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Abstract 

Previous work on space-time coding has been restricted 
to the idealistic case of uncorrelated spatial fading. In prac- 
tice, howevel; insuflcient antenna spacing or lack of scat- 
tering cause the individual antennas to be correlated. In 
this papel; we study the impact of spatial fading correlation 
on the performance of space-time codes. In particulal; we 
quantify the loss in diversity gain and coding gain as afunc- 
tion of angle spread and antenna spacing. We furthennore 
show that if a space-time code achievesfull diversity in the 
uncorrelated case, the diversity order achieved in the corre- 
lated case is given by the product of the rank of the transmit 
correlation matrix and the rank of the receive correlation 
matrix. Finally, we provide simulation results demonstrat- 
ing the impact of spatial fading correlation on the symbol 
error rate of space-time codes. 

1 Introduction and Outline 

Diversity in wireless systems is a powerful means to 
combat fading. In recent years the use of spatial (or an- 
tenna) diversity has become increasingly popular, which is 
mostly due to the fact that it can be provided without loss in 
spectral efficiency. Receive diversity, i.e., the use of multi- 
ple antennas on the receive side of a wireless radio link is a 
well-studied subject [ 11. Driven by mobile wireless applica- 
tions, where it is difficult to deploy multiple antennas in the 
handset, transmit diversity or equivalently the use of multi- 
ple antennas on the transmit side has become an active area 
of research [2]-[SI. Space-time coding evolved as one of 
the most promising transmit diversity techniques [9]-[ 131. 
Previous work on space-time coding has been restricted to 
the idealistic case of i.i.d. channels, i.e., uncorrelated fad: 
ing. In practice, however, insufficient antenna spacing and 
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lack of scattering cause the individual antennas to be corre- 
lated. Therefore, the i.i.d. model will in general not be an 
accurate description of real-world multi-antenna channels. 
Whilst the impact of spatial fading correlation on the ca- 
pacity of multiple-input multiple-output (MIMO) systems 
has been studied to some extent in [ 141, the impact of corre- 
lated fading on the performance of space-time codes is less 
understood. Some results along these lines for the OFDM- 
MIMO case have been reported in [15]. 

Contributions. For a physically motivated real-world 
channel model, we study the impact of spatial fading corre- 
lation on space-time codes by quantifying the loss in diver- 
sity gain and coding gain as a function of angle spread and 
antenna spacing. We express the diversity order achieved 
by a space-time code in the correlated fading case in terms 
of the rank of the transmit correlation matrix, the rank of the 
receive correlation matrix, and the diversity order achieved 
by this code in the i.i.d. case. In particular, we prove that if 
a space-time code achieves full diversity in the i.i.d. case, 
its diversity order in the correlated fading case is given by 
the product of the rank of the transmit correlation matrix 
and the rank of the receive correlation matrix. 
Organization of the paper. The rest of this paper is or- 

ganized as follows. In Section 2, we introduce the channel 
model and briefly review space-time coding. In Section 3, 
we derive the average pairwise error probability of space- 
time codes as a function of the transmit and the receive 
correlation matrix. In Section 4, we discuss the impact of 
spatial fading correlation on the performance of space-time 
codes by quantifying the loss in diversity gain and coding 
gain. Section 5 contains some simulation results, and Sec- 
tion 6 concludes the paper. 

2 Channel Model and Space-Time Coding 

In this section, we shall describe our channel model and 
then briefly review the basics of space-time coding. 
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2.1 Channel Model 

In the following MT and MR denote the number of 
trimsmit and receive antennas, respectively. We restrict 
oiuselves to a purely Rayleigh fading scenario, where the 
el'ements of the MR x MT channel matrix = 
h,,,,(m=O,l, ..., M ~ - l , n = 0 , 1 ,  ..., M~-I)are(pos-  
sibly correlated) circularly symmetric' zero mean complex 
Gaussian random variables. We employ the block-fading 
model used in [ 113 wherein the channel remains constant 
over N 2 MT symbol periods and then changes in an in- 
dependent fashion to a new realization. We furthermore 
assume that spatial fading correlation occurs both at the 
transmitter and the receiver and that the distance between 
transmitter and receiver is small or the scattering radii at 
the transmitter and the receiver are sufficiently large. Un- 
der these assumptions the MIMO channel model recently 
prloposed in [ 161 reduces to 

