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Abstract— Using concepts from the receding horizon control
framework, we propose a novel approach to quantization
in oversampled filter banks. The key idea is to pose the
quantization problem as a multi-step optimization problem,
where the decision variables are restricted to belong to a finite
set. It is shown that the resulting architecture yields enhanced
performance when compared to the well-known noise shaping
coder. In particular, the quantizer proposed can be tuned with
stability concepts in mind.

I. I NTRODUCTION
Oversampled Filter Banks (FBs) are widespread in many
practical applications, mainly in relation to subband signal
processing and coding of audio and image signals, see
e.g. [1]–[6]. Fig. 1 depicts such a scheme. The main purpose
of these schemes is to compress a discrete time signal y
into sequences ui , such that the amount of bits deployed
is small, whilst providing a good reconstructed signal,
i.e. ŷ ≈ y. For that purpose, a series connection of an
analysis FB, an abstract quantizer Q and a synthesis FB is
deployed. As can be seen in Fig. 1, an oversampled FB first
decomposes the discrete-time input signal y into subband
sequences vi through analysis filtering and downsampling.
The abstract quantizer Q processes the vi (in a linear
or nonlinear fashion) and quantizes them resulting in the
output sequences ui . The synthesis FB then up-samples and
filters the sequences ui to provide an estimate of y.
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distortion (of the filters deployed), and quantization and
coding effects. In the common case of linear FBs, the effects
of aliasing, imaging, phase and amplitude distortion can be
dealt with by proper filter design, see e.g. [2]–[4]. On the
other hand, even if the subband signals are not processed
and lossless coding is employed (which we will assume in
this work), quantization introduces loss of information, and
commonly precludes ŷ from being equal to y.
Quantization effects are nonlinear (and non-smooth) in
nature. Nonetheless, at times, linear analysis and design
methodologies can be deployed, see e.g. [7], [8]. Of course,
these techniques are only approximate and one can expect
linear design methods to be, in general, outperformed by
nonlinear ones.
Here we present a novel quantization/coding method for
oversampled FBs which does not utilize a linear model
of quantization. The scheme is aimed at minimizing the
reconstruction error. For that purpose, it utilizes concepts
from finite-set constrained Predictive Control, see e.g. [9].
The methodology extends our previous work on scalar
analog-to-digital conversion [10]–[12] and contains the
Noise Shaping Quantizer in [8] as a special case.
The remainder of this paper is organized as follows: In
Section II, we introduce some basic concepts in relation to
(oversampled) FBs. Section III presents the proposed multistep quantization approach. Its properties are investigated
in Section IV. Section V documents a simulation study.
Section VI draws conclusions.
II. BACKGROUND ON (OVERSAMPLED ) F ILTER BANKS

+

In this section we will give a brief review of some
fundamental aspects of (oversampled) FBs. More thorough
treatments can be found e.g. in [2]–[4], [13], [14].
+

ŷ

Synthesis Filter Bank

K-channel FB with sub-sampling by factor L.

Reconstruction errors in an oversampled FB basically
arise from three sources: aliasing and imaging (as a consequence of sampling rate conversions), phase and amplitude

A. Basic Aspects
As can be seen in Fig. 1, the discrete-time input signal
y is simultaneously filtered by the analysis filters Ei (z),
i ∈ {1, 2, . . . K}. The K signals yi are then down-sampled
by a factor of L, i.e. only every L-th element is retained.
The sampling rate of the resultant subband sequences vi (!)
is L times lower than the sampling rate of y, i.e. there is a
change in time scale. For example, with L = 2, we have:
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yi :
vi :

yi (0)
↓
yi (0)

yi (1) yi (2) yi (3)
↓
yi (2)
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yi (4) yi (5) . . .
↓
yi (4)
...

The subband sequences are then quantized resulting in
the K sequences ui so that at each instant ! ∈ Z:
ui (!) ∈ Ui ,

∀i ∈ {1, 2, . . . , K},

(1)

where the Ui are given finite sets. By allowing for different
quantization sets Ui , with subband coding, the available
bit budget can be utilized more efficiently than if y was
quantized directly, see Section II-D. The performance of
the FB depends on how the sequences ui are chosen inside
the abstract quantizer Q. The design of Q is the main focus
of the current paper.
In the synthesis FB, the quantized sequences ui are upsampled by a factor of L. This is achieved by padding the
sequences with zeroes and gives rise to the signals wi . For
instance, in the case of L = 3, we have:
ui :
wi :

ui (0)
↓
ui (0) 0

ui (1)
↓
0 ui (1)

ui (2)
...
↓
0 0 ui (2) 0 . . .

