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ABSTRACT.  In this note we consider continuous-time Weyl-Heisenberg (Gabor) frame expansions with
rational oversampling. We present a necessary and sufficient condition on a compactly supported function g (t)
generating a Weyl-Heisenberg frame for L2(®) for its minimal dual (Wexler-Raz dual) yo(t) to be compactly
supported. We furthermore provide a necessary and sufficient condition for a band-limited function g(r)
generating a Weyl-Heisenberg frame for L2(R) to have a band-limited minimal dual yo(t). As a consequence
of these conditions, we show that in the cases of integer oversampling and critical sampling a compactly
supported (band-limited) g(t) has a compactly supporied (band-limited) minimal dual ¥O(¢) if and only if the
Weyl—Heisenberg frame operator is a multiplication operator in the time (frequency) domain. Qur proofs rely
on the Zak transform, on the Zibulski-Zeevi representation of the Weyl-Heisenberg frame operator, and on the
theory of polynomial matrices.

1. Introduction and Preparation
Weyl-Heisenberg Frames

In this note we consider signal expansions of the form [1, 9, 4, 8, 12, 5, 6]

)= Y Y (o) ea®, 1.1

k=—00l=—00

with synthesis functions g ;(t) = g(t —kT) e/27!F* analysis functions g ;(t) = y (t —kT) e/2™F?,
time-shift parameter T > 0, and frequency-shift parameter F > 0. We say that g(¢) generates a
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Weyl-Heisenberg (WH) frame for L2(R) when there exist constants A > 0 and B < 0o such
that [4, 8]

Alxl* < 3 Y | el < BIxl® ¥ x() € LX(R). (12)

k=—00l=—00

The constants A and B are called lower and upper frame bound, respectively. It is well known that
for g(¢) to generate a WH frame for L2(R), it is necessary that TF < 1[4, 11, 15]. Throughout this
note we restrict our attention to the case of rational sampling factors TF = p/q with! pe Z, ge Z,
p < g and ged(p, g)=1. The cases TF = 1and TF < 1 are referred to as critical sampling and
oversampling, respectively. The frame condition (1.2) can equivalently be written as

Allxl? < (Sex, x) < BlIx|)?,

where (Sx)(1) = 302 oo D12 _ o0 (%, k1) 8k, (¢) denotes the WH frame operator [4, 8]. When
8(t) generates a WH frame, for TF < 1 one possible choice for y(¢) satisfying (1.1) for all
x(t) € L2R) is yO(r) = (Sg“1 £)(t). The function set {}’1?, ()} generates the dual WH frame with
corresponding frame operator (S,0x)(t) = Y ;2 _ Y72 (x, 7’12 /) y,g ;(t). From the theory of WH
frames it is well known that S0 = Sg‘1 [4, 8]. In the oversampled case, ¥ (¢) in (1.1) is not unique

for given g(¢). Among all the dual functions? y (¢) the one with minimum L2-norm is y(1), which
will henceforth be called minimal dual or Wexler—Raz dual [18, 12, 5, 16]. For generalities about
WH frames the interested reader is referred to [4, 8, 6, 2].

The Zak Transform

An important tool in WH frame theory is the Zak transform (ZT) [10, 3]. The ZT of a signal

x(t) is defined as
o0

Zi(, )= Y x(t+kT)e 27T (1.3)

k=—00

Zy(t, f) is quasiperiodic in ¢ and periodic in f, i.e.,
Z(+T.f) = 720, f)
1
Zy (t,f—i— T) = Z.t. f).

The ZT of x(t) can equivalently be written in terms of the Fourier transform X(f) =
22 x(t)e i¥f1dt as

1 ad k . ;
Z f) = Teﬂ”f' d>ox (f+ —T-) e kT

k=—00
We shall also need the Zak transform on the dual grid [12, 19, 13, 20] defined by

o0

2D H= Y x <t+ %) ik

k=—00

IHere ged(p, g) denotes the greatest common divisor of p and ¢q.
2 A function y (¢) is dual to g(r) if it satisfies (1.1) forall x(¢) € L2(R).
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The superscript (d) indicates that the ZT is defined with respect to the dual grid. Z}d) (¢, f) satisfies
the following periodicity relations:

z@® (H—%,f) = JTFZOG, f)

ZD«, f+ F)

Il

ZDq, 1)

The frequency domain expression of the ZT on the dual grid reads

o]
ZD(, f)=Fe™t " X (f +kF) ST

k=—0c0

Representations of the WH Frame Operator

‘We shall next provide time, frequency, and time-frequency representations of the WH frame
operator S,. These representations constitute the basis for the results presented in Section 2. The
Walnut representation [17] of the WH frame operator is given by?

