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ABSTRACT One of the factors determining the performance of wire-
less Orthogonal Frequency Division Multiplexing (OFDM) systems is time-
frequency localization of the transmitter and receiver pulse shaping filters.
OFDM based on offset quadrature amplitude modulation (OFDM/OQAM)
bypasses a major disadvantage of OFDM based on ordinary QAM, namely
the fact that time-frequency well-localized pulse shaping filters are prohib-
ited in the case of critical time-frequency density where spectral efficiency
is maximal. In this chapter, we study the problem of pulse shaping fil-
ter design for OFDM/OQAM systems and we establish relations between
OFDM/OQAM and Wilson and Gabor expansions. We derive general or-
thogonality conditions for OFDM/OQAM systems and we propose a com-
putationally efficient method for designing time-frequency well-localized
OFDM/OQAM pulse shaping filters with arbitrary length and arbitrary
overlapping factors. We furthermore introduce biorthogonal frequency di-
vision multiplexing based on OQAM (BFDM/OQAM). Finally, design ex-
amples are presented to assess the performance of the proposed design
algorithm.

1 Introduction and Outline

Orthogonal frequency division multiplexing (OFDM) [1]-[11] is part of the
European digital audio broadcasting (DAB) and digital video broadcast-
ing (DVB) [12] standards, and it is employed for high-bit-rate digital sub-
scriber services on twisted-pair channels such as in the asymmetric digital
subscriber line (ADSL) standard. Important features of OFDM systems
include high spectral efficiency and immunity to multipath fading and im-
pulse noise.

Transmission over (fixed and mobile) wireless channels is in general sub-
ject to both time-dispersion and frequency-dispersion. OFDM systems em-
ploying a cyclic prefix (CP) offer robustness to time-dispersion (multipath
fading) but do not provide protection against frequency-dispersion caused
by Doppler spread. Frequency-dispersion causes loss of orthogonality be-
tween the subcarriers and results in an error, which depends critically on the
frequency-localization of the transmitter pulse shaping filter. This obser-
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vation has motivated studies on the design of time-frequency well-localized
OFDM pulse shaping filters [9, 11, 13, 14]. Further advantages of pulse
shaping are reduced out-of-band emission in wireless OFDM [15] and re-
duced sensitivity to carrier frequency offsets [16].

Classical OFDM systems [4, 5] based on ordinary quadrature ampli-
tude modulation (OFDM/QAM) prohibit time-frequency well-localized ba-
sis functions in the case of critical time-frequency density where spectral
efficiency is maximal [9, 11]. In Gabor theory this phenomenon is known as
Balian-Low theorem [17]. Two approaches to circumvent this problem have
been suggested in the past [11, 18, 19, 20, 14]. However, both methods result
in a significant loss in spectral efficiency, which is undesirable in high-data-
rate applications. In [11, 9] it has been pointed out that OFDM systems
based on offset QAM (OFDM/OQAM) [2, 1, 21, 22] allow time-frequency
well-localized pulse shaping filters even in the case of critical time-frequency
density (i.e. maximum spectral efficiency). For high-data-rate applications
OFDM/OQAM therefore seems to be an attractive alternative to classical
OFDM/QAM.

Previous Work. We shall next briefly review previous work on the
design of pulse shaping filters for OFDM/OQAM systems. In [1, 2] band-
limited OFDM/OQAM pulse shaping filters for the continuous-time case
have been proposed. In practice, the corresponding infinitely long pulses
must be truncated, which inevitably leads to a loss of orthogonality. Fur-
thermore, in order to keep the error due to the resulting nonorthogonality
small, in general the pulses must be rather long which gives rise to con-
siderable reconstruction delay and increased computational complexity. In
[9] a time-limited continuous-time OFDM/OQAM pulse shaping filter of
twice the symbol length is proposed. A constrained optimization procedure
for the design of continuous-time OFDM/OQAM filters of finite length is
introduced in [13]. In practice, however, it is not cost-efficient to design a
large number of analog filters; rather it is preferred to calculate a discrete-
time version of the transmit signal first and to perform a digital-to-analog
conversion. Therefore, pulse shaping filter design should be formulated in a
discrete-time setting. In [21, 22] it is suggested to use the sampled version
of a continuous-time square-root raised cosine filter. In the context of filter
banks discrete-time pulse shaping filters for use in' OFDM/IOTA, a special
case of pulse shaping OFDM/OQAM, have been proposed in [23, 24].