The K filters Ri then perform an interpolation/smoothing
function and provide the estimate ŷ(!).
Most Subband Coding FBs, correspond to the so-called
maximally decimated case, where K = L. Recently, oversampled FBs, where K > L have been studied in the
context of frame expansions, see e.g. [8], [13], [14]. In
particular, in [8] it is shown how redundancies in the
representation of y via vi can be used in order to mitigate
quantization noise effects. In the present work, we include
both situations by allowing K ≥ L.
B. Polyphase Representation
The oversampled FB of Fig. 1 is a multi-rate system,
which can conveniently be represented in terms of the
polyphase description, see e.g. [2], [7], [14], described in
the following. We start by defining the vector sequences:
!
v(!) ! v1 (!)
!
u(!) ! u1 (!)
!
d(!) ! d1 (!)
!
ˆ ! dˆ1 (!)
d(!)

"T

v2 (!) . . .

...

vK (!)

u2 (!)

...

uK (!)
"T

...

d2 (!) . . .

dL (!)

dˆ2 (!) . . .

dˆL (!)

di (!) ! y(!L + i − 1),

"T

,

"T

where:

dˆi (!) ! ŷ(!L + i − 1)

(2)

are the polyphase components of y and ŷ, respectively. Note
that all these vectors are updated only every L sampling
instants of y.
Given these definitions and by using the so-called noble
identities, see e.g. [2], [7], direct algebraic manipulation
yields that the FB of Fig. 1 can be characterized via:
v(!) = E(z)d(!),

ˆ = R(z)u(!).
d(!)

(3)

They are defined via [E(z)]i,n = Ei,n (z) and [R(z)]n,i =
Ri,n (z), i = 1, 2, . . . , K, n = 1, 2, . . . , L, where:
∞
#
Ei,n (z) !
ei (!L − n + 1)z −! ,
Ri,n (z) !

!=−∞
∞
#
!=−∞

ri (!L + n − 1)z −! ,

and ei and ri are the following impulse responses:
∞
∞
#
#
ri (!)z −! .
ei (!)z −! , Ri (z) =
Ei (z) =
!=−∞

!=−∞

The resultant scheme is depicted in Fig. 2. As can be
seen, the polyphase description consists of a MIMO singlerate system, which operates on the down-sampled signals.
The multi-rate aspect is implicit, see (2). Since the filter
operations are performed only at the reduced sampling rate,
the polyphase representation is not only more compact, but
also more computationally efficient than the structure of
Fig. 1. It avoids unnecessary operations due to up- and
down-sampling.

d(!)

E(z)

v(!)

Analysis FB
Fig. 2.

Q

u(!)

R(z)

ˆ
d(!)

Synthesis FB

Oversampled FB in Polyphase Form.

C. Perfect Reconstruction in the Idealized Case
Independent of its description, the oversampled FB of
Fig. 1 is a multi-rate system and is thus affected by aliasing
and imaging, see e.g. [2], [3]. If the sequences yi satisfy
appropriate bandwidth constraints,1 then alias-free downsampling can be ensured. Also, images created by the upsampling process can be filtered out in the synthesis FB.
However, since sharp anti-aliasing filters are of highorder and often exhibit poor characteristics near the cutoff frequencies, it is often convenient to relax requirements
on Ei and Ri allowing for some aliasing. In the absence
of quantization and coding effects, perfect reconstruction of
y(!) is possible, as can be appreciated directly from (3) (see
also [6]) and aliasing introduced in the analysis FB can be
compensated for in the synthesis FB.
Indeed, neglecting quantization, then u = v, and
hence (3) implies that if2
R(z)E(z) = IL ,

(4)

then d = dˆ and consequently y = ŷ. FBs which satisfy (4)
are termed perfect reconstruction FBs. Note that, choosing
R(z) as any left-inverse of E(z), will give a perfect
reconstruction FB. In particular, if quantization effects are
modeled as additive white Gaussian noise, then choosing
R(z) as the pseudo-inverse will minimize the reconstruction
mean square error, see also [8].

