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We say that g generates a Gabor frame for L2(R) for the shift parameters a, b when there exist
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ABSTRACT.  We study time-continuous Gabor frame generating window functions g satisfying decay prop-
erties in time and/or frequency with particular emphasis on rational time-frequency lattices. Specifically, we
show under what conditions these decay properties of g are inherited by its minimal dual y© and by generalized
duals y. We consider compactly supported, exponentially decaying, and faster than exponentially decaying
(ie., decay like |g(t)] < Ce™@ e/ for some % < a < 1) window functions. Particularly, we find that g
and y° have better than exponential decay in both domains if and only if the associated Zibulski-Zeevi matrix
is unimodular, i.e., its determinant is a constant. In the case of integer oversampling, unimodularity of the
Zibulski-Zeevi matrix is equivalent to tightness of the underlying Gabor frame. For arbitrary oversampling,
we furthermore consider tight Gabor frames canonically associated 10 window functions g satisfying certain
decay properties. Here, we show under what conditions and to what extent the canonically associated tight
[frame inherits decay properties of g. Our proofs rely on the Zak transform, on the Zibulski-Zeevi representa-
tion of the Gabor frame operator, on a result by Jaffard, on a functional calculus for Gabor frame operators,
on results from the theory of entire functions, and on the theory of polynomial matrices.

1. Introduction, Announcement of Results, and Qutline

Introduction and Motivation

Gabor frames. Leta > 0, b > 0,andletg € L%(R). Forx,y € R we define

foy® =Y f—x), teR.

constants A > 0 and B < oo such that

The constants A and B are called a lower and upper frame bound for g, respectively. When (1.1)
holds for A = B, we say that g generates a tight frame. It is well known that for g to generate a Gabor

AP <Y |(F gname)| < BIFIR  f € LXR).
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frame for L2(]R) it is necessary that ab < 1[8], Section 4.1, [21, 16]. The casesab = landab < 1
are referred to as critical sampling and oversampling, respectively. The frame condition (1.1) can be
equivalently written as

Al < S <BI,

where I is the identity operator of L2(R), and § is the frame operator defined by
Sf= Z (f1 gna,mb) 8na,mb, f e LZ(R) .
n.m

When g generates a frame and f € L*(R), f can be represented as

=Y aumgnamb (12)
n,m

with g € [2(Z?). In the critically sampled case, the ay,, are unique for given f and g. In the
oversampled case, one possible choice for the coefficients a,, in (1.2) is

anm = (£, Viumd) (13)

where y? = §~1g is the minimal dual (or Wexler-Raz dual) of g. This y? is minimal in the sense
that for any f € L2(R) and any @ € [2(Z?) such that (1.2) holds, we have

2
n.m n.m

with equality if and only if @, is given by (1.3). Note that the minimal dual ¥° generates a Gabor
frame with frame operator S ie.,

S_lf = Z (f’ yr?a.mb) yr?a.mbv f e LZ(R) .
n,m

In the oversampled case, we say that two functions g and y having a finite upper frame bound are
dual if

f= Z (fy yna.mh) 8na,mb (1.4

holds for all f € L2(R).
The minimal dual ¥° can be computed from g and S as follows. With

2
v=Il--——-—-8§,
B+ A
we have B_A
VIl < —=Ifl, e L’(R).
I fII_B+AIIfII f R)
The Neumann series expansion for y? is then given by
2 2 &
0 -1 -1 n
=8 =——(I -V = — Vig. 15
Y g B+A( )8 Brals 4 (1.5)

To every ¢ € L?(R) generating a Gabor frame for L2(R) we can associaté a tight frame

generated by
2 \!'2& (@)
—§-1/2, _ Y
n=Ses (B + A) P’ & (1.6)
n=0

We say that & is canonically associated to g. For further generalities about Gabor frames, the
interested reader is referred to [9, 8, 12, 2].
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The Zak transform. In the cases of rational oversampling, i.e.,ab = p/q, p € Z,q €
Z,p < q,(p,q) = 1 and critical sampling, the frame operator can conveniently be expressed using
the Zak transform (ZT) [15, 5, 27, 28]. For A > 0 the ZT of a signal f € L2(R) is defined as

@ =A2 " foe+k) e, ae t,veR. (1.7

k=—00

Important properties of the Zak transform include

(o) 1 1
f F@ R () dt / f (Zo ) (£, V) (Zph)* (¢, v)dtdv,
—00 0 JO

1
M2 = /(Z;‘f)(t,v)dv, ae. t€R (1.8)
0

(Zr )t +1,v) e (Zaf) @, v), ae. t,vekR
@ v+1) (Zrf) (¢, v), ae. t,veR

(Z;f)(t,v) = v (Z%f)(—v,t), ae. t,veR, (1.9)

where f,h € L2(R) and f(v) = [*°_ f(#)e~?"" dt denotes the Fourier transform of f. More-
over, forany F € leoc(Rz) such that

Fit+1,v) = 7VF@,v), ae. t,vekR
F@i,v+1) = F(,v), ae. t,veR

there is a unique f € L2(R) such that F = Z;, f.

Representations of the Gabor frame operator. We shall next provide time, frequency,
and time-frequency representations of the Gabor frame operator S. These representations constitute
the basis for the results presented in what follows. For f € L2(R), the Walnut representation [25]
of the Gabor frame operator is given by

o o0 l
Sf(t)=% > f(t—é) > glt—ka)g* (t—ka—3> (1.10)
l=—00

k=—00

with absolute convergence for a.e. t € R. Similarly, for f € L*(R) we have

. o 00 !
Sf(v)=61—l 3 f(v—zll-) 3 ﬂv——kb)é*(v—kb—;) (1.11)
I=—00

k=—oc

with absolute convergence for a.e. v € R. For a rigorous proof of the convergence properties
of (1.10) and (1.11), the reader is referred to [19, 6].