Contributions. Our research was motivated by the need for efficient
flexible design procedures for time-frequency well-localized discrete-time
OFDM/OQAM filters of arbitrary length and arbitrary overlapping factors.
In this chapter, we partly build on the work reported in [13]. Our main
contributions are summarized below:

o We derive general orthogonality conditions for OFDM/OQAM pulse

1The acronym IOTA stands for Isotropic Orthogonal Transform Approach.
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shaping filters including discrete-time versions of the conditions found
previously in [1, 2, 13, 9] as special cases.

e We show that the orthogonality conditions for OFDM/OQAM pulse
shaping filters are equivalent to the orthogonality conditions for Wil-
son bases [25]. Based on this equivalence, we draw from Gabor the-
ory to devise a computationally efficient discrete-time Zak transform
(DZT)-based [26, 27] approach for the design of time-frequency well-
localized OFDM/OQAM pulse shaping filters.

e We introduce biorthogonal frequency division multiplexing based on
OQAM (BFDM/OQAM), and we show that biorthogonality allows
to significantly enhance the time-frequency localization of transmit-
ter pulse shaping filters and thereby improves the system’s dispersion
robustness and potentially the overall performance. Specifically, we
demonstrate that BEDM/OQAM schemes can use Gaussian trans-
mit pulses with optimum time-frequency localization. We further-
more demonstrate that the problem of computing the BEDM/OQAM
receiver pulse shaping filter for a given BFDM/OQAM transmitter
pulse shaping filter is equivalent to computing the biorthogonal Wil-
son synthesis prototype for a given Wilson analysis prototype.

Organization. The chapter is organized as follows. In Section 2, we
briefly review OFDM/QAM and we motivate the use of OFDM/OQAM.
In Section 3, we derive general orthogonality conditions for OFDM/OQAM
pulse shaping filters and we establish relations to Wilson and Gabor theory.
Section 4 presents the DZT-based design approach. In Section 5, we intro-
duce BEDM/OQAM, we derive general biorthogonality conditions, and we
propose efficient (DZT-based) algorithms for calculating the biorthogonal
receiver pulse shaping filter for a given transmitter pulse shaping filter.
Finally, Section 6 concludes the chapter.

2 Orthogonal Frequency Division Multiplexing
based on OQAM

The baseband equivalent of an orthogonal frequency division multiplexing
(OFDM) system based on QAM modulation is given by the sum of M
parallel channels with the subchannel filters g;(t) (k = 0,1, ..., M — 1) ob-
tained by complex modulations of a pulse shaping filter g(t) (see Fig. 1).
The transmitted signal x(t) can therefore be written as

M—

o(t) =Y Y erag(t—IT)e>HFO=IT), (1.1)

k=0 l=—o0c0

—
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Fig. 1. Baseband OFDM system model (§;(t) = gi(—t)).

where T is the symbol duration, F' denotes the subcarrier spacing, M is
the number of subcarriers, ¢, (k = 0,1,....,M — 1,1 € Z) denotes the
complex-valued data symbols, and ¢;; stands for the reconstructed data.

Spectral efficiency. It has been shown in [11, 18] that for a large num-
ber of subcarriers M, the spectral efficiency of an OFDM system can be

approximated by
B [ bit /s ]

n:ﬁ Hz

where 3 is the number of bits per symbol. In other words, the density of
the lattice of transmission points in the time-frequency plane determines
the spectral efficiency, which is maximized if TF = 1 (i.e. Nu. = 5)-
Note that TF < 1 provides an incomplete representation in the sense
that the transmit signal z(¢) does not convey all information on the data
symbols cj,;. This case will therefore be excluded in the following. In the
case of OFDM systems employing a cyclic prefix (CP) [4] we get 7

I} (1 — Tj‘;” ), where T, denotes the length of the CP. In practice T% < %

and consequently n > %/B, which implies a reduction in spectral efficiency
by up to 25 percent.