In this expression, E(z) is the K × L analysis polyphase
matrix, while R(z) is the L×K synthesis polyphase matrix.
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D. Quantization Effects
Quantization induces loss of information when transforming the sequence v into u. As a consequence, in general the
reconstructed signal ŷ will differ from y. As stated in [2],
the effect of quantization of the subband signals is very
difficult to analyze accurately. The usual paradigm adopted,
models the quantizer by a linear gain-plus-noise model, as
in the case of standard analog-to-digital conversion, see
e.g. [16]. This type of model is simple and may, in some
cases, be useful. However, it fails to predict instability
related phenomena, such as the appearance of idle tones.
A simple subband coder is described in [2]. It uses one
scalar quantizer for each subband, i.e.:3
ui (!) = qUi (vi (!)),

∀!, ∀i ∈ {1, 2, . . . , K}

(5)

Based upon the linear quantization model, the number of
bits assigned to each quantizer can be determined according
to the energy content of each subband signal in an optimal
manner. This type of methodology is widespread, especially
in audio applications. To visualize this method, consider
a two-channel subband coder, where E1 (z) is a low-pass
filter and E2 (z) is high-pass. Given the reduced sensitivity
of the human ear to high frequency noise and the fact that
typical audio and speech signals have their main energy
concentrated at the lower end of the frequency spectrum, it
makes sense to assign a higher bit rate to u1 than to u2 ,
see also [5].
A more effective approach can be developed by extending
the Σ∆-Modulator, see e.g. [18], to the oversampled FB
context. In [8], it is shown how the noise shaping coder
depicted in Fig. 3 can reduce overall quantization effects in
ŷ. As can be seen in this figure, the scheme consists of a
feedback loop which contains a MIMO noise-shaping filter
G. The quantized set U has nU elements. It represents the
constraint set for u, i.e. it is given by the Cartesian product:
u(!) ∈ U,

U ! U 1 × U2 × · · · × U K ⊂ R ,
K

(6)

see (1). Thus, qU (·) is a vector quantizer. The linear quantization model can then be utilized in order to design an
optimal filter G, which can be either full MIMO, or also of
restricted complexity, see [8].
v(!)

+

u(!)

qU (·)
+

−

−
IK − G(z)

Fig. 3.

In the next section we will propose a novel quantization
method for oversampled FBs. As will be apparent, the new
scheme embeds the noise shaping coder of [8] in a broader
framework and allows for enhanced performance. Moreover,
stability can be guaranteed for the proposed scheme.
III. M ULTI - STEP O PTIMAL Q UANTIZATION
The main aim of the quantizer is to make the reconstruction error d − dˆ small by proper selection of u while
aiming to minimize the number of bits per unit time. In
what follows, we will show how methods stemming from
the Model Predictive Control Framework, see e.g. [9], [19],
can be deployed in order to design an abstract quantizer
Q, which is aimed at minimizing a weighted measure of
the reconstruction error. The method extends our previous
work on audio quantization documented in [10]–[12] to
oversampled FBs or, equivalently, to non-square MIMO
systems.
A. Frequency Selective Coding
The quantization problem can be embedded in the more
general problem of minimizing the filtered distortion sequence:
ed (!) ! W (z)(H(z)d(!) − u(!)).
In this expression, H(z) is of dimension K ×L and W (z) is
of dimension ne × K. The two filters (H(z), W (z)) and ne
are design variables. They allow one to shape the frequency
content of the quantization errors. More precisely, if ed is
small, then u will approximate the sequence H(z)d and
W (z)(H(z)d−u) will have an approximately flat spectrum.
One possible design choice resides in setting:
H(z) = E(z),

W (z) = R(z),

(7)

ˆ i.e. the difference
in which case ne = L and ed = R(z)v−d,
ˆ
between the reconstructed sequence d and the sequence
which would be obtained in the absence of quantization
effects. If, furthermore, E(z) and R(z) are chosen to
correspond to a perfect reconstruction FB, see (4), then ed
ˆ
reduces to ed = d − d.

Note that, although setting ne = L appears to be a natural
choice, since then the dimension of ed is equal to that of d
ˆ we will show in Section IV-C, that setting ne = K
and d,
may be sensible as well.
For our development, it is convenient to describe W via:
W (z) = D + C(zIn − A)−1 B,

where A ∈ Rn×n , B ∈ Rn×K , C ∈ Rne ×n , D ∈ Rne ×K
and n ∈ N. With this, ed is the output of:

Q

x(! + 1) = Ax(!) + B(a(!) − u(!))
ed (!) = Cx(!) + D(a(!) − u(!)),

Noise Shaping Coder.