H = R1/2H,S1/2, (1) 

where H, is an MR x MT i.i.d. complex Gaussian matrix 
with zero mean unit variance entries, and2 S = S 1 / 2 S H / 2  
and R = R1/2RH/2 are the transmit and the receive corre- 
lalion matrix, respectively. We note that the channel model 
in (1) has also been used in [17] to analyze the asymptotic 
(in the number of antennas) capacity behavior of MIMO 
channels in the presence of correlated fading. We assume 
a iuniform linear array at both the transmitter and the re- 
ceiver. The relative antenna spacing is denoted as A, = 9 
at the transmitter and AT = % at the receiver. Here, 4 
and d, stand for the absolute antenna spacing and X = c/ fc 
is the wavelength of a narrowband signal with center fre- 
quency fc. Defining p(sA, e, S) = E{h,kh:+,,,} for 
k = 0,1, ..., MT - 1 to be the fading correlation between 
two receive antenna elements spaced SA wavelengths apart, 
tha correlation matrix R can be written as 

where e, denotes the mean angle of arrival at the receiver 
a n d  6, is the angle spread. The transmit correlation matrix 
S is defined similarly. Assuming that the angles of arrival 
at the transmitter and the receiver are Gaussian distributed 
mound the mean angle of @val 8: i.e., the actual angle of 
anival is given by 8 = e + 8 with 8 N N(0, U:), where the 
variance U: is proportional to the angle spread 6, it is shown 
in [ 181 that for small angle spread 

* (3) p ( s ~ ,  8, S) e - j 2 ? r s A c o s ( ~ ) ) e - ~ ( 2 ? r s A s i n ( ~ ) u ~ ) 2  
- 

'A circularly symmetric complex Gaussian random variable is a ran- 
dom variable z = (z + jy) - CN(0,02), where I and y are i.i.d. 
N(0, u2/2).  . -  . _  

2The supers&ipt H stands for conjugate transposition. 

Although this approximation is accurate only for small an- 
gle spread, it does provide the correct trend for large angle 
spread, namely uncorrelated spatial fading. Note that in the 
limiting case 0 0  = 0, the Correlation matrix R collapses to 
a rank-1 matrix and can be written as R = a(Gr)aH(&) 
with the array response vector of thie uniform linear array 
given by 

I 

.(e> = [I e j 2 ~ A ~ ~ ~ ( 0 )  ,j2?r(IMR-1)ACOS(0) T ... I . (4) 

The rank of the correlation matrices, R and S is driven by 
the angle spread and the antenna spacing. 

2.2 Space-Time Coding 

The bit stream to be transmitted is, encoded by the space- 
time encoder into a codeword C =- [CO c1 ... CN-11 of 
size MT x N with the individual data symbols being taken 
from a finite complex constellation chosen such that the av- 
erage energy of the constellation elenients is 1. The MR x 1 
received data vector for the k-th symbol period is given by 

l k  = 6 H C k  + I lk ,  k := 0,1, ..., N - 1 

where n k  is complex-valued additive spatially and tempo- 
rally white Gaussian noise satisfying 

with 1~~ denoting the identity matrix of size MR. As- 
suming perfect channel state information in the receiver, the 
maximum likelihood (ML) receiver computes the vector se- 
quence e k  ( I C  = 0,1, ..., N - 1) according to 

N - 1  

e k  = argc& llr& - iEHCk1l2, 
k=O 

where the minimization is performed over all possible code- 
word matrices C. 

3 Average Pairwise Error Probability 

We shall next provide an expressicin for the average pair- 
wise error probability (PEP) taking into account the channel 
model in (1). 