1 1) «— !
(Sex) 0 = % > x(t—F) > gt—kT)g* (t—kT———I;) (1.4)

l=—c0 k=—00
or in the frequency domain
N 1 & I\ & . l
(sgx)(f)=?l;mx(f—?) ; G(f —kF)G (f—kF—T) )

where §g =F§F —! with F denoting the Fourier transform operator.

With (S;x)(t) = y(t), the Zibulski-Zeevi representation [19, 20] of the WH frame operator
S, for rational oversampling (T F = p/q) reads

-1 :
Zy(t,f)=%lu;§)Zx(—u Tf)ZZ( )Z*(—M%T,f—a—%;). (1.6)
Setting t — t — k%T in (1.6) we obtain after straightforward manipulations
g T ;
Zy(t—k;T,f> = ;;zx(—u Tf)ZZ( —k= Tf—ﬁ)

i
zZ* ( u— T f- —~)
& p qT
fork =0, 1, ..., p — 1. This relation can be rephrased in vector-matrix form as [19, 13, 20}

zy(t, ) = 5@, )z, f), 1.7

3Here * stands for complex conjugation.
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where
q q 1
5, f) = [Zya, N 2, (r ~4g, f) - 2 (t ~p-nir, f)J ,
p p
q q T
2, f) = [Zx(t, ) 2 (f - 'I;T, f) e Zx (l‘ —(p— I)ET, f)]

and S, (¢, f)isa p x p matrix withelements (k =0,1,...,p—1,1=0,1,..,p—1)
g—1

T q P o q i
[S:¢. O], = ;gzg (t ~k=T f - q—T-) z; (r —IoT f - ﬁ) : (1.8)

The matrix S, (¢, f) is T-periodic in ¢, i.e., §(t + T, f) = S, (¢, f) and qLT-pen'odic in f, ie,
S, (t, f+ q%) = S, (1, f) [13]. Furthermore, it is easily seen from (1.8) that S, (¢, f) is hermitian,

e, 8(t, f)= SgH (t, f), where the superscript H stands for the conjugate transpose.
We shall also need the Zibulski~Zeevi representation of the WH frame operator in terms of
the ZT on the dual grid given by [19, 13, 20]

1 2t F\ = p p F
ZDq, )= — Zd) (t, f- u—) Z@) <t -, f) FAON (t -, f - u—) .

We furthermore have Z)(,d) (t, f- k%) =

-1 -1
piF Zzz;)z)@ (z, F- u%) Z}zg’) (r - i;—;_—, f —k%) Z@r (r - iti, f- u%) (1.9)
fork =0, 1, ..., p — 1. Equation (1.9) can be rewritten in vector-matrix form as [19, 13, 20]
20@, ) =8¢, 2P, 1), (1.10)
where

T
D¢, f) = |:Z§d)(t,f) A (t, f- -g) . 29 (t,f —(p— 1)%)] :

F F\1¥
29a, f) = [Z§d>(t, HzD (r,f— ;) o 2D (t,f—u:— 1);)]

and Sg(d)(t, f)isa p x p matrix with elements

-1
1 4 p F * D F
S@q, ] =—Y ZD (i k=) 29D (r i, —l——) . 1.11
s n],, pr LA (i ok ) 2 (g s i) A
The matrix S{(t, £) is Zr-periodicin ¢, ie., S (¢, f) = ${” ¢ + %, f), and F-periodic in f,
ie., Sggd) @, f)= Sg(d) (¢, f + F) [13]. Furthermore, it is easily seen from (1.11) that Séd)(t, f)is
hermitian, i.e., S ¢, f) =@ ¢, f).
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2. Results

In practical applications one is often interested in WH frames with compactly supported syn-
thesis functions g ;(t) and compactly supported analysis functions y,g ;). Therefore, a question
of great practical relevance is whether a given compactly supported function g(¢) generating a WH
frame for L2(R) has a compactly supported minimal dual y%(z). Itis well known [2] that a compactly
supported g(¢) having a frame operator S, which is a multiplication operator in the time domain has
a compactly supported minimal dual y“(z). However, it appears that no general condition on a
compactly supported g(¢) to have a compactly supported minimal dual y°(z) has been reported in
the literature.