Time-frequency localization and wireless channels. The OFDM
transmit signal z(t) in (1.1) is given by a linear combination of the ba-
sis functions gy ;(t) = g(t — IT)es?>™*FCET) (k. = 0,1,...M — 1,1 € Z).
If the set {gr,1(t)};—0 1, ar_1,1c 2z constitutes an orthonormal basis, de-
modulation is accomplished by projecting the received signal onto the basis
functions g (t), i.e., éxy = <x, gk,l>. (This corresponds to matched filtering
and symbol rate sampling in the receiver). In AWGN channels orthogonality
between the basis functions guarantees intersymbol interference (ISI)-free
and intercarrier interference (ICI)-free transmission, i.e., éx; = ¢k + Wi,
where wy,; denotes additive white Gaussian noise. However, if the channel
is time-frequency dispersive such as the mobile radio channel for example
[28], good time-frequency localization of the basis functions is necessary in
order to avoid the symbol energy “spreading out” and perturbing neighbor-
ing symbols in the time-frequency plane. In the dispersive case, in general,
there will be both ISI and ICI due to the lack of orthogonality between
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the perturbed transmitter basis functions and the receiver basis functions
[11]. The amount of the resulting interference depends critically on the
time-frequency localization of the transmitter basis functions. Ideally, one
would like the pulse shaping filter to be such that no ISI and no ICI are
caused. In this case

¢k = H(T,kF) ey + wi,i, (1.2)

where H(t, f) denotes the time-varying transfer function of the channel
[29]. It follows from (1.2) that in the absence of ISI and ICI equalization
reduces to simple divisions in the receiver.

OFDM systems based on a CP (OFDM without pulse shaping) employ a
rectangular ¢(¢) which has poor frequency localization and therefore causes
substantial ICT in the case of frequency-dispersive channels. Consequently,
(1.2) which is often postulated for CP OFDM systems will not be satis-
fied. Ideal bandpass filters on the other hand have poor temporal localiza-
tion and would therefore cause severe ISI in time-dispersive environments.
Therefore, from a pure dispersion-robustness point of view the optimum
solution will employ a pulse shaping filter which is well-localized simulta-
neously in time and frequency. The optimum design of pulse shaping filters
for given channel specifications and the importance of time-frequency well-
localized pulse shaping filters have been discussed for the OFDM/QAM
case in [14, 9]. We finally note that the computational complexity of pulse
shaping OFDM systems is higher than that of CP OFDM systems. How-
ever, since the subchannel filters are obtained by complex modulation of a
single filter efficient polyphase implementations are possible [30].

Spectral efficiency versus time-frequency localization. It is well
known from Gabor theory [17, 31] that time-frequency well-localized (or-
thogonal or biorthogonal) basis functions g ;(t) exist only for TF > 1.
In fact, it can be shown that a g(t) generating an orthogonal or biorthog-
onal basis {gx,(t)} for TF = 1 can not have finite time- and frequency-
dispersion (i.e. finite second moments) [17, 31]. Even if T'F is slightly larger
than 1 the filter quality will be poor. In practice, one needs at least TF = %
to obtain pulse shaping filters with reasonable time-frequency localization.
A recent proposal of a well-localized OFDM/QAM pulse shaping filter
[11, 18] uses a time-frequency density of TF' = 2, which implies a reduction
in spectral efficiency by 50 percent, i.e., n = g The above analysis unveils
a major drawback of OFDM/QAM systems, namely the fact that time-
frequency well-localized pulse shaping filters are prohibited in the case of
critical time-frequency density TF = 1, i.e., maximum spectral efficiency
Nmax = B. Therefore, when using OFDM/QAM systems a compromise be-
tween pulse shaping filter localization and spectral efficiency has to be
sought.

