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Abstract—We characterize the inﬁnite bandwidth capacity
behavior of the general class of underspread wide-sense stationary uncorrelated scattering (WSSUS) time-frequency selective
Rayleigh fading channels. In particular, we propose a signaling
scheme, termed time-frequency pulse position modulation (TFPPM), which is shown to achieve AWGN channel capacity in
the inﬁnite bandwidth limit. As a trivial consequence of this
result, the inﬁnite bandwidth capacity of WSSUS underspread
fading channels, irrespectively of the scattering function, equals
the AWGN channel’s inﬁnite bandwidth capacity. The wideband
slope achieved by TF-PPM is found to be zero, irrespectively of
the channel’s scattering function, even in the presence of perfect
receive channel state information. Our proof techniques use the
fact that underspread fading channels have a highly structured
set of eigenfunctions and a property of orthogonal signaling
schemes ﬁrst presented in Butman and Klass, Jet Propulsion Lab.,
Tech. Rep., 1973.

I. I NTRODUCTION
The wideband regime is deﬁned as the region where the
energy-per-bit and the spectral efﬁciency (i.e., the rate in
bits/second divided by bandwidth in Hertz) are low [1]. Wireless communication in the wideband regime is attractive due
to ease of coexistence with legacy systems, ease of multiple
access and improved link reliability due to frequency diversity.
In an additive white Gaussian noise (AWGN) channel, we
have


P
P
=
log2 e
lim W log2 1 +
W→ ∞
W N0
N0
where P is the received power, N0 stands for the one-sided
noise spectral level and W denotes bandwidth. Although in an
AWGN channel, capacity, irrespectively of the bandwidth, is
achieved using Gaussian inputs, in the inﬁnite bandwidth limit
other signaling schemes such as binary antipodal modulation
and on-off keying with very low duty cycle are as good
as Gaussian signals [1] (in the sense of the ratio between
the corresponding mutual information to capacity approaching
unity). The picture changes, however, signiﬁcantly in the
case of fading channels1 [1]–[4]. Jacobs [5] and Gallager [6,
This research was supported in part by NOKIA Research Center Helsinki,
Finland and by the EC FP6 Network of Excellence NEWCOM.
1 Throughout the paper, whenever we speak of fading channels, we shall
refer to (without explicitly stating it) the “noncoherent” case where neither
transmitter nor receiver have access to channel state information (CSI) but
both are aware of the channel law.
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Sec. 8.6] showed that the inﬁnite bandwidth capacity of a
time-selective Gaussian fading channel equals the inﬁnite
bandwidth capacity of an AWGN channel (with the same
received power). The capacity-achieving (in the wideband
limit) codebook used in [6] employs frequency-shift-keying
(FSK) with spacing between successive frequencies larger
than the Doppler spread of the channel and the duty cycle
going to zero as the bandwidth goes to inﬁnity. The proof
technique in [6] relies on an analysis of the error exponent.
More recently, an extension of Gallager’s result to the case
of block-fading multipath channels with independent fading
across blocks and arbitrary fading statistics was provided
in [3]. Converse results, under various fading channel models,
showing that spread-spectrum (i.e., white-like) signals result
in the achievable rate going to zero as bandwidth approaches
inﬁnity, have been provided in [2]–[4].
A necessary and sufﬁcient condition for a signaling scheme
to achieve AWGN channel capacity over a memoryless fading channel (using a ﬁnite-dimensional signal model) in the
inﬁnite bandwidth limit was provided in [1]. This condition is
essentially a “peakiness” condition (a.k.a. “ﬂash-signaling”).
Contributions: The results summarized above (except
for the converse result in [4]) were obtained under various
restrictive assumptions on the fading channel model (i.e., timeselective only, block-fading, memoryless). In this paper, we
consider the general class of underspread [7] (continuous-time)
wide-sense stationary uncorrelated scattering (WSSUS) [8]
time-frequency selective Rayleigh fading channels without
imposing the block-fading assumption. We show that a signaling scheme, which we call time-frequency PPM (TF-PPM),
achieves the AWGN channel capacity in the inﬁnite bandwidth
limit, irrespectively of the channel’s scattering function [8].
Even though it is not straightforward to extend the notion of
ﬂash-signaling [1] to our signal and channel model (due to
the inﬁnite dimensionality of the signal model) and draw the
following conclusion directly from [1], we can still show that
TF-PPM achieves zero wideband slope, even in the presence
of perfect receive CSI.
The proof techniques used in this paper are built on the fact
that underspread channels have a well-structured set of TFlocalized (approximate) eigenfunctions [7], and on a property
of the information divergence of orthogonal signaling schemes
ﬁrst presented in a different context in [9].
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Notation: Uppercase boldface letters are used to denote matrices (both random and deterministic) and lowercase
boldface letters designate vectors. The superscripts T , H and
∗
stand for transpose, conjugate transpose and elementwise
conjugation, respectively. det(A) and Tr(A) denote the determinant and the trace, respectively, of the matrix A. I stands for
the identity matrix of appropriate size. [a]i is the ith element
of the vector a and [A]i,j is the element in row i and column
j of A. For an M × N matrix A = [a1 a2 . . . aN ], we deﬁne
vec(A) = [aT1 aT2 . . . aTN ]T . All logarithms are to the base
e unless stated otherwise. EX {·} stands for the expectation
operation with respect to the random variable (RV) X. δ(t) is
the Dirac delta function and δi,j = 1 for i = j and 0 otherwise.
II. C HANNEL AND S IGNAL M ODEL
Time-frequency selective underspread fading channels: We
model the TF-selective fading channel as a linear random
system with input-output relation