Following the presentation in [19], Section 1.5, we shall next provide a time-frequency rep-
resentation of the Gabor frame operator in terms of the ZT. With Sf = y, the Zibulski-Zeevi
representation [27, 28, 19] of S for rational oversampling (ab = p/q) and A = a reads [19]

(ZaY) (8, V) =S, v) @ f) ¢, V), (1.12)
where
q T
(za}’)(tv U) = [(ZaY)(t»V)y (Zu)’) (I—%,U), e (Zﬂy) (t"(P—l);,V>:| )
T
@ f) (8, V) = [(zaf) ), (Zof) (z—%,v), ey (Zaf) (t—(p—l)%,v)]
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and S@(z,v)isa p x p matrix with elements (k =0,1,...,p—1,1=0,1,...,p—1)

[S“‘)(t, v)]k -;;Z Zag)( k; v— 5) (Zag)* (t —l%, y— i) . (1.13)
4 i=0

q
The matrix S(“)(t, v) is 1-periodic in ¢, i.e., S(“)(t +1,v) = S(")(t, v) and é-periodic in v, L.e.,

Ss@ (t, v+ 7}) = S@(z, v) [19]. Furthermore, it is easily seen from (1.13) that (¢, v) is Hermi-

tian, i.e., SO, v) = S@ (¢, v).
We shall also need the Zibulski—Zeevi representation of S in terms of the ZT with A = % given
by [27, 28, 19]

(z%y> ¢, v) =SB, v) (z%f) v, (1.14)

where

(z%y)(;,v) = I:(Z%y)(t,v), (Z%y) <t,v+%), (Z%y) (t,v+£;_1)]T,
(zif)(t,v) = [(Z%f>(t,v), (Z%f) (t,v+%), (Z%f) (t,v+P_lj)__1)}T

andS(%)(t, v)isa p x p matrix with elements (k =0,1,...,p—1,1=0,1,...,p—1)

g—1

[sPeol, =52 () (-G 5) ) (-feeg) o

The matrix S5 (¢, v) is g-perlodlc int,1e., S(%) <t + {11, v) = S(i)(t, v), and 1-periodic in v, i.e.,

s v+ = S(%)(t, v) [17, 19]. Furthermore, it is easily seen from (1.15) that S(%)(t, v) is
Hermitian, i.e., S(%)(t, V) = S(%)*(t, V).

Zibulski-Zeevi representation of the analysis-synthesis relation. We shall further-
more need the Zibulski—Zeevi representation for expressing the duality condition (1.4). Defining the
p X gmatrices(k=0,1,...,p—1,1=0,1,...,g—1)

[G(“)(t, v)]kl = \/E(Zag) (t - k%, v— é) and
[r(a)(t’v)] =\/Z(Zay) (t_kg‘,v—i) ,
k.l p p q

itis shown in [17, 19] that g and y are dual if and only if
T, »G@ ¢, v) = I, (1.16)

where I, denotes the p x p identity matrix. Note that the Zibulski-Zeevi representation of the
frame operator S can be expressed in terms of the matrix G@(t,v) as

S@t,v) = GO, V)G (1, v) . 1.17)

Denoting the Zibulski-Zeevi representation (with A = a) of the frame operator corresponding to the
minimal dual y° as S,(,‘f)) (¢, v) and setting S[(,,“)(t, v) = S@(t, v), we furthermore have [19]

S@ i, S (t,v) =1, . (1.18)
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The duality condition can be rephrased using the ZT with A = % as

TP, vGH ¢,v) =1, (1.19)

with the p x g matrices

o) ] _ /1 2,k
[G wwl, ‘/;<Z%g) -l and
[r(%>(t v)] = l(zly) t 12 v+£) .
e T p \T qa’ P

The Zibulski-Zeevi representation of the Gabor frame operator S with respect to the ZT with A = %
is given by

SHt, v) = GH (1, GH (1, v) .
Denoting the Zibulski-Zeevi representation (with A = %) of the frame operator corresponding to y°

as S(r)(x v} and setting S(S)(t, V) = S(%)(t, v), we have [19]

sP e, sP v =1, . (1.20)

Unimodularity of the Zibulski-Zeevi matrices. A square polynomial matrix P(z)
with ze€ C is unimodular [11, 24] if its determinant equals a nonzero constant, i.e.,

det[P(z2)] =¢ with ceC,c#0.

The inverse of a unimodular matrix is again a unimodular polynomial matrix. Conversely, if P(z)
is a polynomial matrix with polynomial inverse, P(z) is unimodular. In the following, we use the
terminology unimodular for arbitrary (not only polynomial) matrices P(z) with constant nonzero
determinant. The matrix S (z, v) (withA = aor A = %) is said to be unimodular in v for all ¢ if

det [s(”(t, v)]:c(t) with ¢(t) #0 for 7€ R,

i.e., if its determinant is a zero-free function of ¢ only. Likewise, SM (¢, v) is said to be unimodular
in t for all v if

det [S()‘)(t,v)]=d(v) with d(v) £0 for v e R,

i.e., if its determinant is a zero-free function of v only. The matrix s® (t, v) is unimodular if and
only if its determinant is independent of t and v, i.e.,

det [sm(t,u)] —¢c with ceC,c#0.

In the case of integer oversampling (p = 1) we have

q-1 i\ 12

s@e,v) = Z (Zag) (nv—;)
2

S(%)(t,v) = Z (Zlg)( —t—s,v)

=0
which implies that unimodularity of S® (¢, v) is equivalent to tightness of the Gabor frame generated
by g.

y
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Functional calculus for frame operators. Since we are interested in how decay etc.
is inherited by 9 = §~'g, h = S™Y2¢ from g, it would be pleasant when we could express the
operators ™!, $71/2 in a Walnut-type form or in the Zak transform domain, just as we have this
for the operator § itself. This can be done indeed. The basic observations are as follows. Let
A > 0, B < oo, The operator $ has frame bounds A, B if and only if the corresponding matrices

K\ !
S = 5 Zg t—ra——b- g t—ra—; , ae. telR (1.2
r=—00 kileZ
satisfy
Al < S{(¢) < BI, ae. teR (1.22)

(with I the identity matrix of infinite size). Similarly, the operator S has frame bounds A, B if and
only if the corresponding matrices

A 1 =, k\ ., I
Swy= |- Zg v—rb——)g"{v—rb— - , ae. velR (1.23)
 r="o ¢ “ kleZ
satisfy
Al <S@w) < BI, ae veR (1.24)

(see [19], Section 1.2). Furthermore, when ab = p/q with p,q € Z, (p, q) = 1, we have that the
operator S has frame bounds A, B if and only if