In this note we present a necessary and sufficient condition on a compactly supported g(t)
generating a WH frame for L2(R) for its minimal dual y°(t) to be compactly supported. We
furthermore present a necessary and sufficient condition on a band-limited* g(t) generating a WH
frame for L2(R) for its minimal dual y°(¢) to be band-limited. In addition to that, we show that
in the cases of integer oversampling and critical sampling (TF = 1/q with g € N) a compactly
supported (band-limited) g(¢) has a compactly supported (band-limited) minimal dual ¥°(¢) if and
only if the WH frame operator S, is a multiplication operator in the time (frequency) domain. Proofs
of the following results will be provided in Section 3.

Theorem 1.

A compactly supported g(t) generating a WH frame for L*(R) has a compactly supported
minimal dual y°(t) if and only if the matrix Se(t, f)is unimodular® for all t, i.e., the determinant
det[S, (¢, /)] = c(t) is a function of t only.

Note that g(¢) and yo(t) need not necessarily have the same support.
Corollary 1.
In the cases of integer oversampling and critical sampling, i.e., TF = é withg € N, a

compactly supported g(t) generating a WH frame for L*(R) has a minimal dual y°(t) with compact
support if and only if the WH frame operator 8, is a multiplication operator in the time domain, i.e.,

(Sex) () =qT x(t) Y gt — k). (2.1)

k=—00

We note that in general a multiplication operator acting on a signal x(¢) performs a multipli-
cation of the signal x(t) with some function A(¢). Here, it follows from the time-domain Walnut
representation (1.4) that if the WH frame operator is a multiplication operator it necessarily has the
form (2.1).

Corollary 2.

A band-limited g(t) generating a WH frame for L2(R) has a band-limited minimal dual y°(¢)
if and only if the matrix Séd) (¢, f) is unimodular for all f, i.e., det[Sg(d) @, N =d(f) is afunction
of f only.

Corollary 3.

In the cases of integer oversampling and critical sampling, i.e., TF = % with q € N, a band-

limited g(t) generating a WH frame for L*(R) has a band-limited minimal dual y°(t) if and only if

4By band-limited we mean that the Fourier transform is compactly supported.
3 A square polynomial matrix A(z) is said to be unimodular if it has a constant nonzero determinant,
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the WH frame operator S, is a multiplication operator in the Jrequency domain, i.e.,

(&xX) (D =aFx(n) Y 16G~kP)P. @2)

k=—o0

From the frequency domain Walnut representation (1.5) it follows that if S'g is a multiplication
operator, it necessarily has the form (2.2). We conclude this section by noting that a compactly
supported (band-limited) g() in general is very unlikely to have a compactly supported (band-
limited) minimal dual y°(z).

3. Derivations and Proofs

For the proof of Theorem 1 we need the following lemma.

Lemma 1. .
For a compactly supported g(t) the ZT Z4(t, f) is a polynomial in e/*7Tf forallt. If g(t)

is supported in t € [0, To) the maximum degree of Ze(t, fY fort € [0,T) is given by L%J

Conversely, if Z,(t, f) has a finite maximum degree fort € [0, T) the function g(t) is compactly
supported.