(1)
y(t) = (Hx)(t) = h(t, t − τ )x(t − τ )dτ
τ

where x(t) is the input signal, y(t) is the output signal, H is
the linear operator describing the effect of the ergodic channel
and h(t, t ) is the random kernel of H. Throughout this paper,
we assume that h(t, t ) is a complex Gaussian process in t
and t . The time-varying transfer function of the channel is
deﬁned as [10]

(2)
LH (t, f ) = h(t, t − τ )e−j2πf τ dτ.
τ

An alternative representation of (1) is
 
y(t) =
SH (τ, ν)x(t − τ )ej2πνt dτ dν
τ

ν

where SH (τ, ν) is the channel’s (delay-Doppler) spreading
function, which is related to the impulse response h(t, t − τ )
through a Fourier transform as

SH (τ, ν) = h(t, t − τ )e−j2πνt dt.

compactly supported within the rectangle [−τ0 , τ0 ]×[−ν0 , ν0 ],
/ [−τ0 , τ0 ] × [−ν0 , ν0 ]. Note that
i.e., CH (τ, ν) = 0 for (τ, ν) ∈
this implies that the spreading function SH (τ, ν) is supported
within this rectangle as well. Deﬁning the spread of the
channel as the area of this rectangle, ∆H = 4τ0 ν0 , the channel
is said to be underspread if ∆H ≤ 1 and overspread if
∆H > 1 [7], [11]. The underspread assumption is relevant
as most mobile radio channels are (highly) underspread.
Approximate diagonalization of underspread channels: An
important result we are going to build our developments
on is the fact that underspread channels are approximately
diagonalized by orthogonal Weyl-Heisenberg bases [7], which
are obtained by TF-shifting of a normalized function g(t) according to gk,l (t) = g(t−kT )ej2πlF t , with the grid parameters
T and F satisfying T F ≥ 1, and the orthonormality condition

gk,l , gk ,l  = gk,l (t)gk∗ ,l (t)dt = δk,k δl,l .
(4)
t

Choosing T ≤ 1/(2ν0 ) and F ≤ 1/(2τ0 ), and hence
T F ≤ 1/∆H , it has been shown in [7] that the impulse
response h(t, t ) of an underspread fading channel can be well
approximated by setting
∞
∞


∗
h(t, t ) =
LH (kT, lF )gk,l (t)gk,l
(t )
k=−∞ l=−∞

with suitably chosen window function g(t) depending on
the shape of the scattering function CH (τ, ν). In practice
g(t) will be well-localized in time and frequency. Further
details on the choice of g(t) can be found in [7], [11].
The scalar channel coefﬁcients LH (kT, lF ) are circularly
symmetric
  complex Gaussian RVs with zero mean, variance
2
= τ ν CH (τ, ν)dτ dν, and correlation function
σH
EH {LH (kT, lF )L∗H (k  T, l F )} = RH ((k − k  )T, (l − l )F ).
Canonical characterization of signaling schemes: Based on
the developments in the previous paragraph, we write our
transmit signal x(t) as

t

x(t) =

We invoke the WSSUS assumption, which is

where CH (τ, ν) ≥ 0 denotes the scattering function [8]. Finally, we shall need the channel’s correlation function deﬁned
as
EH {LH (t, f )L∗H (t , f  )} = RH (t − t , f − f  )