Let C and E be two different codeword matrices of size 
MT x N and assume that C was transmitted. For a given 
channel realization H, the probability that the receiver de- 
cides erroneously in favor of the signal E can be upper 
bounded by [ 191 
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Next, we compute the expected PEP by averaging (5)  over 
all channel realizations taking into account (1). For this we 
define Yk = H(ck - e k )  for k = 0,1, ..., N - 1 and 

T T  T T  y = [Yo Y1 a ' .  YN-11 

With this notation we get &(C, EIH) = /JY1I2 and hence 
(5) can be rewritten as 

P(C -+ EIH) 5 e - ~ l l Y l l 2  

The average over all channel realizations of the right- 
hand-side ( R H S )  in (6) is fully characterized by the eigen- 
values of the covariance matrix of Y E201 defined as3 
Cy = E{YYH}. Denoting the eigenvalues of Cy as4 
&(Cy) (i = 0, 1, ..., .(Cy) - 1) the following result can 
be established 

where P(C -+ E) = EH {P (C -+ EIH)} is the PEP av- 
eraged over all channel realizations. Taking into account (1) 
it can be shown that 

Cy = [(C - E)TST(C - E)*] @ R, (8) 

where the superscripts and * stand for transposition and 
element-wise conjugation, respectively, and A @ B denotes 
the Kronecker product of the matrices A and B. In the 
following, we shall restrict ourselves to the high-SNR case 
where (7) takes the form 

4 Spatial Fading Correlation and PEP 

Based on (8) and (9) we shall next study the impact of 
transmit and receive correlation on the performance of spe- 
cific space-time codes. 

4.1 Diversity Order 

In the following, we assume that a space-time code 
achieving s M ~ - t h  order diversity in the i.i.d. case is em- 
ployed, i.e., the minimum rank of (C - E) over the set of 

3Here, E stands for the expectation operator. 
4r(A) stands for the rank of the matrix A. 
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all pairs of codeword matrices is s. Using (8) and (9) we 
shall next study the degradation in performance in terms of 
average PEP for the cases of receive correlation only, trans- 
mit correlation only, and joint transmit and receive correla- 
tion. In the following X,(C, E) denotes the eigenvalues of 
(C - E)T(C - E)*. 
Receive correlation only. In this case S = 1~~ and (8) 

specializes to 

Cy = [(C - E)T(C - E)*] @ R. 

Letting (C - E)T(C - E)* = UXUH and R = VDVH, 
where U and V are unitary and I: and D are diagonal, and 
using the following property of Kronecker products (A @ 
B)(F @ G) = (AF) @ (BG), we get 

Cy = (U @ V)(X @ D)(UH @ VH). (10) 

Since U and V are unitary, it follows that (U 63 V) is 
unitary as well. Hence (10) is an eigendecomposition of 
Cy and the diagonal matrix X @ D contains the eigenval- 
ues of Cy. Clearly, .(Cy) = T(C - E)r(R) and hence 
a minimum-rank error event yields .(Cy) = sr(R) 5 
SMR. In the following, we shall focus on pairs of C and E 
where r( C - E) = s. It follows from (10) that the nonzero 
eigenvalues of Cy are given by 

4CY) = {Xo(C,E)Xo(R), Xo(C,E)h(R), * * e 1  

A0 (cy E) b ( R ) - l  (R), A1 (c, E)XO (R) 9 

Xl(C,E) xl(R), Xl(C,E) Ar(R)-I(R), 

"', Xs-l(C,E) XO(R)I Xs-I(C, E) &(RI, 
Xs-l(C,E) &-(R)-l(R)}. 

Using (9) the average PEP in the case of receive correlation 
only is given by 

-sr(R) s-1 

P(C + E) 5 (5) nAf'(R)(C,E) 
i=O 

4 4  

r(R)-1 n XFS(R). (1 1) 
l=O 

The diversity order achieved by this code in a correlated 
fading environment is hence given by 

d=ST(R) 5 SMR. (12) 

Note that if the rank of R drops by 1 the diversity order is 
reduced by s or equivalently we lose s degrees of freedom. 
Loosely speaking, a reduction in the rank of R by 1 (due to 
increased spatial fading correlation) amounts to a reduction 
of the effective number of receive antennas by 1. Further- 
more, the coding gain depends on r(R) and Xi(R) through 
the two products on the RHS of (1 1). 
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“ i t  correlation only. In the case of transmit cor- 
relation only R = 1~~ and (8) reduces to 

Cy = [(C - E)*ST(C - E)*] 8 1 ~ ~ .  