3 Here, and in the remainder of this work, q (·), where X is any
X
quantized finite set, will denote a standard nearest neighbour quantizer,
see e.g. [17].

(8)

where a(!) ! H(z)d(!) ∈ RK×1 and x ∈ Rn×1 is the
system state.
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B. Optimization Criterion
[IK zIK · · · z N −1 IK ]

We propose to minimize, at instant ! = k, the following
measure of ed defined over a finite and fixed horizon N :4
VN ("u(k)) ! )x$ (k + N ))2P +

k+N
#−1
!=k

a
d

)e$d (!))2 ,

(9)

−

where P is a given positive semidefinite matrix and:
"T
!
"u(k) ! u$ (k)T u$ (k + 1)T . . . u$ (k + N − 1)T

x$ (! + 1) = Ax$ (!) + B(a(!) − u$ (!)),
e$d (!) = Cx$ (!) + D(a(!) − u$ (!)),

with ! = k, k + 1, . . . , k + N − 1. The initial condition is
x$ (k) = x(k), which, given past values of u and d (and
hence a), can be computed exactly from (8). The final state
weighting term )x$ (k + N ))2P is included in the cost to
ensure stability-like properties, see Section IV-A.
C. Moving Horizon Optimization
Minimization of VN in (9) gives rise to the optimizer
min VN ("u(k)),

#
u(k)∈UN

(10)

where UN ⊂ RKN is defined via UN ! U × · · · × U.
The vector "u" (k) contains information about decisions
to be made at N future time instants. Since its last few
components depend only on a small window of the filtered
distortion, ed , we propose to utilize only the first K components of "u" (k):5
"
!
u" (k) ! IK 0K . . . 0K "u" (k).
(11)
It is this quantity, whose effect on ed is, in principle, best
captured within the horizon examined by VN . At time ! = k
the output of the resultant multi-step optimal quantizer is:
u(k) ←− u (k).
"

(zIn − A)−1 B

(10)-(12)

u

Q

contains the decision variables (candidate quantization levels). The functional (9) examines predictions of the filtered
distortion ed and the final state x(k + N ) in (8). These
predicted trajectories are formed as:

"u" (k) ! arg

+

H

(12)

This value is also used in (8) in order to deliver x(k + 1).
At the next sampling instant, this new state value is used
to minimize the cost VN ("u(k + 1)), yielding u(k + 1). This
procedure is repeated ad-infinitum. The past is propagated
forward in time via the state sequence x, see (8), thus,
yielding a recursive scheme.
Fig. 4 depicts the proposed quantizer, which constitutes
the main contribution of this work. Of particular interest
is the case where H is chosen to be equal to the analysis
polyphase matrix E, see also (7). With this choice, the input
to the quantizer can be regarded as a = v.
4 "x"2 denotes the quadratic form xT P x, where x is any vector and
P
P is a matrix, "ed "2 = eT
d ed .
50
K ! 0 · IK .

Fig. 4.

Implementation of the quantizer as a feedback loop.

It is worth emphasizing that, in general, larger values
for the prediction horizon N provide better performance,
since more data is taken into account in the quantization
process. In fact, one can expect that, if N is chosen large
enough relative to the time scale of W , then the effect of
u(k) on ed (!) for ! ≥ k + N will be negligible. Since,
in general, the computational time needed to obtain (10)
is exponential in N , this parameter allows the designer to
trade-off performance versus on-line computational effort.
As will be shown in Section V, excellent performance can
often be achieved with relatively small horizons.
The quantizer proposed can be regarded as a (non-square)
MIMO Model Predictive Controller, see e.g. [19], [20], with
plant W , controlled input u and reference W (z)H(z)d.
The special feature of this particular problem, is that u is
restricted to satisfy the quantization constraint (6), which
puts the problem into a finite set constrained predictive
control framework, see e.g. [9], [21], [22].
IV. P ROPERTIES OF THE Q UANTIZER
The quantization scheme proposed is not only related
to finite-set constrained predictive control schemes, but
also generalizes our previous work on audio quantization, see [10], [11], and especially the Multi-step Optimal
Converter (MSOC) described in [12]. Indeed, as will be
apparent from what follows, some features of the quantizer
are closely related to those of the MSOC.
A. Stability
A very significant, but largely unsolved, issue which
arises when including a quantizer in a feedback loop is that
of stability. Poor stability properties manifest themselves in
the appearance of idle tones (limit cycles), see also [23]–
[25]. By applying ideas stemming from the Model Predictive Control literature, see e.g. [9], [19], [20] we can obtain
the following stability-related result:
Theorem 1: Suppose that the sequence a is such that for
a finite value k, it holds that a(!) ∈ U, ∀! ≥ k. Then,
provided P is chosen to satisfy the Lyapunov Equation
AT P A + C T C = P,

