worse than in the frequency-flat fading case.
Any non-coherent code exhibiting such a behavior is termed “catastrophic”. An example
of a “catastrophic” code-vector
pair are the 2-periodic vectors ci,t = [0 c 0 c ... c]T and
q
cj,t = ci,t−1 with |c| = N2 . It is easily verified that these vectors lead to |λ1 | = |λ2 | = 1.
The existence of catastrophic codes is striking as it shows a fundamental difference
between the coherent and the non-coherent frequency-selective cases. In the coherent
case, it was shown in [14] that a code designed to achieve a certain diversity order
in the frequency-flat case achieves at least the same diversity order in the frequencyselective case. In other words, using a code designed for the frequency-flat fading case
does not degrade diversity order in the frequency-selective case (the coding gain may
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still be smaller though). In the non-coherent case, codes designed to achieve a certain
diversity order under flat-fading conditions are not guaranteed to achieve at least the
same diversity order in a frequency-selective environment.
Simplified design criterion. The design criteria for non-coherent space-frequency
codes discussed above (maximization of diversity order and coding gain) are often difficult
to incorporate into the code design procedure. In [8] a simplified design criterion is derived
which aims at minimizing
2
δ = max kCH
j Ci k F ,
kAk2F

P

0 ≤ j < i ≤ K−1

2

where
= i,j |[A]i,j | denotes the Frobenius norm of the matrix A. In the
frequency-selective case, this simplified criterion generalizes to a minimization of
δ=

max kGH (Cj )G(Ci )k2F .

(9)

0 ≤ j < i ≤ K−1

Similarly to [8], we can interpret δ as a measure of the distance between the subspaces
spanned by G(Cj ) and G(Ci ). We emphasize that in the frequency-flat case treated
in [8], the distance is measured between the subspaces spanned by the columns of the
codewords Cj and Ci . In the frequency-selective case, the distance is measured by the
“induced” subspaces spanned by the pseudo-codewords G(Cj ) and G(Ci ). We note
furthermore that kGH (Cj )G(Ci )k2F can be expressed directly in terms of the codewords
Ci and Cj as
2
kGH (Cj )G(Ci )k2F = LkCH
j Ci k F +

L−1
X





r
2
H −r
2
(L − r) kCH
j D Ci kF + kCj D Ci kF .

r=1

(10)

It is instructive to specialize (10) to the case MT = 1 transmit antennas and L = 2 taps,
where
2
2
H −1
2
H
kGH (Cj )G(Ci )k2F = 2|cH
j ci | + |cj Dci | + |cj D ci |
or equivalently in terms of the time-domain code vectors
2
2
H
2
H
kGH (Cj,t )G(Ci,t )k2F = 2|cH
j,t ci,t | + |cj,t ci,t−1 | + |cj,t−1 ci,t | .

(11)

In [8], various approaches for minimizing the maximum of |cH
j,t ci,t | over all i, j have been
proposed. We can see that in the frequency-selective case minimizing the maximum of
|cH
j,t ci,t | alone will not minimize δ defined in (9). The frequency-selective nature of the
channel has to be taken into account explicitly.

4

Code Design

We shall next present two code constructions that are capable of exploiting both space
and frequency diversity. Our first construction is heavily inspired by a construction first
proposed in [8]. We emphasize, however, that the construction in [8] does not take into
account frequency-selectivity and does not ensure that the G(Ci ) are unitary. For the
sake of simplicity of exposition, in the following, we consider a scenario with MT = 2
transmit antennas and L = 2 taps. The codeword matrices Ci (i = 0, 1, ..., K − 1) are
chosen as
(12)
Ci = Φi [fk fk0 ], i = 0, 1, ..., K − 1,
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where fk denotes the k-th column of the N × N FFT matrix F, and
ul

−1
Φ = diag{ej2π K }N
l=0 ,

where without loss of generality 0 ≤ ul ≤ K − 1 for l = 0, 1, ..., N − 1. Our construction
contains two key elements, namely the choice of the parameters k and k 0 and the choice
of the diagonal matrix Φ. The parameters k and k 0 have to be chosen such that the
stacked matrix
Bk,k0 = [fk fk0 Dfk Dfk0 ] = [fk fk0 fk+1 fk0 +1 ],
(13)
is unitary. Here, we exploited the fact that Dfk = fk+1 . Noting that D and Φi (i =
0, 1, ..., K − 1) commute, it then follows that choosing k and k 0 such that Bk,k0 is orthonormal ensures that G(Ci ) is orthonormal and hence our space-frequency code is
unitary. For the example under consideration, setting k = 1 and k 0 = 3, we obtain
Bk,k0 = [f1 f3 f2 f4 ],