Proof. Itfollows from (1.3) that the ZT of a compactly supported g(¢) is a polynomial in e/2%* 7/ for
allz. For g(¢) supportedint € [0, Tp) the maximum degree of Z,(t, fyfort € [0, T) follows from
the definition of the ZT (1.3). Conversely, if Ze(t, f) has a finite maximum degree for r € [0, T)
the sequences g(z + kT) (¢ € R) are nonzero on intervals of finite length which implies that g(¢) is
compactly supported. [

Setting 7 = ¢/2"Tf  we can write Ze(t,2) = Z,(f___oo g:[k]z7* with the sequence g;[k] =
8(t+kT) obtained by sampling g(¢). Foreach ¢ the ZT Ze (t, ) is the discrete-time Fourier transform

of the sequence g;[k]. Obviously Ze (t - I%T, z) = Z,‘:‘;_w 8—1arlkl] k@ =01,.., p—1
4

is also a polynomial in z for all 7. Straightforward manipulations reveal that®

T o0 oo
[sg(t,z)]k’l=—;i Yoo Y g(t—k%T—sT) g* <t~l%T——sT—un) ERY

U=-—00 S=—00

Thus, for a compactly supported g(¢) the matrix S, (¢, z) is a polynomial matrix in z for all #. We are
now ready to give the proof of Theorem 1.

Proof of Theorem 1. We shall first show the sufficiency. Let us assume that g(¢) is compactly
supported and that det[S, (t, 2)] = c(¢), i.e., the matrix Se (¢, z) is unimodular for all 7. Setting
x(8) = y°(1) in (1.7) and using y(1) = (§¥°)(t) = g(r) we get? z,0(t, 2) = S;Ht, D)2 (2, 2) =
adj[S, (7, 2)] 2 adj[S, (¢, 2)] 2(t, 7).
det[S, (t, 2)] c(t)

The frame property of g(¢) (1.2) guarantees that c(r) > 0. Since for a compactly supported g(¢)

adj[S, (¢, z)] is a polynomial matrix in z for all ¢ and z4(¢, z) is a polynomial vector in z for all

t, it follows that zyo(t, z) is a polynomial vector in z for all £. It remains to show that the vector

Z,,0(t, z) has a finite maximum degree for t € [0, T). From Lemma 1 and (1.8) it follows that for a

(¢, z). Now, using det[S, (¢, 2)] = c(#) it follows that z,o0(t,2) =

SIn the following we shall always write S; (¢, z) instead of Se (¢, ).
THere adj[Sg (¢, 2)] denotes the adjoint (adjugate) of the matrix Sy (2, 2).



A Necessary and Sufficient Condition for Dual Weyl-Heisenberg Frames to be Compactly Supported 415

compactly supported g(t) the matrix S, (¢, z) has a finite maximum degree for ¢ € [0, T). Denoting
this maximum degree by N it furthermore follows that adj[S, (¢, z)] has a finite maximum degree for
t € [0, T) which can roughly be upper bounded by N”. This finally implies thatz,,0 (¢, z) has a finite

maximum degree for ¢ € [0, T') which using Lemma 1 proves that y°(¢) is compactly supported.
We shall next prove necessity. Assume that both g(¢) and its minimal dual y°(¢) are compactly
supported. Then, both S (¢, z) and Syo (¢, z) are polynomial matrices in z for all #. Janssen showed

in [13] that S 0 (¢, z) = 8;7 (¢, 2), which here implies that both S, (¢, z) and its inverse S, (¢, z) have
to be polynomial matrices in z for all z. Since a square polynomial matrix A(z) has a polynomial
inverse A~!(z) if and only if det[A(z)] = c¢z~X with some K € Z [7] and a constant ¢ € C
independent of z, it follows that det{S, (¢, z)] = c(¥) 27 K® with an integer-valued function K (¢) and
c(t) # 0. Furthermore, S, (¢, ) is hermitian for all # which implies det[S, (¢, 2)] = (det[Sg (, z)])’k
and consequently c(t) 27 KO = ¢*(1) zZK® for all z with |z] = 1. In particular, for z = 1 we have
c(t) = c*(t) which proves that c(¢) is real-valued. This furthermore implies z~X® = zK® which
is satisfied only for K (¢) = 0. Thus, det[S, (¢, z)] = c(¢), which concludes the proof. O

It can be shown that det[S. (¢, z)] is %-periodic in ¢. Therefore, it suffices to check the uni-
modularity of S, (¢, z) for ¢t € [O, %)

When the WH frame operator S, is amultiplication operator in the time domain, i.e., (S,x)(t) =
ng x(t) Z,‘:‘;_oo |g(t — kT)|?, and g(¢) is compactly supported, then obviously y9(¢) will be com-

pactly supported. In fact, »°(¢) has the same support as g(t). The following lemma will be used to
show that such a g(r) trivially satisfies the conditions of Theorem 1.

