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Abstra t
We onsider gaussian multiple-input multiple-output
(MIMO) fading hannels assuming that the hannel is
unknown at the transmitter and perfe tly known at the
re eiver. Taking into a ount spatial fading orrelation
both at the transmitter and the re eiver, we provide tight
losed-form lower-bounds for ergodi apa ity and derive extremely a urate losed-form approximations of
the varian e of mutual information over su h hannels.
Based on these results, we investigate the impa t of the
number of antennas and transmit and re eive orrelation on ergodi apa ity and on the varian e of mutual
information and draw insights into the tradeo between
diversity gain and spatial multiplexing gain.

I. Introdu tion
The use of multiple antennas at both the transmitter and the re eiver of a wireless system enables signi ant apa ity gains through a te hnique known as spatial multiplexing [1℄-[4℄. Analyti al expressions for the
resulting gains are in general very diÆ ult to obtain.
Contributions. In this paper, we extend the results reported in [5℄ to provide extremely a urate
losed-form approximations of the rst and se ond order
statisti s of the mutual information of multiple-input
multiple-output (MIMO) Rayleigh fading hannels. We
onsider the ase where the hannel is unknown at the
transmitter and perfe tly known at the re eiver, and
restri t our analysis to the high signal-to-noise ratio
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(SNR) regime. Furthermore, we investigate the impa t
of spatial fading orrelation both at the transmitter and
the re eiver and the number of transmit and re eive antennas on the statisti s of mutual information. Based
on these results, we provide insights into the tradeo
between diversity gain and multiplexing gain in MIMO
hannels.
Organization of the paper. The rest of this paper is organized as follows. In Se . II, we introdu e the
hannel model and state our assumptions. In Se . III,
we review some of the results from [5℄ and derive a lowerbound on ergodi apa ity for the ase of joint transmitre eive orrelation. In Se . IV, we derive the varian e
of mutual information of a Rayleigh at-fading MIMO
hannel in the high SNR regime. Based on these results, we provide insights into the diversity-multiplexing
tradeo in MIMO hannels in Se . V. In Se . VI, we
present numeri al results. We on lude in Se . VII.

II. The Channel Model
In the following MT and MR denote the number of
transmit and re eive antennas, respe tively. We restri t ourselves to a purely Rayleigh at-fading s enario,
where the elements of the MR  MT hannel matrix
[H℄m;n = hm;n (m = 0; 1; :::; MR 1; n = 0; 1; :::; MT
1) are (possibly orrelated) ir ularly symmetri 1 zero
mean omplex gaussian random variables. We employ
the blo k-fading model used in [6℄ wherein the hannel
remains onstant over at least MT symbol periods and
1 A ir ularly symmetri omplex gaussian random variable is a
random variable z = (x + jy)  CN (0; 2 ), where x and y are
i.i.d. N (0; 2 =2):

then hanges in an independent fashion to a new realization. We furthermore assume that spatial fading orrelation o urs both at the transmitter and the re eiver
and that the distan e between transmitter and re eiver
is small or the s attering radii at the transmitter and
the re eiver are suÆ iently large. Under these assumptions the MIMO hannel model re ently proposed in [7℄
redu es to
(1)
H = R = Hw S = ;
where Hw is an MR  MT i.i.d. omplex gaussian matrix with zero mean unit varian e entries, and S =
S = S = and R = R = R = are the transmit and
1 2

1 2

1 2

1 2

1 2

1 2

the re eive orrelation matri es, respe tively. We use
the eigende ompositions2 R = UR R UH
R and S =
USSUHS , respe tively, where R = diagfi (R)gMi=1R
T
and S = diagfi (S)gM
i=1 . We note that the hannel
model in (1) has also been used in [8℄ to analyze the
asymptoti (in the number of antennas) apa ity behavior of MIMO hannels in the presen e of orrelated
fading.