Denoting cy: = T((C-E>~S~(C-E)*)  andagain focusing 
on a minimum-rank codeword pair C and E, the average 
PEP can be upper-bounded by 

a-I 

XcMR((C - E)TST(C -E)*). 
i=O 

For nonsingular S, the following lemma allows to make the 
dependence of the average PEP on the eigenvalues of S ex- 
plicit. 

LemmaI. Lettheeigenvaluesof (C-E)T(C-E)* and 
SI be arranged in increasing order. For each k = 1,2, ..., 
there exists a positive real number f3k such that Xo(S) 5 
f3k <_ XM~-l(s)and 

Xk((C - E)TST(C - E)*) = f3k h ( C ,  E). 

Pmofi Notethat (C-E)TST(C-E)* canbe writtenas 
(C - E)TST/2S*/2(C - E)* and the nonzero eigenvalues 
of (C - E)TST/2S*/2(C - E)* are equal to the nonzero 
eigenvalues of S*/2 (C-E)*(C-E)TST/2. Now, applying 
Cktrowski’s theorem [21] to S*l2(C - E)*(C - E)TST/2, 
and noting that the nonzero eigenvalues of (C - E)*(C - 
E;)T are equal to the nonzero eigenvalues of (C - E)T(C - 
E:)*, the result is established. 

Using Lemma 1 we get the following bound on PEP for 
nonsingular S 

0 

- S M R  8-1 

P(C + E) 5 (5) n(6iX,(C,E))-MR, 
i = O  4 4  

(13) 
where we have used the fact that a = s for nonsingular S. 
Eor general S the achievable diversity order is given by 

Using basic results on the rank of matrix products we get 
[2!1] 

s + r ( S )  - MT 5 (Y 5 &{s, r ( S ) } .  (15) 
For a full rank transmit Correlation matrix, i.e., r ( S )  = MT. 
we get d = s MR. For a space-time code achieving full 
diversity in the i.i.d. case s = MT and hence d = T(S)MR.  
In the latter case if the rank of S is reduced by 1 we lose MR 
dt:grees of freedom, which loosely speaking is equivalent to 
lasing one effective transmit antenna. We note that (15) 
shows that if S is singular and the space-time code does not 

achieve full diversity in the i i d .  case, i.e., s < MT, the 
diversity order can only be lower-bounded by (s + T(S)  - 
MT)MR. In this case it is difficult to make statements on 
the exact diversity order since the geometry of S and the 
geometry of the space-time code, i.e., the geometry of the 
code difference matrices (C - E) play an important role in 
assessing the exact diversity order. 1,oosely spealung, in this 
case in order to obtain good perfomoance in terms of PEP it 
is important that the space-time code excites the range space 
of s. 

Joint transmit-receive correlation. In this case the co- 
variance matrix Cy is given by (8) and 

a- 1 

XiT(R)((C - E)TST(C -E)*). 
i=O 

For nonsingular S it follows from Lemma 1 that the eigen- 
values &((C - E)TST(C - E)*) in (16) can be replaced 
by OiXi (C , E) with the Oi defined in Lemma 1. 

For general S the diversity order is given by 

d = ar(R). 

Assuming that the space-time code is designed such that it 
achieves full diversity in the i.i.d. case, i.e., s = MT. we 
have a = r ( S )  and hence the diversity order is given by 

d = r (S )  T(R). 

In the case of high transmit and receive correlation where 
r ( S )  = r(R) = 1 we get d = 1 and hence there is no 
diversity gain at all. Finally, for arbitrary s and nonsingular 
S we get a = s and hence d = sr(Fl). 