(13)

we have ed (!) → 0 ∈ Rne ×1 , as ! → ∞.
Proof: The proof is included in Appendix A.
Despite the fact that this result is valid only for a restricted class of inputs, namely those that make the sequence
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a eventually take on values in U, simulation studies, such
as those included in Section V (see also [12]), indicate
that setting P as the stabilizing value given in (13) is
often a good choice to avoid limit cycles and performance
degradation.
B. Closed Form Solution
The proposed quantizer requires that one solve the (nonconvex) finite-set-constrained optimization problem (10). In
the particular case of having a square filter W , i.e. of
choosing ne = K, see Section III-A, we can extend the
results of [12] to state the solution in terms of a vector
quantizer immersed in a closed loop as depicted in Fig. 5.
In this figure, F(z) and W(z) are the N K × K filters:
F(z) ! Ψ−T (ΦT Γ + M T P AN )(zIn − A)−1 B,
!
"T
W(z) ! Ψ IK zIK . . . z N −1 IK + F(z)

with the matrices Ψ and Φ defined in Appendix B.
a

+

W

−

[IK 0K . . . 0K ]Ψ−1 qU! N (·)

Q
Fig. 5.

u

F

Implementation of the quantizer as a feedback loop (ne = K).

It should be emphasized that, if ne is chosen smaller
than K (as is the case of ne = L with an oversampled FB,
see (7)), then the matrices ΦT Φ and Ψ in (18) will be rank
deficient. Thus, with ne < K, Ψ is not invertible, and the
scheme depicted in Fig. 5 does not make sense.
C. Relationship to the Noise-Shaping Quantizer

We thus see that the proposed quantizer extends the noiseshaping coder in [8] in two ways: It allows for multistep optimality (horizon N > 1) and stability concepts
can be directly included in the design via the terminal
state penalization matrix P . As documented in the example
included in the following section, these design parameters
can be used to give enhanced performance.
V. S IMULATION S TUDY
As a simple example, adopted from [8], we consider a
two-channel FB, with L = 1, which gives an oversampling
factor of 2. The analysis bank is formed by the Haar filters:
√
√
E1 (z) = (1 + z −1 )/ 2, E2 (z) = (1 − z −1 )/ 2,

and the synthesis bank is characterized by:
1
1
R1 (z) = √ (1 + z), R2 (z) = √ (1 − z).
2 2
2 2
This choice gives a polyphase description which satisfies the
perfect reconstruction condition (4). We utilize the noiseshaping filter of [8], namely:
%
&
0.5
0.5
G(z) = I2 − z −1
−0.5 −0.5

and tune W (z) and H(z) according to (14) and P as in (13).
To visualize performance of the proposed quantizer, we
carried out a simulation, with U1 = U2 = {−1, 0, 1},
and where y was chosen as Tf = 1000 samples of an
i.i.d. Gaussian process having zero-mean and unit variance.
Fig. 6 illustrates the results. It shows the values of the
sample variance of the reconstruction error:
S!

for various horizons N . In this figure, N = 0 denotes direct
quantization as in (5).
0.16

0.15

S
0.14

0.13
0

u(!) = qU (W (z)H(z)d(!) − (W (z) − IK )u(!)).

As a consequence, both schemes are equivalent if:
W (z) = G−1 (z),

H(z) = E(z).

1

Fig. 6.

u(!) = qU (G−1 (z)v(!) − (G−1 (z) − IK )u(!)).
(14)

Therefore, the multi-step optimal quantizer can be regarded
as a generalization of the noise-shaping coder.