AL, < SW@,v) < BI,, ae t,veER, (1.25)
if and only if
AL, < S®(,v) < BI,, ae tveR (1.26)

(see [27, 17], and [19], Section 1.5).
A 1
The matrices S(7), S(v) and S@ (¢, v), St) (t, v) represent the frame operator S according to

(SN =j/jez = SOFE—1/bez, ae 1€R (.27)
(BHo-im) , = Sw(fo-im), . ac veR  (29)

(2aSf) (¢, v) SO, v) @ f) t,v), ae tveR (1.29)
(z%Sf>(t,v) = s(%)(t,v)(z}f)(t,u), ae. tbveR, (130

respectively, where f € L2(R). Equations (1.27) and (1.28) follow on rewriting (1.10) and (1.11),
where we use that [S(r — j/b)Jos = [S()]j.14)» ae.t € Rand [S(v — j/a)los =[S} 14, 2€.
v € R, respectively, and (1.29) and (1.30) are (1.12) and (1.14), respectively. Observing the matrix-
vector multiplications at the right-hand sides of (1.27) through (1.30), we get for any polynomial ¢
that the operator ¢(S) is represented as

(@ONE=ibjez = eSO (fE=1/bez, ae teR (13D
(@®Ho-i) , = e(Sw)(fo-1@) . ae ver a3
Ep()1) ¢,v)
(209) )

eSOt V). ae nveR  (133)
0SB, v)) (Z%f) (t,v), ae. t,velR, (134

]
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where f € L?(R). By (1.21) through (1.26) the correspondences (1.31) through (1.34) extend to
all functions ¢ analytic in an open set containing the closed segment [A, B] by basic facts about

functional calculus of operators. For functions ¢(x) of the form x® it is convenient in the sequel to
have this in the explicit form

X% = (E;_A(l — v)) = _B__;:_A_ Z( (’)f )(_l)nvn
n=0

2x { B—-A B—A]
(S .

" B+A "BYA'B+A

As aparticular case we have that the inverse frame operator S ~lisrepresented by the inverses of
the matrices that occur at the right-hand sides of (1.27) through (1.30). Since $™ lis the frame operator
corresponding to 39, it thus follows that the S-matrices in (1.27) through (1.30) corresponding to y0
are the inverses of these S-matrices corresponding to g.

with

v=1

Motivation. Inpractical applications one is often interested in Gabor frames with compactly
supported synthesis functions gn, mp» and compactly supported analysis functions y,?av b OF Yna.mb-
Compact support of both g and ¥ is hard to achieve [4]. It therefore makes sense to relax this
constraint, and to study Gabor window functions satisfying certain decay conditions or to consider
generalized duals y. Good time-frequency localization of the Gabor window functions allows an

interpretation of the Gabor coefficients a,,, as the local energy content of the signal f around the
lattice point (na, mb).

Previous results. A question of practical relevance is whether a given compactly supported
function g generating a Gabor frame for LZ(R) has a compactly supported minimal dual v, Itis well
known [2] that a compactly supported g having a frame operator § which is a multiplication operator
in the time-domain has a compactly supported minimal dual y© (in fact, in this case 9 has the same
support as g). Recently, a necessary and sufficient condition on a compactly supported g generating
a Gabor frame for L2(R) for its minimal dual y° to be compactly supported has been presented in [4].
Decay and smoothness properties of dual Gabor frames have been studied previously in {17, 29].

1.2 Announcement of Results
This subsection is meant to provide a brief overview of the results presented in the paper.!

Compactly supported and strictly band-limited Gabor frames. Extending the re-
sult reported in [4], we provide a necessary and sufficient condition on a compactly supported g to
have a compactly supported dual y. A similar result will be provided for strictly band-limited Gabor
frames. We note that this result uses the Zibulski-Zeevi representation of the Gabor frame operator
and therefore holds only for rational oversampling. For rational oversampling we furthermore pro-
vide a parameterization of all Gabor frame generating compactly supported (strictly band-limited)
window functions g having a compactly supported (strictly band-limited) dual y.

Exponential decay in time and/or frequency. We prove that exponential decay of g
implies exponential decay of y(i.\By time-frequency symmetry we find that exponential decay of
£ implies exponential decay of y?. Consequently, exponential decay of g in both domains implies
exponential decay of ¥? in both domains. These results use the functional calculus for Gabor frame
operators and therefore hold for arbitrary ab < 1. As an important special case, it follows that
the minimal dual of a compactly supported (strictly band-limited) g has exponential decay in time
(frequency).

1n the following, by strictly band-limited we mean that the Fourier transform is compactly supported.
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Gabor frames with faster-than-exponential decay. For rational oversampling, we
show that Gabor frames with window g and minimal dual ¥° having faster-than-exponential decay
in both domains (by faster-than-exponential we mean decay like e~ for some I <a<D
have unimodular matrices S® (¢, v) with A = g or A = %; We note, however, that whether such
frames exist is an open problem. Specifically, we show that in the case of integer oversampling,
faster-than-exponential decay of g and ¥° in both domains is possible if and only if g generates
a tight frame. Finally, we prove that in the case of integer oversampling faster-than-exponential
decay in the time-domain (frequency-domain) only is possible if and only if the frame operator is a
multiplication operator in the time-domain (frequency-domain).

Construction of tight Gabor frames satisfying decay conditions. We furthermore
study the decay properties of tight Gabor frames canonically associated to Gabor frame generating
windows g satisfying certain decay conditions. Specifically, we show for arbitrary ab that a window
function g having exponential decay in both domains can be modified using S~ 172 into a tight frame
generating window function having exponential decay in both domains. This result can be specialized
to exponential decay in time or frequency only. Moreover, we show for integer oversampling that
applying S~1/2 to the Gaussian function yields a tight window function which decays no faster than
exponentially in both domains.

2. Gabor Frames with Compact Support or Exponential Decay

The proof of the following lemma can be found in [4].
Lemma 1.

For a compactly supported g, the ZT (Z,g)(t, v) is a polynomial in ¥ for all t. If g is
supported in t € [0, Ty), the maximum degree of (Z,g)(t,v) fort € [0, 1) is given by I_%J
Conversely, if (Z,8)(t, v) has a finite maximum degree for t € [0, 1) the function g is compactly
supported.