4.2 Diversity and Propagation Parameters 

We have seen in the previous subsection that the rank 
and the eigenvalue distribution of tlhe correlation matrices 
determine the diversity gain and the coding gain achieved 
by a space-time code in the correlated fading case. Using 
the channel model introduced in Sec:. 2.1, we shall now re- 
late angle spread and antenna spacing to the eigenvalues 
of S and R and subsequently in S I X .  4.3 to the diversity 
gain and the coding gain of the space-time code. Let us re- 
strict our attention to the receive correlation matrix R. (The 
same analysis applies to S). Since R is a Toplitz matrix, 
we can invoke Szego’s theorem [22] to obtain the limiting 
(MR + 00) distribution of the eigenvalues of R as 

00 

X(v) = p(sA,8,6)e-j2ffs1’,  0 5 v < 1, 
s=-w 
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which upon using (3) yields This result allows to provide an upper bound on the PEP 
in terms of the spectrum X(v) and hence makes the depen- 
dence of the average PEP on angle spread and antenna spac- 
ing more explicit. For example, assuming that S is nonsin- 
gular and denoting the greatest lower bound of the spectrum 

X ( y )  = & ( r ( v  - A C O S ( @ ) , ~ - ~ ( ~ ~ *  ) (17) 

with the third-order theta function given by [23] 

1 -  

08- 

08- 

n=-w 

A 

Although this expression yields the exact eigenvalue distri- 
bution only in the limiting case MR -) 00, in the finite case 
good approximations of the eigenvalues can be obtained by 
sampling X(v)  uniformly on the unit circle [22], which al- 
lows us to assume that the eigenvalue distribution in the 
finite case follows the distribution given by X(v). Noting 
that the correlation function p(sA, 8,6) as a function of s 
is essentially a modulated Gaussian function with its spread 
increasing for decreasing antenna spacing or decreasing an- 
gle spread and vice versa, it follows that X(v) will be more 
flat in the case of large antenna spacing and/or large angle 
spread (i.e. low spatial fading correlation). For small an- 
tenna spacing and/or small angle spread (i.e. high spatial 
fading correlation) X(v) will be peaky. Figs. l(a) and (b) 
show the limiting eigenvalue distribution of R for high and 
low spatial fading correlation, respectively. 

-~ 

of S as m, (13) can be written as 

Now, it follows from Trace(S) = MT that m 5 1 with 
m = 1 if and only if S is unitary or equivalently spatial 
fading is uncorrelated. The presence of spatial fading cor- 
relation can therefore be interpreted as a reduction in the 
effective S N R  by a factor of m. 

4.3 Loss in Average PEP 

In the following, we shall quantify the loss in average 
PEP due to spatial fading correlation. Due to the lack of 
space, we shall restrict ourselves to the case of receive cor- 
relation only. 

We compare the performance of a given space-time code 
in the i.i.d. case to its performance in the correlated fading 
case by defining a loss function as follows 

0 4 1  where Pcorr. and Piid denote the upper bound on the aver- 
0 2  age PEP in the correlated and the uncorrelated case, respec- 
0 

- 0 5  -04  -03 -02 - 0 1  0 0 1  0 2  03 0 4  0 5  
tively. Using (9) and (1 l), we get 

O : I ,  , , , , , , , , I  
- 0 5  4 4  4 3  -02 - 0 1  0 0 1  0 2  0 3  Q 4  0 5  

(b) 

Fig. 1. Limiting eigenvalue distribution of the correlation 
matrix R for the cases of (a)  high spatial fading 

correlation, and (b) low spatial fading correlation. 

Finally, for any MR, using the fact that R = RH, the 
eigenvalues of R can be lower-and upper-bounded by the 
infimum and the supremum of A( v) . In particular, defining 

m = ess inf X(v) , 
" E I O J )  "E [0,1) 

M = ess sup X(v) , 

we have that [24] 

m 5 &(R) 5 M i = 0,1, . . . ,M~ - 1. 