III. Ergodi Capa ity Bound
Assuming a ir ularly symmetri omplex gaussian
i.i.d. input signal ve tor, the mutual information of
the MIMO system introdu ed in the previous se tion
is given by3 [2℄, [3℄



H
I = log2 det IMR +
HH bps/Hz; (2)
MT
where  is the average SNR at ea h of the re eive antennas. Assuming that the fading pro ess is ergodi , a
Shannon apa ity or ergodi apa ity exists and is given
by4 C = EfI g.
The i.i.d. ase. For the sake of ompleteness, we
shall next brie y review some of the results reported in
[5℄. The ergodi apa ity of an MR  MT i.i.d. Rayleigh
fading MIMO hannel an be lower-bounded as
0
11
0
L K
Xj 1
X
1

AA ; (3)
exp 
C  L log2 1 +
MT
L j =1 p=1 p
where L = min(MT ; MR ), K = max(MT ; MR ), and
 0:57721566 is Euler's onstant. In the high SNR
2 The supers ript H stands for onjugate transposition.  (R)
i
is the i-th nonzero eigenvalue of R. r(R) denotes the rank of R.
3 I denotes the m  m identity matrix.
m
4 E stands for the expe tation operator.
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Moreover, in the large array limit, where MT ! 1,
MR ! 1 keeping = MT =MR xed, the lower bound
on the ergodi apa ity per re eive antenna Cpr onverges to
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(5)
where is the system load. These results are intuitively
appealing sin e they show expli itly that the ergodi
apa ity grows linearly with min(MT ; MR ) (linear inrease with respe t to for < 1). More spe i ally,
C in reases by min(MT ; MR ) for every 3 dB in rease
in SNR. Thus, the number of spatial data pipes that
an be opened up between the transmitter and the reeiver is onstrained by the minimum of the number of
antennas at the transmitter and the re eiver. This is a
well-known fa t rst observed in [9℄ without providing
an expli it analyti al expression for C . For high loading
levels (i.e.
> 1), the additional degrees of freedom
lead to an in rease in apa ity that is logarithmi in .
As ! 1, we observe that Cpr ! log2 (1 + ), whi h
orresponds to the orthogonal hannel apa ity.
The orrelated ase. In the ase of spatial fading
orrelation only at the re eiver (S = IMT ), assuming
that r(R)  MT , it an be shown that the ergodi apa ity for the hannel des ribed by (1) is lower-bounded
as


(det (R ))1=r(R)
C  r(R) log2 1 +
MT
0
11
rX
(R) MT j
X 1
1
AA :
exp 
(6)
r(R) j =1 p=1 p
Similarly, in the ase of spatial fading orrelation only at
the transmitter (R = IMR ), assuming that r(S)  MR ,
we obtain


(det (S ))1=r(S)
C  r(S) log2 1 +
MT
11
0
rX
(S) MR j
X
1
1
AA :
(7)
exp 
r(S) j =1 p=1 p

In the ase of spatial fading orrelation both at the
transmitter and the re eiver, assuming that S and R
have equal rank with r(S) = r(R) = N , we obtain


C  N log2 1 + (det (S ) det (S ))1=N
N
0
11
N N
Xj 1
X
1
AA :
exp 
(8)
N j =1 p=1 p
From (6)-(8), it is lear that there is a loss in ergodi apa ity due to spatial fading orrelation. For the MIMO
hannel with joint transmit/re eive orrelation, at high
SNR, assuming that S and R have full rank, this loss is
quanti ed by log2 (det (S )) + log2 (det (R )) bps/Hz.
This loss is log2 (det (S )) and log2 (det (R )) bps/Hz,
respe tively, for the ases of transmit only and re eive
only orrelation. Furthermore, we note that the number of spatial data pipes opened up between transmitter and re eiver is onstrained by the rank of the orrelation matri es. Numeri al results (obtained through
Monte Carlo methods) in Se . VI reveal (6)-(8) to be
tight lower-bounds on ergodi apa ity at any SNR and
extremely a urate approximations in the high SNR
regime.