Straightforward calculations reveal that

o0
aq i
S(a) @, V)] = 4 g 2mivug
[ ki p u;w
o0
Z g (at S - sa) g (at 12y - uqa) . 2.1
§=—00 p p

Thus, for a compactly supported g the matrix 8 (¢, v) is a polynomial matrix in 2" for all z.

Lemma 2. o

For a strictly band-limited g, the function (Z 1 ), v) = e mitv(z 1 gyt v) = N
Y i oo 8(b(v + k) eZ" ikt s q polynomial in €™ for all v. If § is supported in v € [0, Fy)
the maximum degree of (/Z?g)(t, v) forv € [0, 1) is given by [%J Conversely, if (/Zv%g)(t, v) has
a finite maximum degree for v € [0, 1), the function g is strictly band-limited.

The proof of Lemma 2 can be found in [4].

In the following, we shall also need the Smith form decomposition of polynomial matrices [11,
24], which essentially allows decomposition of polynomial matrices into simpler forms such as
triangular and diagonal forms. This decomposition will prove useful in what follows. Since for a
compactly supported g the g x p matrix G@’ (¢, v) is a polynomial matrix in e27*¥ for all ¢, it can
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be decomposed into its Smith form according to
G (1,v) = A9 (1, ) D@ (1, v) B9z, v) (22)
with the matrix polynomials A@(t, v) and B@ (¢, v) of size ¢ x ¢q and p x p, respectively.

Furthermore, A (¢, v) and B@ (¢, v) are unimodular in v for all r. The ¢ x p matrix D¢, v),
called the Smith form of G’ (¢, v), is given by

" 4, v) 0 0o ]
0o a9 ... 0
o : : N
D@ (t,v) = 0 o ... d9ew |, (2.3)
0 0 0
L0 0o .. 0o |

where we made use of the fact that the frame property implies that the normal rank of G (¢, v) is p
for all £ [28]. Since A@(z, v) and B (¢, v) are unimodular in v for all 1, we have det[A@ (¢, v)] =
ca(?) and det[B@ (¢, v)] = cp(r), where both c4(¢) and cp(t) are zero-free. We furthermore note
that the matrices A (¢, v) and B@ (¢, v) are not defined uniquely, but D (¢, v) is unique. The
latter statement follows from the fact that the entries of D (¢, v) can be expressed in terms of the
matrix G’ (¢, v) itself [11].

We are now ready to formulate the following:
Lemma 3.

A compactly supported g generates a Gabor frame for L*(R) if and only if the dl.(“) (£, v)
(i=0,1,..., p—1)donot have zeros for (t,v) € ([0, D?).
Proof. According to Lemma 1 compact support of g implies that (Z,£){t, v) is a polynomial
in €2V for all ¢. Thus, (Z,£)(t, v) is bounded on [0, 1)?, which by Lemma 2 in [28] implies the

existence of an upper frame bound B < oo. We shall show next that for such a g a full rank G@ (1, v)
and hence a full rank D@ (¢, v) is necessary and sufficient for the existence of a lower frame bound

A. From G@(t, v+ 1) = G (t, v) and GO (t + 1,v) = G@ (1, v) diag(e? V~HD)I_ ] it follows
that it suffices to consider G@(z, v) on [0, 1)? only. If G(“)*(t, v) has full rank on [0, 1?2, then
S@(t, vy = GW(r, v)G@ (¢, v) has full rank on {0, 1) x {0, 5) which means that the eigenvalues

of S©(r, v) satisfy A (¢, v) > Ofor ¢, ) € (10.1) x [0,1))andi =0.1,..., p— 1. Since

(Zg)(t, v) is a polynomial in 2" for all ¢, it follows that the AE“)(t, v) are continuous functions of v

for all #, and therefore we can conclude that A = essinf . )»,@ @ v) >

tvye ([0,1) x [0%)) i=0,1,...p—
0. We next prove that, conversely, a full rank G (1, v) is necessary for the existence ofan A > 0.
Suppose that G@" (¢, v) does not have full rank on [0, 1)2. It follows that S (¢, v) does not have

full rank on [0, 1) x [(), El) This implies that there is at least one eigenvalue with AE")(to, v) =0
for some #; € [0, 1) on a measurable set with positive measure. Hence, using {28]

PACITN

A =ess inf(tvv)€ ([0,1) % [0%)) i=0,1,...,p—1 "1

we conclude that A = 0. We have thus shown that a compactly supported g generates a Gabor
frame for L2(R) if and only if D (¢, v) has full rank for (¢, v) € ([0, 1)2). From (2.3) it therefore
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follows that this is satisfied if and only if the di(“) &) =0,1,..., p— 1) donot have zeros for
@&v e 0,0y O

Multiplying the duality relation (1.19) by the p x p unitary matrix
U, v) = diag {e—Znit(v+%) ]lp=—01
from the left and multiplying it by U*(z, v} from the right we obtain
¢, nGH (1, v) =1,
where
GH'(e,v) = U, )GP(t,v)  and T, v) = U, WTD(, v) .

It follows from

, 1 omi ky[ k
[G(é) «, v)] = [—e¢ 2”’15(”"'17)(21 g) (t - lg, v+ —)
k.l p 5 q p
and

| -
[F @), = 350D (2y) (=120 + £)
k1l )/ b q P

and Lemma 2 that for strictly band-limited g and y the matrices G(i)'(t, vyand T (i)'(z, v} are

polynomial in 27 for all v. We can therefore decompose G (¢, v) into its Smith form according
to

GH (¢, v) = AP, ) DD (t, v) BB (2, v)

with the matrix polynomials A(%)(t, v) and B(%)(t, v) of size ¢ x q and p x p, respectively.