τ

ck,l gk,l (t)

(5)

k=−∞ l=0

EH {SH (τ, ν)} = 0
EH {SH (τ, ν)SH∗ (τ  , ν  )} = CH (τ, ν)δ(τ − τ  )δ(ν − ν  )

with the Fourier correspondence
 
RH (∆t, ∆f ) =
CH (τ, ν)ej2π(ν∆t−τ ∆f ) dτ dν.

∞ N
−1



(3)

ν

The underspread assumption and its consequences: WSSUS channels can be classiﬁed into underspread and overspread channels [7], [11]. A channel is said to be underspread
if its scattering function is highly concentrated in the τ -ν
plane. In order to make this statement more precise, we
invoke the common assumption of a scattering function that is

where the ck,l are the information bearing data symbols.
This modulation scheme corresponds to pulse-shaped orthogonal frequency-division multiplexing (OFDM) with OFDM
symbol duration T and subcarrier spacing F . The transmit
signal bandwidth is given by W = N F . Furthermore, the
parameters T and F have to be chosen such that T F ≥
1 [12]. With the received signal r(t) = y(t) + n(t) and n(t)
circularly symmetric additive white Gaussian noise so that
E{n(t)n∗ (t )} = δ(t − t ), the receiver computes the inner
products ĉk,l = r, gk,l . Exploiting the orthonormality (4) of
the basis functions gk,l (t), we obtain the overall input-output
relation
ĉk,l = LH (kT, lF )ck,l + nk,l
(6)

where E nk,l n∗k ,l = δk,k δl,l . To summarize, in essence
we are transmitting and receiving on the channel’s eigenfunc-
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tions and hence diagonalizing the channel.
We assume that each channel use takes place over N subcarriers and K OFDM symbols so that the signal transmitted
in a channel use (signals are chosen independently across
channel uses) is represented by the N ×K matrix [C]l,k = ck,l
(l = 0, 1, . . ., N − 1, k = 0, 1, . . . , K − 1) with the power
constraint E Tr CCH
= KP , where P is the average
power of the transmit signal. The corresponding input-output
relation can be written as
y = Hx + n

(7)

where x = vec(C) and H is an N K × N K diagonal
matrix containing the scalar (complex-valued) channel gains
LH (kT, lF ) on its main diagonal arranged to be consistent
with the deﬁnition
of x. The average power constraint in terms

of x is E x2 = KP . In the remainder of the paper, we
2
set, for simplicity, σH
= 1. Later, we will let N → ∞ so that
the dimensionality of the signal model in (7) grows linearly
in N . We conclude this section by noting that since a general
TF-selective fading channel exhibits correlation between the
channel gains LH (kT, lF ) both in time and frequency, the
channel in (6) will in general not be memoryless.
III. TF-PPM ACHIEVES C APACITY
A lower bound on the capacity of the channel in (6)
is obtained by assuming that different channel uses yield
independent channel realizations. For a given bandwidth W =
N F , the corresponding capacity lower bound in nats per time
interval T , is given by
C=

1
sup I(x; y)
K fx (·)

(8)

where the supremum is taken over the joint distribution fx (·)
of the N K-dimensional transmit signal vector x satisfying
E x2 = KP . The aim of this section is to show that
TF-PPM (deﬁned below) results in
1
I(x; y) = P
(9)
N →∞ K
and hence achieves AWGN channel capacity over the general
WSSUS underspread channel (6) in the inﬁnite bandwidth
limit, irrespectively of CH (τ, ν). In the following, since F is
ﬁxed, we use N (instead of W = N F ) to denote bandwidth.
Before presenting the main result, a few comments putting
our ﬁndings into perspective with respect to existing results are
in order. To the best of our knowledge the inﬁnite bandwidth
capacity of the general channel in (6) as well as corresponding
capacity-achieving (in the inﬁnite bandwidth limit) signaling
schemes have not been reported in the literature. In fact,
previous results are often based on further simpliﬁcations
of the channel model underlying (6), such as assuming that
the fading is time-selective only [5] or frequency-selective
only [3] where both assumptions typically come in combination with the block-fading assumption. If the correlation
function RH (∆t, ∆f ) of the general underspread WSSUS
channel H has compact support in time or frequency or both,
lim