IV. Varian e of Mutual Information of
MIMO Channels
The i.i.d ase. In the high SNR ase, the varian e

of mutual information an be approximated as5




H
HH
I2  var log2 det
:
MT
From [10℄, we an infer that
 2 X
L
1
var(ln(Yj ));
I2 
ln 2 j =1

(9)

(10)

where Yj (j = 1; 2; :::; L) are independent hi-square distributed random variables with 2(K j + 1) degrees of
freedom and K and L are as de ned in (3). Using results from [11℄ and [12℄, a general losed-form expression
for I2 is obtained as
 2 X
L X
1
1
1
:
(11)
I2 
ln 2 j =1 p=1 (p + K j )2
Comparing (4) and (11), we an see that unlike ergodi
apa ity, the varian e of I displays symmetry with respe t to MT and MR in the sense that I2 for an m  n
5 var(X)

stands for the varian e of the random variable X.

system equals I2 for an n  m system. Simulations in
Se . 5 reveal (11) to be an a urate approximation in
the high SNR regime.
The orrelated ase. In the presen e of spatial
fading orrelation, assuming that transmit and re eive
orrelation matri es S and R have equal rank with
r(S) = r(R) = N , the varian e of mutual information
at high SNR may be approximated as

 N X
1
det (S ) det (R ) 2 X
1
2
I 
:
2
ln 2
j =1 p=1 (p + N j )
(12)
From (12), we infer that the varian e of mutual information de reases by a fa tor of (det(S R ))2 ompared to
that of the i.i.d. hannel.

V. Insights into the Tradeo between
Diversity and Spatial Multiplexing
MIMO systems o er two di erent bene ts: 1) spatial diversity gain to ombat hannel fading, and 2) an
in rease in spe tral eÆ ien y through spatial multiplexing. These bene ts are in general on i ting. It is therefore ne essary to understand the tradeo between multiplexing gain and diversity gain in designing MIMO systems with ertain performan e requirements. The varian e analysis in the previous se tion an provide useful
insights into this tradeo .
We shall rst relate the varian e of mutual information to the diversity order provided by the hannel. To
see this note that the pdf of mutual information approa hes a Dira fun tion as the number of degrees
of freedom approa hes in nity (and the fading hannel approa hes an AWGN hannel) by letting the number of antennas on one side (transmit or re eive) of the
link in rease onstantly keeping the number of antennas on the opposite side xed. Hen e, the varian e of
I , I2 = EfI 2 g C 2 , is inversely proportional to the
number of degrees of freedom provided by the hannel
and an therefore be seen as a measure of the diversity gain supported by the hannel. This statement has
been made rigorous in [13℄, [14℄. In parti ular, applying
Chebyshev's inequality, we have
2
C j  A)  I2 :
A
Therefore, I2 an be seen as a measure of the diversity
gain supported by the MIMO hannel. The smaller the
varian e the higher the diversity order and vi e versa.
We begin by onsidering the ase of an i.i.d. hannel.
P (jI

VI. Numeri al Results
In this se tion, we demonstrate the a ura y of our
analyti al expressions derived in earlier se tions.
A. Varian e of Mutual Information
In Fig. 1, we ompare the empiri ally obtained varian e of I (through Monte Carlo methods) and its analyti al estimate (11) (summed over p ranging from 1
to 500) for a system with MR = 10 and varying MT at
high SNR. The empiri al and analyti al results are in
lose agreement verifying the a ura y of our analysis.
We an see that the results depi ted in Fig. 1 are onsistent with the results derived in the previous se tion,
i.e., I2 is maximum for MT = MR .
9
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This implies that I2 (L) is a stri tly in reasing fun tion of L whi h is maximum for L = K and hen e
MT = MR . Similarly, if we x L in (11), we observe
that I2 stri tly de reases with in reasing K , on e again
establishing that the varian e of mutual information is
maximum when MT = MR . This result is somewhat
surprising sin e it says that xing the number of re eive
antennas MR > MT and in reasing MT leads to an inrease in the varian e of I and hen e redu ed diversity
order. (Re all that the diversity order is inversely proportional to the varian e of mutual information). There
is, however, a physi ally appealing interpretation of this
phenomenon. As we in rease the number of transmit antennas (for xed MR > MT ) we also in rease the number of parallel spatial data pipes, i.e., the number of independent data streams that are spatially multiplexed.
Thus, the additional degrees of freedom (obtained by
in reasing the number of transmit antennas) are exploited to in rease the throughput by multiplexing a
higher number of independent data streams rather than
exploiting them to in rease the diversity order. On e
the number of transmit antennas be omes larger than
the number of re eive antennas the number of parallel
spatial data pipes that an be opened up is onstrained
by the number of re eive antennas ( f. (4)) and the
transmit antennas in ex ess of this number are used to
in rease the diversity order experien ed by the independent data streams thus redu ing I2 . This diversity gain
amounts to the logarithmi in rease in ergodi apa ity in the high loading regime. We have thus exhibited
a fundamental tradeo between multiplexing gain and
diversity gain. We emphasize that our on lusions are
a onsequen e of the very nature of the transmit signal
ve tor's statisti s (i.i.d. omplex gaussian) whi h implies a pure multiplexing mode. We nally note that the
diversity-multiplexing tradeo in i.i.d. MIMO hannels
has been investigated in [15℄ using a di erent framework.
The orrelated ase. In Se . III, we observed a
loss in ergodi apa ity due to spatial fading orrelation. Interestingly however, in the presen e of spatial
fading orrelation, assuming that r(S) = r(R) = N , in
the high SNR regime, we on luded that the varian e