Furthermore, A(é)(t, v) and B(i)(t, v) are unimodular in ¢ for all v. The ¢ x p matrix D(%)(t, v)
1s given by

o _
APy 0 :
1
0 dP¢w ... 0
. . . : :
D¢, v) = 0 0o ... dPaew |
0 o ... 0
L0 o .. 0

where we made use of the fact that the frame property implies that the normal rank of G(%),* (t,v)isp
1 1
for all v [28]. Since A(TIF) (t,v)and B (¢, v) are unimodular in ¢ for all v, we have det[AB) @, v)] =
1
d4(v) and det[B®)(z, v)] = dg(v), where both d4 (v) and d(v) are zero-free functions. Repeating
the arguments in the proof of Lemma 3 it is now easily seen that a strictly band-limited g generates
1
a Gabor frame for LZ(R) if and only if the di(”)(t, vy (@ =0,1,..., p — 1) do not have zeros for

t,v) € ([0,1)%.
We furthermore need the following proposition, which is a special case of Proposition 2 in [13]:
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Proposition 1.
Let A be a doubly infinite matrix satisfying

[[Adea| < ae Pl
with some constants o and B. Then, if A is invertible its inverse A" satisfies
'[A_l]k,ll < ofe Pk

with some constants o and B'. These constants depend only on inf =1 |Ax||* and SUP||y =1
AX|2.

Proof. For a proof of this proposition in a more general context see {13]. J

Theorem 1 2.

Let g generate a Gabor frame for L>(R) and let a,b > 0, ab < 1. Assume that g has
exponential decay in time, i.e., g satisfies |g(t)] < o« e~ P with some constants o and B. Then, the
minimal dual y° associated to g has exponential decay), i.e., yo satisfies |y°(t)| < o e B with
some constants o’ and f'.

Proof. Note that

1 ad k 1
SOki=3 Y g(t—ra—g)g* (t—ra—z)

r=—00

is periodic in ¢ with period a and that there is uniform (in ¢) exponential decay of [S(#)]¢; in
lk — 1] — oo. The frame property implies

Al < 8(1) < BI,

where A > O and B < oo are frame bounds for the system {gng,mp}n.m ez- Using yO =Slg
and (1.31) with p(x) = x~!, we get

V=3 [s—‘(t)]o_k g(t— %) . 2.4)

k=—00

Now, Proposition 1 implies that $~!(¢) has uniform (in ¢) exponential decay in |k — ] — oo.
Using (2.4) and the fact that g has exponential decay itself, it finally follows that ¥? has exponential
decay. O

The result provided in Theorem 1 was first reported in [23] for Gabor frames on 2(Z).

Corollary 1.
Let g generate a Gabor frame for L%(R) and let a,b > 0, ab < 1. Assume that g has
exponential decay in frequency, i.e., g satisfies |§(v)| < « e B with some constants and B.

. —- !
Then, the minimal dual associated to g has exponential decay in frequency, i.e., (YoW)| < o’ e vl
with some constants o' and §'.

Proof. The proof proceeds along the same lines as the proof of Theorem 1 and will therefore be
omitted. O

2The authors are grateful to K. Grichenig for pointing out the proof of this theorem to them.
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As an immediate consequence of Theorem 1 and Corollary 1, we get that exponential decay of
g in both domains implies exponential decay of 3 in both domains. We can furthermore conclude
that the minimal dual of a compactly supported (strictly band-limited) g has exponential decay in
time (frequency). For rational oversampling this has been shown previously in [22] using the Zak
transform.

We shall next provide a necessary and sufficient condition on a compactly supported g to have
a compactly supported dual y.

Theorem 2.
A compactly supported® g generating a Gabor frame for L*(R) and rational ab < 1 has a
compactly supported dual y if and only if G (¢, z) has full rank fort € R,z € C, i.e.,

rank {G(“)(t,z)} =p for teR, zeC.

Proof. The proof follows from a result on polynomial matrices, which says thattheg x p (¢ > p)
polynomial matrix A(z) has a polynomial left-inverse B(z), i.e.,

B()A(x) =1, vV zeC

if and only if rank{A(z)} = p for all z € C [20, 7]. Assuming that y is such that (Z,y)(¢, z) is well
defined for z € C, the duality relation (1.16) extends to z € C as

* 1
l"(“)(t, Z)G(a) <t, z—*) = Ip .

A compactly supported g has a polynomial G(®* (t, 21;) Hence, it follows that a polynomial
I'@(t, z) and hence a compactly supported y exists if and only if G@" (t, zi*) and hence G@ (¢, 2)
has full rank forz € R, z € C. O

In the case of integer oversampling (i.e., p = 1), the condition in Theorem 2 allows an
interesting interpretation. For p = 1 we have

CO(t,2) = [(Zud) ., (Zag) (1.2We), .o (Zag) (12WE V)]

where W, = e~27/9_ In this case the conditions in Theorem 2 are satisfied if the (Za2)(t, zWé)
(1=0,1,...,q9 — 1) do not have common zeros for ¢ € R. By inspection it follows that this is the
case if there is no f € R such that Z (¢, z) has g zeros equally spaced on a circle in the z-plane.

Corollary 2.
A strictly band-limited* g generating a Gabor frame for L>(R) and rational ab < 1 has a

strictly band-limited dual y if and only if (e162 (z, v) has full rank forv € R,z € C, i.e,

rank {G(%),(z, v)} =p for veR zeC.

3Note that since g is compactly supported, its ZT (Z,g)(t,z) = /a Z,‘z‘;_ o0 8lalt + k) z7F is well defined
for z € C. This constitutes a slight abuse of notation, since we actually have (Z;g)(t, v) = (Z,8)(¢t, z) with
2miv
z=e .
4Note that since 3 is compactly supported (Z/;g/)(z, v) = b Z,‘:‘;_w 2B + k) z* is well defined forz € C.
25

This constitutes a slight abuse of notation, since we actually have (/Z_\/lg)(t, v) = (/Zvlg)(z, v)withz = &t
1 b
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Proof. The proof proceeds along the same lines as the proof of Theorem 2 and will therefore be
omitted. O

From Theorem 2, Corollary 2, and the results presented in [4] it follows that there do exist
situations where a compactly supported (strictly band-limited) g does not have a compactly supported
(strictly band-limited) minimal dual y© but possibly some dual y that is compactly supported (strictly
band-limited). We shall next provide an alternative condition on a compactly supported g to have a
compactly supported dual y.

Corollary 3.

A compactly supported g generating a Gabor frame for L3(R) and rational ab < 1 has a
compactly supported dual y if and only if the di(") (t, z) are independent of z, i.e., di(“) t,2)= di(a) @®
withd® (1) # Oforallt € R.