independent channel uses, and hence an effective block-fading
channel, can indeed be obtained through the insertion of
guard intervals. A compactly supported correlation function
is, however, not compatible with the underspread assumption
[see the Fourier correspondence in (3)], and also unlikely to
occur in practice. The results in [1] are not directly applicable
to our setup since [1] considers a memoryless channel and
employs a ﬁnite-dimensional signal model. The main difﬁculty
in extending the results in [1] to the general channel model
considered in this paper lies in the fact that the signal model
in the present paper is an inﬁnite-dimensional one (recall that
we allow N → ∞) and that it is not clear what an appropriate
deﬁnition of ﬂash-signaling for inﬁnite-dimensional signals
is. Time-frequency selective WSSUS channels are considered
in [4]; the corresponding result is, however, a converse one,
showing that spread-spectrum signals lead to zero capacity
in the inﬁnite bandwidth limit. In summary, it is therefore
interesting to investigate the wideband behavior of the general
WSSUS underspread fading channel in (6).
TF-PPM: We consider signals with bandwidth N and
(effective) time duration K. The corresponding N × K rectangle in the time-frequency plane is divided into contiguous
rectangular blocks of size N  × K  , where K = K  r and
N = N  q with r, q ∈ N and K  and N  ﬁxed. The
collection of all qr blocks hence covers the entire N × K
block (i.e., all signal space dimensions are occupied) and q
grows with increasing N . We denote the N  K  -dimensional
random vector transmitted in a given N  × K  block by x.
Deﬁnition 1: The TF-PPM signaling scheme consists of selecting one of the qr N  × K  blocks
 with uniform probability
and transmitting x satisfying E x2 = KP within that
block.
It is easy to verify that TF-PPM
 according to Deﬁnition 1
satisﬁes the power constraint E x2 = KP . We are now
ready to state the main result of this section.
Theorem 2: Let x be chosen according to Deﬁnition 1
(TF-PPM). Then, for a WSSUS underspread channel H with
scattering function CH (τ, ν), we have
1
I(x; y) = P,
(10)
K
irrespectively of CH (τ, ν).
Proof: Using the decomposition [13, Eq. (10)] of mutual
information, we get


1
1
I(x; y) = P −
Exe log det I + XRhe XH
K
K
1
− D Py Py|x=0
(11)
K
lim

N →∞

where 0 denotes the all zeros symbol, [H]i,j = LH (iT, jF)
(i = 0, 1, . . . , K  − 1, j = 0, 1, . . . , N  − 1), h = vec H ,


Rhe = E hhH , X is an N  K  × N  K  diagonal matrix
with the elements of x on its main diagonal arranged to be
consistent with the entries in h and D(PQ) is the KullbackLeibler information divergence between the probability density
functions P and Q. Using the fact that the individual N  × K 
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blocks in the TF-PPM codebook are simply TF-translates of
any given N  ×K  block and that individual blocks are selected
according to a uniform distribution, it can be shown that
1
D Py Py|x=0 = 0
(12)
lim
N →∞ K
for ﬁnite K. The proof of (12) is lengthy and can be found
in [14, App. I]. The technique used to establish (12) is based
on a property of orthogonal signals ﬁrst presented in [9] (to
prove that, in the inﬁnite bandwidth limit, M -ary FSK achieves
capacity on the AWGN channel with phase noise). The second
term on the right-hand-side (RHS) of (11) can be upperbounded in a straightforward fashion according to