(15)

!=1

Examination of Figs. 3 and 5 shows that the multi-step
optimal quantizer and the noise-shaping coder proposed
in [8] are related. Indeed, consider the special (and simple)
case of a horizon N = 1, no terminal state weighting,
P = 0, and filter W (z) with ne = K and D = IK .
In this case, the definitions included in Appendix B yield
$ N = U, W(z) =
that Γ = C, Ψ = Φ = D = IK , so that U
W (z) and F(z) = W (z)−IK . Thus, the dynamics of Fig. 5
are governed by:

On the other hand, the noise-shaping coder of Fig. 3 is
characterized via:

Tf
1 #
(y(!) − ŷ(!))2 ,
Tf

2

N

3

4

Performance as a function of N .

As can be seen from this figure, performance improves
as the horizon N is increased. Thus, the proposed quantizer
outperforms direct quantization and also the noise shaping
coder (which correspond to N = 0 and N = 1, respectively). Moreover, it can be observed that performance is
asymptotic in N and that a modest value, say N = 2,
achieves most of the performance gain. These observations
are typical, and also agree with those obtained in the direct
signal quantization context, see [10]–[12].
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VI. C ONCLUSIONS
We have proposed a novel quantization method for
oversampled filter banks. The scheme utilizes the receding
horizon optimization concept and can be implemented as
a closed loop. The quantizer presented here includes the
noise shaping coder as a special case. More precisely,
while the noise-shaping coder is one-step optimal, the new
quantizer is multi-step optimal. This, and the possibility of
a stability-enforced design, gives enhanced performance, as
documented by a simulation study.
A PPENDIX
A. Proof of Theorem 1
The proof uses the sequence of optimal costs defined as
VN" (!) ! VN ("u" (!)),

!∈N

as a Lyapunov function and follows closely that of Theorem 2 in [12].
Suppose that, at sample ! = k, the optimal sequence is
"T
!
"u" (k) = uTk uTk+1 . . . uTk+N −1 .

Next, at sample ! = k + 1, consider the related sequence
"T
!
us = uTk+1 uTk+2 . . . uTk+N −1 a(k + N )T ∈ UN .
(16)
Due to optimality, it follows that
VN" (k + 1) ≤ VN (us ).

Direct calculation then yields:

VN (us ) = VN" (k) + )Ax(k + N ))2P − )x(k + N ))2P
+ )ed (k + N ))2 − )ed (k))2 = VN" (k)

+)Ax(k+N ))2P −)x(k+N ))2P +)Cx(k+N ))2 −)ed (k))2

since, with us given by (16), predictions of ed used in
VN" (k) and in VN (us ) coincide. Hence,
VN" (k + 1) − VN" (k) ≤ −)ed (k))2 ≤ 0,

(17)

where we have used (13). As a consequence of (17), it
follows that lim!→∞ VN" (!) exists and
VN" (! + 1) − VN" (!) → 0.

Also from (17) it follows that ed (!) → 0, which completes
the proof.
B. Definitions for Fig. 5
In Fig. 5 the matrix Ψ has dimensions N K × N K and
is defined implicitly via:
ΨT Ψ = ΦT Φ + M T P M,
where:



D

0


 CB
D
Φ!

..
.
..

.
N −2
CA
B ...
! N −1
B AN −2 B
M! A

(18)




0
C
.. 
 CA 
.

, Γ ! 

,
..



.
0
N −1
CA
D
"
. . . AB B .

...
..
.
..
.
CB

The image of the quantizer qU! N (·) is the set:
with

$ N ! {$
η1 , η$2 , . . . , η$r } ⊂ RN K ,
U
η$i = Ψηi , ηi ∈ UN .
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[6] Z. Cvetković and J. D. Johnson, “Nonuniform oversampled filter
banks for audio signal processing,” IEEE Trans. Speech Audio
Processing, vol. 11, pp. 393–399, Sept. 2003.
[7] A. N. Akansu and R. A. Haddad, Multiresolution Signal Decomposition: Transforms, Subbands, and Wavelets. San Diego, CA: Academic
Press, 1992.
[8] H. Bölcskei and F. Hlawatsch, “Noise reduction in oversampled filter
banks using predictive quantization,” IEEE Trans. Inform. Theory,
vol. 47, pp. 155–172, Jan. 2001.
[9] D. E. Quevedo, G. C. Goodwin, and J. A. De Doná, “Finite constraint
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