Proof. Using rank[G¥W (7, 2)] = rank[D@ (¢, z)] fort € R, z € C, and Theorem 2 it follows
that di(”)(t, z) # 0fort € R,z € C. Sincethe d[.(a)(t, ) are polynomials in z forall ¢t € R, thisis
possible only if they are independent of z, i.e., d,.(")(t, z2) = di(")(t) fort € R. Moreover, the frame
property requires that d)(r) # 0 for all . O

Equivalently, it can be shown that a strictly band-limited g has a strictly band-limited dual if

1 1 1

and only ifthe d.» (2, v) i =0, 1, ..., p — 1) are independent of z, i.e., d.> (z, v) = d.* (v) # 0
forv € R. As a consequence of Corollary 3, we can provide a parameterization of all compactly
supported (strictly band-limited) g generating a Gabor frame for L?(R) and having a compactly
supported (strictly band-limited) dual y.

Corollary 4.
EveryG@)’ (t, 217) corresponding to a compactly supported Gabor frame generating g having
a compactly supported dual y can be written as

* 1
¢ (,, ':) =AY, DY OB, 2),
Z
with the matrix polynomials A9 (t, z) and B@ (¢, ) being unimodular in z for allt € R, ie,

det[A@ (1, 2)] = ca(?), and det[BW (¢, 2)] = cp(t), where c4(t) and cp(t) are zero-free functions,
and

O T
0o d¥%w ... 0

D@ () = 0 0 ... dl(;fl(t)
0 0 0

L o 0 o

withd® (1) # Ofort € R.

Since every unimodular matrix can be expressed as a product of a finite number of elementary
matrices® [11, 24], Corollary 4 states that G (t, Z%) can be expressed as the product of a finite

5 Premultiplying a polynomial matrix with an elementary matrix provides elementary row and column operations, such
as interchanging two rows (columns), multiplying a row (column) with a nonzero constant, or adding a polynomial
multiple of a row (column) to another row (column).
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number of matrices of a special form.

Corollary 5.

Every GH (zi* , v) corresponding to a strictly band-limited Gabor frame generating g having
a strictly band-limited dual y can be written as

~* 1
6" (5v) = AP P BP )
Z

with the matrix polynomials A(}))(z, v) and B(i)(z, v) being unimodular in z for allv € R, i.e,

det{AG) (2, v)] = da(v) and det[BF) (z, V)] = dp(v), where da(v) and d(v) are zero-free func-
tions, and

r 1
v 0 . o ]
1
0o dPw ... o0
. . . .
D(];)(v) = 0 0 d(%)l )
7
0 0o ... 0
L o 0 0o ]

)
i

withd, " (v) # Oforv € R

These parameterizations provide a systematic way of constructing compactly supported (strictly
band-limited) Gabor frame generating window functions having a compactly supported (strictly
band-limited) dual y.

3. Gabor Frames with Faster-Than-Exponential Decay

In this section we consider classes of functions f that decay faster than exponentially in time
and/or frequency and we ask the question “What does it mean for a Gabor frame to have a window
g with minimal dual »° having this sort of decay in terms of the Zibulski-Zeevi matrices?” To
that end we introduce spaces related to the Gel’fand—Shilov spaces W, see [10], Chapter 1. We let
M :[0,00) — [0, o) be twice differentiable, and with m = M’, we require

m(Q) = M(0) =0, m'(x) > 0, lim m(x) = o00. 3.1
X — 00
Hence, M is a convex function on [0, 0o) that increases to oo faster than linearly. We also let

X
Mx(x)=/ m< () dt, x>0,
0

where m* is the inverse function of m. The function M* is called the Young dual of M and shares
the properties (3.1) with M. We have (M>*)* = M, and there is Young’s inequality

xy S M +M*(y), xy=0, (32)

with equality if and only if y = m(x).
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Definition 1. With M as above, we let Vs, for ¢ > 0 be the set of all f € L%(R) such that
forany ;t; < pthereisa C > 0 such that

Lf(D)] < CeTPMUkd 4 ¢ R,

The spaces Vp,,, are related to the spaces Wy , in [10}, Section 1.1, but they differ from these
spaces since there is no requirement on the behavior of the derivatives of the members of Vyy ;.

We start by presenting a characterization of the spaces Vs, in terms of the Zak transforms
of their elements. Here we use the standard Zak transform Z = Zj, [A = 1 in (1.7)]. Since
Zof = Z1 fi, with fo. (1) = A1/2 f(A1), this is no real limitation of generality.

Proposition 2.

Let f € L*(R). Then we have that f € V. if and only if (Zf)(t, v) can be extended for
anyt € R 1o an entire function of v while for any 8 > 1/ there is a C independent of t such that

WZF) (1, v +ivm)| < CeTFMtEM*@lab -y 1y e R. (3.3)
Proof. Assume that f € Vy ,, take oy < u,andlet K > O be such that
"

If()] < Ke”TMGlh ¢ ¢ R,

We estimate for £, vy, 1, € R

Z fe+k e 2mik(vi+ivy) < K Z e—erM(m]z+kl)+2zrkv2
k k
Ke—2rrtv2 Z e—271M(m|t+k|)+2n(t+k)v2 )

k

U

Take € with0 < € < puy. By (3.2) we have

v L
[t 4+ k| v2| = (1 —6)It+kli SM{(uy—e)lt+ik)+M (-—-) .
w1 —€ 1 —€
It follows that

Ival

Z fa+ k)e—27rik(v1+iv2) < Ke—2ﬂ1U2+2NMX (I[?Te)
k

Z =2 M (Ut +kD+2m My —€)lt+kl)
k

By convexity of M we have
M (plt + k) — M ((u1 —€) It + k) > M(elt + ki) .

Therefore, since M increases faster than linearly to oo, we find

x Iva
Zf(t + ke ikt | o Ce—2mvz+2ﬂM (;,le—'e') ,

k

where

C=K sup e TMERTE) o oo
1e[0,n 3
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Hence, when we extend (Zf)(¢, v) to an entire function of v according to

ZhHe v =) fe+be™*,  vec,
k

we get a bound (3.3) for any & > 1/u with a C independent of ¢. This is so because in the above
we can allow any ;| < i and any € > Q.