1
Exe log det I + XRhe XH
≤
K



x2
1
(13)
Exe N  K  log 1 +  
≤
K
NK


N K 
PK
≤
(14)
log 1 +  
K
NK
where we used Hadamard’s and Jensen’s inequality in (13)
and again Jensen’s inequality in (14). As (14) can be made as
small as desired by choosing the block length K large enough
(recall that K  is ﬁxed), the proof is complete.
Theorem 2 shows that in the inﬁnite bandwidth limit TFPPM according to Deﬁnition 1 achieves the AWGN channel
capacity over the general WSSUS underspread channel (6),
irrespectively of CH (τ, ν). Note that since N  and K  are ﬁxed
and we take N → ∞ and K large to make (14) small, TFPPM can be seen as a signaling scheme that is peaky in the
channel’s eigenspace. We furthermore note that Theorem 2
can be shown to hold for a wider set of signaling schemes.
In fact, our proof technique generalizes to the case where the
individual blocks in the signaling scheme are obtained from
TF-shifts of a ﬁnite number of differently shaped (possibly
noncontiguous) blocks. A signaling scheme that neither ﬁts
Deﬁnition 1 nor falls into this more general class, but still
achieves AWGN channel capacity (on a multipath block-fading
channel) in the inﬁnite bandwidth limit, is multi-tone FSK as
introduced in [15]. Finally, we note that Theorem 2 generalizes
Corollary 1 in [16] both in terms of the channel model and
the signaling scheme used in [16].
We conclude this section by noting that Theorem 2 trivially
implies that the inﬁnite bandwidth capacity of WSSUS underspread channels H equals the inﬁnite bandwidth capacity of an
AWGN channel with the same received power. Even though
this result may not come as a surprise, the contribution lies
in its generality with the main technical difﬁculty stemming
from the fact that we consider channels with memory in time
and frequency and our signal model is inﬁnite dimensional.
IV. W IDEBAND S LOPE A NALYSIS
Achieving capacity in the inﬁnite bandwidth limit per se
does not give an indication of how capacity is approached
as a function of bandwidth. In order to gain insight on
this question, following the approach in [1], we characterize
the ﬁrst-order behavior of the spectral efﬁciency η (1/N ) =

I(x; y)/(KN ) as a function of the normalized energy per
bit Eb /N0 (expressed in dB). The ﬁrst-order behavior of η
is succinctly captured by the wideband slope (measured in
bits/s/Hz/(3 dB)) deﬁned as2 [1]
S0 =

2P 2
1
.
−η̈(0) 10 log10 e

(15)

In Theorem 3 below, we will show that the perfect receive
CSI wideband slope of TF-PPM equals 0 (for K = ∞).
Since the perfect receive CSI mutual information constitutes
an upper bound on the mutual information without receive
CSI, this implies that the wideband slope of TF-PPM over the
general channel in (6) satisﬁes S0 = 0. We are now ready to
state the second result of the paper.
Theorem 3: TF-PPM according to Deﬁnition 1 with K =
∞ achieves S0 = 0 on a WSSUS underspread channel H,
independently of the scattering function CH (τ, ν), even when
perfect CSI is available at the receiver.
Proof: For the sake of brevity of exposition, we restrict
the proof to the case N  = K  = 1. The proof for general N 
and K  follows the same approach with minor changes. In
the following, xi denotes the random vector having the single
2
nonzero entry x, with E{|x|} = KP , in position i. Using
the decomposition [13, Eq. (10)] of mutual information for
the case when the channel is known perfectly at the receiver,
we obtain

1
1
(16)
I(x; y|H) = P −
EH D Py Py|x=0 .
K
K
In order to show that S0 = 0, it sufﬁces to show that η̈(0) =
−∞, or, equivalently (see [14, Eq. (21)]), that

N
EH D Py Py|x=0 = ∞.
lim lim
(17)
K→∞ N →∞ K
The Kullback-Leibler distance in (17) can be lower bounded
as follows


EH D Py Py|x=0 = EH Ey|x=0 {q(y) log q(y)}
≥ Ey|x=0 {EH {q(y)} log EH {q(y)}}
where


NK
1  Exe Py|x=xi
q(y) =
.
N K i=1
Py|x=0

Note that EH {q(y)} is the average of N K independent and
identically distributed RVs with unit mean. Hence, by the
strong law of large numbers, limK→∞ limN →∞ EH {q(y)} =
1. Furthermore, EH {q(y)} log EH {q(y)} forms a submartingale (see [14, App. I]). Therefore, by the backward submartingale convergence theorem [9], the following Taylor expansion
holds for large N and K
Ey|x=0 {EH {q(y)} log EH {q(y)}}