of mutual information de reases ompared to that of
the i.i.d. hannel. Again, this observation has a physially appealing interpretation. Assume for example that
MT = MR and that only transmit orrelation is present.
High spatial fading orrelation amounts to a redu ed
number of e e tive antennas. As the spatial fading orrelation de reases the e e tive number of transmit antennas in reases whi h means that the e e tive number
of parallel spatial data pipes that an be opened up is
in reased. Thus, redu ing the spatial fading orrelation
is like in reasing the number of transmit antennas. Now,
from the previous dis ussion we know that I2 in reases
until the e e tive number of transmit antennas equals
the e e tive number of re eive antennas, whi h in our
s enario amounts to fully un orrelated spatial fading.

σI

The i.i.d. ase. In this subse tion, we shall show
that I2 is maximized if L = K and hen e MT = MR .
Starting from (11), xing K and onsidering L variable
(to re e t this we use the notation I2 (L)) we obtain
 2 X
1
1
1
I2 (L) = I2 (L 1) +
:
ln 2 p=1 (p + K L)2
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Comparison of empiri ally determined I2 and the approximation (11) for various values of MT with xed MR = 10 at high
SNR.

Fig. 1.

B. Ergodi Capa ity
In this example, we investigate the ergodi apa ity
loss due to spatial fading orrelation for a Rayleigh atfading MIMO hannel with MT = MR = 2. We use the
hannel model spe i ed in (1) with




S = s1 1s
and
R = r1 r1 ; (13)
where s and r are the omplex orrelation oeÆ ients
between the two transmit and the two re eive antennas,
respe tively. In Fig. 2, we ompare the lower bound (8)
with the empiri ally obtained ergodi apa ity (through
Monte Carlo methods) for three di erent levels of transmit and re eive orrelation, namely s = r = 0 (i.i.d.
hannel), s = r = 0:4 (low transmit/re eive orrelation), and s = 0:95; r = 0:4 (high transmit, low re eive
orrelation). As predi ted by the analyti al estimate
log2 (det(S)) + log2 (det(R)), we observe a very small ergodi apa ity loss for the ase of low transmit/re eive
orrelation. In the ase of high orrelation at the transmitter, we observe an ergodi apa ity loss of about 3:6
bps/Hz, whi h is onsistent with the loss of 3:61 bps/Hz,
predi ted by the analyti al estimate.
18
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Analytical s=0,r=0
Empirical s=0.4,r=0.4
Analytical s=0.4,r=0.4
Empirical s=0.95,r=0.4
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Comparison of the empiri ally determined ergodi apa ity and the analyti al lower-bound (8) for MT = MR = 2 and
various levels of spatial fading orrelation.
Fig. 2.

VII. Con lusions
In this paper, we analyzed the rst and se ond-order
statisti s of mutual information of a MIMO Rayleigh
at-fading hannel with joint transmit-re eive orrelation. We provided a tight losed-form analyti al lowerbound for ergodi apa ity, derived an analyti al ex-

pression for the varian e of mutual information, and revealed an interesting tradeo between multiplexing gain
and diversity gain. Finally, we demonstrated the a ura y of our analyti al expressions through omparison
with numeri al results.
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