Conversely, assume that we have an f € LZ(R) such that for any ¢ € R its Zak transform
(Zf)(t, v) can be exiended to an entire function of v € C while forany 8 > 1/pthereisaC > 0
independent of ¢ such that (3.3) holds. The inversion relation (1.8) can be written by analyticity and
1 —periodicity of (Zf)(t, v) in v as

1
£ = fo (ZF) (t. vy + iv) duy

where we can take any v; € R. Using (3.3) we thus get for any v; € R

lf(t)l < Ce—thV2+27IMX(9]V2D .

By Young’s inequality, see (3.2), we have that
X 4 X 1
—tva+ M”™ (8] = ~g Ovy+M> @ |n)=~-M §|t|
when v = 6~ 'm(6~!|¢|) sgn(z). Hence, we get

. 1
o < ce M)
with C independent of ¢, and since we can allow here any 6 > 1/u, the converse is proved also.

O

Proposition 3.

Let f € L*(R). Then we have that f € Vum.u if and only if (Zf)(t, v) can be extended for
any v € R to an entire function of t while for any 6 > 1/u there is a C independent of v such
that

(ZFY( +it, v)] < CFMOIRD 4 e R (3.4)

Proof. This is a consequence of formula (1.9) and Proposition 2; indeed, there are no factors
eT27V2 at the right-hand side of (3.4) since these drop out. O

We also need a result from complex function theory that we prove here since we were unable
to find an appropriate reference for it in the literature.

Lemma 4.
Assume that P (2) is a B-periodic, zero-free, entire function. Also assume that for some ¢ > 0,
A>0
IP(2)| < Ae™,  zecC, 3.5)

where a € (0, mB). Then, there isak € Z such that

P(z) = P /B, e C.
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Proof. Clearly we can restrict to the case 8 = 1. There is an entire function Q(z) such that
P(z) = 2@, By 1-periodicity of P(z), forevery z € C there is an integer k such that Q(z + 1) =
0(z) + 2mik; by continuity of Q this integer k is independent of z. Now consider

R(z) = Q(2) — 2mikz — Q(0), ze€C.
Then R is 1-periodic and
Re(R(2)) = log|P(2)] + 2mikIm(z) — Re(Q(0)), <z € C.
Thus we see that for some d > 0 and ¢ as in (3.5)
Re(R(x)) < de*®, zeC.
By Caratheodory’s theorem, see [3], Section 1.3, we get that
[R(z)| < De*,  zeC,

for some D > 0 and « as in (3.5). Then by Carlson’s theorem, see [3], Section 9.2, we have
R(z) = R(0) = 0, as required. U

In the following theorem we consider certain dual windows g, ¥ that decay just a little bit

faster than exponentially; in particular, the theorem applies to g, y© that decay like e 7! (e
1

5 <o <l

5 < .

for some

Theorem 3.
Assume that g € L*(R) generates a Gabor frame for the parameters a, b withab = p/q and
p.q € Z,(p,q) = 1. Also assume that g, y® € Vy ., where

M(x) = (1 +x)log(l +x) —x, x>0, (3.6)

andc > (nqa)—l. Then det[S@ (1, v)] does not depend on v.

Proof. The function M in (3.6) satisfies the requirements given in the beginning of this section,
see [10], Example 2 in Section 1.1 and Section 3.1, and we have

MX(x)=¢" —1—x, x=>0. 3.7
The minimal duality relation between g and y¥ is expressed by the formula, see (1.18),
-1
[s9@n] s@en =1, rveR, (3.8)

where
! i q i

(Zaf) (t~k2,v——) (Zaf)* (t—l—,v——) (3.9)
: P 4 P g

for f = g, ¥? corresponding to the +1 and the —1 at the left of (3.9), respectively. Since the f
in (3.9) is in Vj¢, we can extend for given ¢ the right-hand side of (3.9) to an entire function of
v € C. We thus let

*1 lq_1 q i q i
@ _1 4k s, 4 L
[s (t,v)]k,l - piZ(zaf) (t K2 q)(Zaf) (t 1y q) (3.10)
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fort € R, v € C. Whendoing so, the relation (3.8) remains valid fort € R, v € C. In particular,
we have for fixed ¢ that

F,(v) = det [s<“)(t, v)], veC,

is zero-free.

By Proposition 2 (adapted to the Z,-case), we can find for every 8 > % a C > Osuch that
fort,vi,vy € R

x N4
“:S(a) (, vl+iv2):|kll < C226471M @l )+2m (k l)va )

From the representation

p—1
Fw = 3 o [[sen],,,

nelly
where IT), denotes the set of all permutations of {0, 1, ..., p — 1}, we see
p X
|F; 01 +iv2)| < p! (CZ%) TPMTOMD i e R (3.11)

Furthermore, F;(v) is ql-periodic inv e C since all entries of $@ (t,v) are é-periodic in v.

Since ¢ > (mwga)~! and since we can allow any 8 > % in (3.11), it follows that thereisan A > 0
and an ¢ < mq such that

\F; (01 +ivy)| < Ae*mpM™@nl), v e C.
By Lemma 4 and (3.7) it follows that for some k € Z
F(v) = F ()Y, v e C.

Since F;(v)} > Oforv € R, it follows that k = 0, i.e., F;(v) does not depend on v, as required.

Note 1. Tt does not pay to repeat the above arguments with the matrices [S(%) (¢, V)IEL, see (1.20).
By [19], (1.5.17) we have that det{SG (1, v)] is %-periodic in v. Arguing as in the proof of Theorem 3
we then find the condition ¢ > HL for constantness of this determinant. Since ab = p/gq, this
condition on ¢ is the same as the one in Theorem 3.

Note 2. It is evident that a result like Theorem 3 also holds when we have decay of g, ¥ in the

frequency-domain. Thus, one finds that det[S@(r, v)], det[S(%)(t, V)1 do not depend on ¢ when
2,v0% € V. with M and ¢ as in Theorem 3.

Note 3. When g generates a Gabor frame with g, %, g, ;/'6 € Vu.c, where M and c are as in

Theorem 3, we find that det{S@ (¢, v)], det[S(%)(t, v)] are constant, i.e., do not depend on ¢, v.
When, moreover (ab)~! = q is integer (p = 1), we thus have that the Gabor frame is tight.

Theorem 4.