Lemma 2.

Let g(t) be compactly supported such that S, is a multiplication operator in the time domain. In
this case, the matrix Sy (t, 7) is diagonalwith elements [Sg (¢, )k & = [Se (e ke = Lp‘l Yo o lgt—
k % T —IT)2

Proof. For compactly supported g(¢) such that S; is a multiplication operator in the time domain
we have

T o0
($x) @ = ~x) Y gt ~IDF.

l=—00

The ZT of y(t) = (S,x)(¢) is given by

T 0
Zy(t, ) = Zx(t, f)-p—" Y lgt —IT)P,

I=—00

which implies

T o0
Z, (t—kfl-T, f) = Z, (t—~kgT, f) =Y \g (t—kir—lr)
p p r = p

This establishes the result. O

2

From Lemma 2 it follows that the matrix S, (¢, z) is a function of ¢ only. Hence, det[S, (¢, z)1is
a function of ¢ only, which shows that a compactly supported g(t) with S, a multiplication operator
in the time domain trivially satisfies the conditions of Theorem 1. Note finally that in the special
case of critical sampling TF = 1, where Z,0(t, 2) = Wl(m)- (4, 8], the minimal dual is compactly
supported if and only if Z, (¢, z) is a monomial in z for all z.

Proof of Corollary 1. The sufficiency is obvious. For the proof of the necessity assume that
g(t) is compactly supported and note that in the cases of integer oversampling and critical sampling
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(p 1) the p x p matrix S(t, z) reduces to a scalar given by S;(t,z) = ¢T PR
_oo gt —sT)g*(t —sT —uqT). Since here det[S; (¢, 2)] = S, (z, 2) it follows from Theorem 1
that ¥t is compactly supported if and only if S;(z, z) is a function of ¢ only or equivalently
Zs__oo gt —sT)g*(t —sT —uqT) = Zs=_°o lg(t — sT)|? 8[u], where 8[u] = 1 for u = 0 and
8[u] = O for u s 0. Inserting this into (1.4), which in the case of integer oversampling reads

(Sx)=qT > x(t—1qT) Y g(t —kT)g*(t —kT —IgT),

I=—00 k=—00

it follows that (Sx)(t) = gT x(t) Y po._ 1g(t — kT)|2, which concludes the proof. O
For the proof of Corollary 2 we need the following lemma.

Lemma 3.

For a band-limited g(t) the function Z(d)(t f) = e‘ﬂ”f’Z(d)(t f=FYR _oG(f+
kF) e27kFt i g polynomial in /27 F forall f. If G(f) is supported in f € [0, Fy) the maximum
degree on(d) @, fHfor f € [0, F)is givenby L J Conversely, if Z (d)(t ) has a finite maximum
degree for f € [0, Fy), the function g(t) is band-limited.

Proof. The proof of the lemma is similar to that of Lemma 1 and will therefore be omitted. O]

Proof of Corollary 2. Let us define the p x 1 vectors

N . . F . F\17

204, ) = [25‘1)(:, 2D (t, f- }?) o 29 (r, f—(p- 1);)]

- 5 (@) 5(d) F 5(d) F\T"

¢, ) = |Z9¢, ) ZD (¢, f - >) - ZDt, f—(p—- 1); .
Straightforward manipulations reveal that

20, ) =89¢ HEOw, £, G2

with
590, £) =D, HSP @, HD'E, 1,

where D(t, f) = diagle ™" P"}7=]. For a band-limited g(t), S, f) and §9, f) are
polynomial matrices in e/>" 7 5 for all f. Setting z = ¢/*" 75 we shall henceforth write S, f)
and S( )(z f) instead of S(d) (t, f)and S(d) (t, ). Note that for band-limited signals x (¢) and y(¢) the
vectors Zy )(z f)and z;, )(z f) are polynomial vectors in z for all f. Noting that det[S(d) z, Hl=

det[S, @ (z, f)] the rest of the proof is straightforward using the arguments developed in the proof of
Theorem 1.