(14)

which is simply a permutation of the first four columns of the N × N FFT matrix F,
and hence BH
k,k 0 Bk,k 0 = I4 . The parameters ul in Φ have to be chosen such that the
PEP upper bound is minimized and have to be determined by random search. At first
sight, an optimization seems difficult due to the high number of parameters involved.
We note, however, that owing to the special structure of our codes we do not have to
pairs of codeword matrices. This is so
perform an optimization involving all K(K−1)
2
since GH (Ci )G(Ci0 ) is a function of i − i0 only. Thus, we need to take into account
GH (C0 )G(Ci ) with i = 1, 2, ..., K − 1 only. This drastically simplifies the process of
finding the parameters ul . We emphasize again, however, that optimizing a code for
the frequency-flat fading case does not guarantee that it will exploit the additionally
available frequency diversity. This statement will be illustrated by means of simulation
results later in the paper.
Generalized construction. An alternative and more general construction is obtained by replacing fk and fk0 in (12) by more general vectors gk and gk0 (recall that fk
denotes the k-th column of the FFT matrix) to obtain
Ci = Φi [gk gk0 ],

i = 0, 1, ..., K − 1.

This construction exhibits more degrees of freedom as code optimization involves both
finding the ul as well as the vectors gk and gk0 . The vectors gk and gk0 have to be chosen
such that the stacked matrix
Bk,k0 = [gk gk0 Dgk Dgk0 ]
satisfies BH
k,k 0 Bk,k 0 = I4 . Again, this choice of gk and gk 0 , along with the unitarity of
Φi and the fact that D and Φi commute for i = 0, 1, ..., K − 1, ensures that G(Ci ) has
orthonormal columns, and hence the code is unitary. Rewriting the vectors gk and gk0
in terms of their time-domain versions as gk = Fgk,t and gk0 = Fgk0 ,t , unitarity of Bk,k0
is equivalent to unitarity of
Bk,k0 ,t = [gk,t gk0 ,t gk,t−1 gk0 ,t−1 ],
where gk,t−l is the vector resulting from cyclically shifting the elements of gk,t by l positions down. The first construction above in terms of vectors of the FFT matrix is easily
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seen to result in an orthonormal Bk,k0 ,t for k = 1 and k 0 = 3 as fk,t is a vector with a 1
in the k-th position and zeros elsewhere.
Simulation example. We conclude with a simulation example where the first construction according to (12) was used with parameters MT = 2, MR = 1, N = 10, K =
64, k = 1, and k 0 = 3. Two scenarios were considered, namely L = 1 and L = 2. For both
scenarios we found the parameters ul through random search by maximizing the minimum
QMT L−1
of r=0
(1−λ2r (i, j)) over all pairs (i, j). The best parameter vectors we found were u =
[1 2 5 12 16 25 29 43 51 59] for L = 1 and u = [5 10 10 22 23 38 39 40 51 53] for
L = 2. From Fig. 2, we can see that for L = 2 the code optimized for L = 2 indeed
achieves the maximum possible diversity order of dmax = MT MR L = 4. In the frequencyflat case (i.e., L = 1) the same code yields diversity order 2 and hence again achieves the
maximum possible diversity order. However, the code optimized for the frequency-flat
fading case (L = 1) does not exploit (all of) the additionally available frequency diversity when used in a 2-tap channel (i.e. L = 2). On the other hand, it does not exhibit
catastrophic behavior either.
0
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Figure 2: Performance of non-coherent space-frequency codes under frequency-flat fading
and frequency-selective fading.

5

Conclusions

We considered space-frequency code design for non-coherent MIMO-OFDM links with
frequency-selective fading. Using unitary constellations, we derived the code design criteria, quantified the maximum achievable diversity order and coding gain, and provided
two alternative code constructions which can achieve full space-frequency diversity. Furthermore, we demonstrated the existence of “catastrophic” space-frequency codes, and
found that non-coherent space-time codes designed for the flat-fading case will in general
not exploit the additionally available frequency diversity when used in frequency-selective
fading environments. Finally, we assessed the performance of some of our code constructions through simulation results.
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