1
Ey|x=0 |EH {q(y)}|2 − 1
2

(18)

2 Strictly speaking the deﬁnition in (15) assumes that the signaling scheme is
capacity achieving in the inﬁnite bandwidth limit, i.e., K = ∞ in Theorem 2.
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where we used x log x (x − 1) + (x − 1)2 /2 for x → 1 and
Ey|x=0 {EH {q(y)}} = 1. Applying Lemma 4 (see Appendix),
we get


N
Ey|x=0 |EH {q(y)}|2 − 1 =
K
Ez ,ez {exp(z1 z1∗ + z1∗ z1 )}
1
= P2 1 1
− 2
(19)
2
2
K
[E{|z1 | }]

where z1 = h1 x, h1 = [H]1,1 , E |z1 |2 = KP , and
z1 is independent of and identically distributed to z1 (see
Appendix). The proof is complete as the ﬁrst term in (19)
diverges for K → ∞ (see the proof of [1, Th. 16]).
Theorem 3 essentially extends Theorem 16 in [1] to inﬁnitedimensional signaling schemes. We note that, since an appropriate deﬁnition of ﬂash-signaling for the inﬁnite-dimensional
signal model considered in this paper does not seem to be
available, the result in [1] cannot be used to infer directly that
S0 = 0 for TF-PPM. We conclude by noting that Theorem 3
is not as general as Theorem 16 in [1] as it makes a statement
about a speciﬁc signaling scheme, namely TF-PPM, only.
V. C ONCLUDING R EMARKS
Our analysis applies to a wider class of channels than
those considered in [1] and to a signaling scheme that has
inﬁnite dimensionality. Our results are, however, weaker than
those in [1], in the sense that we do not provide a necessary
and sufﬁcient condition for a signaling scheme to achieve
AWGN channel capacity (irrespectively of CH (τ, ν)) in the
inﬁnite bandwidth limit. Finding such a condition for the setup
considered in this paper, in fact, constitutes an interesting open
problem. The key to such a general result is probably an appropriate deﬁnition of ﬂash-signaling for inﬁnite-dimensional
signal models. At this point the only converse results we
are aware of state that full-band OFDM in combination with
PSK [17] and spread-spectrum signals [4] yield achievable
rates that approach zero as bandwidth goes to inﬁnity.
A PPENDIX
Consider the following multivariate L-dimensional probability distributions
1
exp(−y2 )
πL

1
gl (y) = L Ezl exp −|yl − zl |2
π

f (y) =

L


exp(−|yj |2 )

j=1
j=l

where the zl , l = 1, 2, . . . , L, are identically distributed RVs,
with marginal distribution fz (·) and yl = [y]l .
Lemma 4: If y is distributed according to f (y), we have
⎧
2 ⎫
L
⎨ 1 
1
1
gl (y)  ⎬

= E{exp(z1 z1∗ + z1∗ z1 )} + 1 −
Ey 

⎩ L
f (y)  ⎭ L
L
l=1

(20)
where z1 and z1 are independent and have identical distribution fz (·).

Proof: Expanding the LHS of (20), we get
⎧
2 ⎫

 
L
L
⎨ 1 
 gl (y) 2
1 
gl (y)  ⎬



=
Ey 
Ey 

⎩ L
f (y)  ⎭ L2
f (y) 
l=1

l=1



L
L
1 
gl (y) gm (y)
+ 2
Ey
.
L
f (y) f (y)
m=1
l=1

(21)

m=l


Since gl (y)/f (y) = exp(|yl |2 )Ezl exp(−|yl − zl |2 ) , the
second term on the RHS of (21) is equal to 1 − 1/L. The
ﬁrst term on the RHS of (21) can be simpliﬁed as follows

 

 gl (y) 2
2 
 
2
2


exp(−|y
=
E
−
z
|
)
|
)
E
exp(2|y
Ey 
l
z
l
l
y
l
f (y) 
= Ezl ,ezl {exp(zl zl∗ + zl∗ zl )} = Ez1 ,ez1 {exp(z1 z1∗ + z1∗ z1 )} .
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