The first term on the RHS of (1 8) reflects the loss in diver- 
sity gain, the second term reflects the loss in coding gain, 
and the third term measures the deviation of the distribution 
of the nonzero eigenvalues of R from a uniform distribu- 
tion. In the previous subsection we have seen that small 
antenna spacing and/or small angle spread yields a peaky 
eigenvalue distribution for R and hence taking into account 
( 18) results in a significant loss in terms of average PEP. In 
fact, using Jensen's inequality [25], it is easily seen that the 
last term in (1 8) is minimized when the nonzero eigenval- 
ues of R are uniformly distributed. Thus, the more X(v) 
deviates from a uniform distribution, the higher L will be. 
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‘This shows that spatial fading correlation always results in 
;a performance degradation in terms of PEP. 
Based on (1 8) we can make further interesting observa- 

lions. 

0 For full rank R, i.e., r(R) = MR, the loss L: is given 
by 

MR-1 
L = - s  logXi(R) 

and is hence independent of the particular codeword 
pair considered. In particular, since Trace(R) = 
MR, t = O for R unitary. 

I=O 

0 For given R with r(R) < MR and given spatial fad- 
ing correlation, the loss t is minimum for the error 
events minimizing log &(C, E). 

5 Simulation Results 

In this section, we provide simulation results demon- 
strating the performance of space-time codes in correlated 
Rayleigh fading environments. We used MT = 2 and 
AIR = 4 and the 4-PSK 16-state code proposed in [ll]. 
The signal-to-noise-ratio ( S N R )  was defined as SNR = 
10 loglo -$ . All results were obtained by averaging over (5 ) 
1,000 independent Monte Carlo trials where each burst con- 
sisted of 80 data symbols. 

Fig. 2 shows the average symbol error rate for the i.i.d. 
(uncorrelated) case, and the cases of transmit correlation 
only (At = 0.1,og~ = 0.25), receive correlation only 
(A, = 0.1, rg,r = 0.25), and transmit and receive corre- 
laition (At = A, = O.l,re,t = ug,r = 0.25), respec- 
tively. We can clearly see that the performance consistently 
degrades in the presence of fading correlation. It can fur- 
thrmore be seen that the performance in the case of trans- 
mit correlation only is better than the performance in the 
case of receive correlation only. In order to explain this, 
note fist that due to small antenna spacing the transmit and 
the receive correlation matrix are both low rank. For sim- 
plicity we onsider the extreme case where the correlation 
maitrices are rank 1 (cf. (4)). Since the space-time code 
employed achieves full diversity gain in the i.i.d. case, it 
follows from (14) that in the case of transmit correlation 
only the diversity order is d = T(S)MR = 4, whereas in 
the case of receive correlation only it follows from (12) that 
d == MT r(R) = 2. Hence, in the case of transmit correla- 
tion only, the diversity order achieved by the code is higher 
than in the case of receive correlation only. Similar argu- 
ments can be used to show that the same is true for coding 
gain. Finally, we note that the performance is worst in the 
case where transmit and receive correlation are present at 

the same time. 

. . . . . . .  
1 0“ 

i . _ . .  

Fig. 2. Symbol error rate as afunct,ion of SNR in the cases 
of uncorrelated fading (i.i.d. case), transmit correlation 
only, receive correlation only, and’ transmit and receive 

correlation. 

6 Conclusion 

We studied the performance of space-time codes in cor- 
related Rayleigh fading environments. Using a channel 
model incorporating both transmit and receive correlation, 
we expressed the diversity order achieved by a space-time 
code in the correlated fading case as a function of the diver- 
sity order the code achieves in the i.i.d. case and the rank of 
the transmit and the receive correlaticin matrix. In particular, 
we showed that if a space-time code achieves full diversity 
in the uncorrelated case, the diversity order achieved in the . 
correlated case is given by the product of the rank of the 
transmit correlation matrix and the rank of the receive cor- 
relation matrix. We furthermore quantified the loss in aver- 
age pairwise error probability and studied the impact of the 
eigenvalue distribution of the conelation matrices on error 
rate performance. Finally, we provided simulation results. 
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