Since det[Séd) (z, Nl is %-periodic in f [13, 14], it suffices to check the unimodularity of
S, f)for f € [0, g)

When the WH frame operator S; is a multiplication operator in the frequency-domain, i.e.,
(S'gX WO = Epi X(f) Yoo |G(f—kF) 12, and g(¢) is band-limited, then obviously the minimal
dual y°(¢) is band-limited. In fact, the Fourier transform of ¥%(¢) has the same support as the Fourier

transform of g(¢). The following lemma will be used to show that such a g(¢) trivially satisfies the
conditions of Corollary 2.
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Lemma 4. R

Let g(t) be band-limited such that S; is a multiplication operator in the frequency domain.
In this case the matrix Séd)(z, f) is diagonal with elements [Séd) @ D = [Séd)( e =
By olG(f —kE —1F).

Proof. For g(t) band-limited such that .§g is a multiplication operator in the frequency domain we
have

(8%x) = —X(f) Z IG(f —IF)*.

l=—00

With y(z) = (S;x)(¢) we have

20, nH =29, f) Z IG(f — 1P,

[=—00

which implies

z§d>(t,f—k§)=z§d>( )Fq Z (f k——lF)

I=—00

2

This establishes the result. O

From Lemma 4 it follows that the matrix Sg(d)(Z7 f) is a function of f only and hence its

determinant satisfies det[Sg(d)(z, )1 = d(f), which establishes that a band-limited g(¢) having
a frame operator that is a multiplication operator in the frequency domain trivially satisfies the
conditions of Corollary 2. For critical sampling, i.e., T F = 1, where Z)(/‘(l)) z )= ?E‘Tl*(—ﬂ’ the
g 2, .

minimal dual is band-limited if and only if Z{” (z, f) = F .32 _, G(f + kF) z*” is a monomial
in z forall f.

Proof of Corollary 3. The sufficiency is obvious. For the proof of necessity note that in the
cases of integer oversampling and critical sampling (p = 1) the matrix S(d) (z, f) reduces to a
scalar given by Sg( "z, f) =qF Y 0?00 o G(f —SF)G*(f —sF —uqF). It therefore
follows from Corollary 2 that y°(¢) is band-limited if and only if } 32 G(f —sF)G*(f —sF —

ugF) =% 22__ |IG(f—sF) |2 8[u]. Inserting this into the frequency domain version of the Walnut
representation (1.5) of the WH frame operator, which in the case of integer oversampling reads

(%) (N =aF Y X(f=1gF) Y G(f ~sF)G*(f —sF ~IgF),

=—00 §=—00

it follows that (.§'gX)(f) =qF X(f) ZZ‘_’___OO |G(f — kF)}* which concludes the proof. O

4. Example

In this section we provide a simple example that demonstrates how to use the conditions derived
in this note in practice. Consider

1
2(0) = Wik 0<t<2T
0 else
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andtake TF = %, ie., p = 2andg = 3. Using (3.1) it follows that the Zibulski-Zeevi representation
of the corresponding WH frame operator is given by

S.(1. 2) = % %rect[T/g,T](t) -+ %Zarect[(),]"/z] (t) @
g L] b _ 1 .
Z—rcct[y/z,T](t) + %Z 3rect[0,T/2](t) %

where rect, 5)(¢) denotes the T-periodic extension of a function that is equal to 1 for ¢ € [a, b]
and zero else. From the time domain Walnut representation (1.4) it follows that here the frame
operator S, is not a multiplication operator in the time domain. Furthermore, (4.1) shows that g(z)
does not generate a tight WH frame, since for a tight WH frame Sy (¢, z) = I,. Thus, it is not
clear a priori that the minimal dual will be compactly supported. Nevertheless, using Theorem 1
with det[S,(z, 2)] = % it follows that the minimal dual ¥°(¢) will be compactly supported. The

calculation of ¥°(¢) can be accomplished using techniques described in [19, 20].
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