Assume that g € L*(R) generates a Gabor frame for the parameters a, b with (ah)~! =g¢
and g € Z. Also assume that g, y® € V.. with M and c as in Theorem 3. Then, the Gabor frame
operator S is a multiplication operator in the time-domain, i.e.,

Sy =aqf@) ) lgtt —ra))?

r=—0o0
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and hence g and y° are related by

g
agy. X _lgt—ra)?’

Proof. Using Theorem 3 it follows that det{S® (¢, v)] does not depend on v. From (2.1) we con-
clude that this is the case if and only if the function S@W(r,v) = agy oo . e 2*ivud
3o o glat — sa)g*(at — sa — uga) does not depend on v, which is equivalent to requiring
that Y0 g(at —sa)g*(at —sa—uqa) = Y2 __ |g(at —sa)|* 8,. Consequently, we have that

;’i_oo gt —sa)g*(t —sa—uqa) =Y oo . 1g(t — sa)|? §,. Inserting this into (1.10), which in
the case of integer oversampling reads

Yo =

Sf)=aqg Y f(t—Iga) Y gt —ka)g*(t —ka—1lqa),

=—00 =0
it follows that S f(t) = aq f(t) Y po_ gt - ka)|?, which concludes the proof. |

It is evident that a similar result holds when &, y¢ € Vy ..

Example 1. Consider the case that

gy =24 1 eR. (3.12)

It is well known that g generates a Gabor frame when ab < 1. In [18], Section 6 the minimal dual

¥? is computed for the case that (ab)~! = g is an even integer. It turns out that y2(t) decays not
bl . . .

faster than e~ %5 and that »%(#) does not extend to an entire function (which would have been the

case when y? were in a space Vi ;). O

There do exist (non-minimal) dual functions y for the g in (3.12) that have Gaussian decay in
time and frequency. The condition of duality reads, see [16], Proposition A

(yk . g) =ab&is, kilel. (3.13)

Take for convenience a = b < 1. The condition (3.13) means that the Bargmann transform (By )(z)

should vanish for all z = (k + il)/a with k,! € Z, (k,1) # (0,0), see [14], Section 2. In [14],
Section 4.4, there is analyzed a y; € L°°(R) (Bastiaans’ singular function, [1]) such that

(By1) (2) =0, z=k+il, kle€Z k1l #00).
Setting @ = ¢™® with ¢ > 0, we see that (By|)(e~®z) vanishes for all z = (k + il)/a with
k,l € Z, (k,1) # (0,0). Now in the notations of [14], Section 2, we have

(By1) (e7%2) = e? (BNay1) (2) -

The function Ny y) has Gaussian decay in both time and frequency, and (3.13) is satisfied for y =
¢Ngyy) with ¢ an appropriate constant.

4. Construction of Tight Gabor Frames Satisfying Decay
Properties

In this section we shall study tight Gabor frames canonically associated to Gabor frames
satisfying certain decay conditions. We shall first show that Gabor frame generating window func-
tions having exponential decay in time and/or frequency can be modified into tight Gabor window
functions having the same decay properties.
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Theorem 5.

Let g generate a Gabor frame for L*(R) and let a,b > 0 and ab < 1. Assume that g
has exponential decay, i.e., |g(t)] < o e~ Pl with some constants « and B. Then, the tight frame
generating functwn h = S~12g has exponential decay in time, i.e., |h(t)] < o e~ P with some
constants o’ and .

Proof. The proof is based on the functional calculus presented in Section 1. The operator S —12
has the matrix representation

2\’ @n) 2 "
S™12(p) = (B ~ A) ZO 22(”(nn)!)2 (1 -3 Asm) : @1

As in the proof of Proposition 2 in [13] we see that the matrices in (4.1) have uniform exponential
decay in |k — 1 | — 00 (uniform with respect to ) whenever S(z) has. Now, using (1.31) it follows
that

2\ & & @ 2 n k
— 12,0 — - _x
h(t) =S8""""g(®) = (B n A) k=§—oo L§=O Zn)? (I 3 +AS(z)> Lkg (t b) .

which implies exponential decay of A. U

For Gabor frames on ZZ(Z) the result in Theorem 5 has previously been stated in [23]. Us-
ing (1.32) and the same arguments as in the proof of Theorem 5, it can be shown that exponential
decay of g implies exponential decay of h. We can therefore conclude that exponential decay of g
in both domains implies exponential decay of §~1/2g in both domains.

Example 2. Consider a = 1,b = 1/M with integer M > 2 and let g(¢) be the Gaussian
21/4¢=7 With Z = Z, as usual, we define h by
Zg)(¢,
(Zh)(t,v) = (Ze)e, v) ;5 Ly eR. 4.2)
Mz (v + )IP)

Then h generates a tight Gabor frame, and we ask the question whether /4 can be an element of a
space V.. see Section 3. Note, by Fourier invariance of g, we have h = h as well. Hence, h and
h are or are not in Vyy,, at the same time.

Suppose that & € Vi . We take squares in (4.2) and extend the resulting relation as in the
proof of Theorem 3to all t,v € C to get

Zh(t, v) Z(Zg) (r.v+ )(Zg)* (v + %"4—) = (22t v) . 4.3)

=0
Define

K(t,v):&(lg)(tv-i— )(Zg)( v*+%"4-), t,vecC.

m=0

Suppose that K (fg, vo) = 0 for some #p, vo € C. Then by ﬁ-periodicity of K(tp, v) in v we get
by (4.3) that

m
Z —) = . .
( g)(to,v0+M) 0, mel (4.4)
The zero-set of Zg is precisely known. There holds

(Zo)(t,v) = 24P g3(m(v —ir)), t,v € C,
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see [15], Section 3.3, with 85 the third order theta function, see {26], Chapter 21. Since 63(zz) =0
if and only if 7 is of the form n + % +i(m+ %) withn, m € Z, itis easily seen that (4.4) cannot hold.
Hence, K (o, vo) # 0 for 2y, vp € C. Observing that K is an entire function of its both variables,
1-periodic in its first and %—periodic in its second, and that for some A > 0, B > 0 we have

IK(t,v)| < Ae"BUP+VD 4y e ©

we easily conclude that K (¢, v) is constant, see Lemma 4. However, this implies that g generates a
tight Gabor frame which is definitely not the case. Therefore, 2 does not belong to any of the spaces

VM. u- O
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