Offset QAM modulation in OFDM systems. It has been pointed
out in [11, 9] that in contrast to OFDM/QAM schemes OFDM systems
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based on OQAM allow well-localized basis functions (with finite time- and
frequency-dispersion) even for critical time-frequency density TF = 1, i.e.,
maximum spectral efficiency. In this chapter, we provide an explanation
for this “little magic” and we show that an OFDM/OQAM system with
TF =1 achieves the same pulse shaping filter quality as an OFDM/QAM
system with TF = 2. In particular, we will demonstrate that the design of
an OFDM/OQAM pulse shaping filter is equivalent to the design of a pro-
totype function for an orthogonal Wilson basis [25, 32]. For high-data-rate
applications OFDM/OQAM therefore seems to be an attractive alterna-
tive to OFDM/QAM. We stress, however, that this increase in data rate
comes at the cost of increased receiver complexity. Specifically, if TF > 1
guard regions in time and/or frequency provide protection against time-
and/or frequency-dispersion and often drastically simplify equalization.
In contrast, in the case of an OFDM/OQAM system no guard regions
are present, and therefore equalization becomes more complicated. Pre-
vious work on wavelet-based pulse shaping OFDM/QAM systems with-
out guard regions and corresponding optimum detection strategies can be
found in [33]. Similar methods can be employed for the equalization of
OFDM/OQAM systems. A comparison of OFDM/OQAM systems with
TF = 1 and OFDM/QAM systems with TF = 2 from a pure channel
dispersion robustness point of view will probably lead to the conclusion
that the OFDM/QAM system is superior, which is due to the fact that
both systems have the same pulse shaping filter time-frequency localiza-
tion but OFDM/QAM also benefits from the time-frequency guard re-
gions (due to TF = 2). For a fixed amount of channel-induced dispersion
OFDM/OQAM with TF = 1 will most likely exhibit the same performance
as an OFDM/QAM system with T'F between 1 and 2, where the exact value
of TF will depend on the channel characteristics. Note, however, that the
OFDM/OQAM system will have higher spectral efficiency. A quantitative
comparison is definitely of interest, but appears to be beyond the scope of
this chapter.

In the following, we consider an M-channel OFDM/OQAM system with
TF = 1. The corresponding transmit signal is given by

M-1 M-1 s}
a(t) = D wt) = lz cRy gt — IT) &/ F R 55
k=0 k=0 Li=—c0
+ 2 J'C%,zg(tJrT/?—lT)ejo"’““%’], (1.3)
I=—o0

where ¢¥; = Re{cy,} and ¢f; = Im{cy,;} denote the real and imaginary

parts of the data symbols ¢y, respectively, g(t) is the transmitter pulse
shaping filter, and? a € [0, M — 1]. The receiver performs a demodulation

2The significance of the phase factor ¥ in (1.3) will become clear in Section 3.
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according to

czzl = Re {m(T) e*j%ﬂk(T*%)} g(r —1IT) dr
7 e T
i, = /Im{x(r)e—w“—ﬁ } g <r+ 3 —lT) dr.

3 Orthogonality Conditions for OFDM/OQAM
Pulse Shaping Filters

Discrete-time model. We shall first derive a discrete-time multirate
model of the OFDM/OQAM system discussed in the previous section.
Assuming that the pulse shaping filter g(¢) occupies a bandwidth of ap-
proximately =, the total bandwidth of the multicarrier signal z(t) in (1.3)
is approximately M /T'. Using (1.3), a critically sampled version of z(t) is
therefore obtained as

(v37) -

+

Z ( %—lT)e]Tk(" 7~ 5i7)

l=—o0

( +T/2— ) eI ’»(”—ﬁ] :

2

,?;

Assuming that M is even, setting z[n]
we obtain

M1 M-1[ oo
Zxk[”]: ) IZ cR, gln — IM] P ¥ k(n—a/2)

k=0 LiI=—occ

+ Z k gln + M/2 — IM] I 5 k= a/2)]

Note that the equivalent discrete-time system is operating at a rate of
fs = % Fig. 2 shows the baseband model of a discrete-time OFDM/OQAM
system.

Orthogonality conditions. We shall next derive orthogonality condi-
tions for discrete-time OFDM/OQAM systems. The pulse shaping filter
g[n] in Fig. 2 is said to be orthogonal if it satisfies perfect reconstruction,
i.e., ¢k,; = ¢y, for arbitrary ci, in the absence of a channel. Considering
the equivalent path from the (k+m)-th transmitter subchannel to the k-th
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Cpil TM g[n]
G») >§y% > xk[n]
Cri TM jg[n+]
eIk (n—a/2)
(a)
Re(") gln] l M 675,1

Im(-) gln—4] M &,

e—I3tk(n—a/2)

(b)
Fig. 2. Discrete-time multirate model of OFDM/OQAM system

(g[n] = g[—n]): (a) k-th transmitter subchannel, (b) k-th receiver
subchannel.

receiver subchannel (see Fig. 3), it follows that g[n] is orthogonal if the
following conditions are satisfied for m € [0, M —1],1 € Z:

[Re{g[n — 1M] &7 5 ™(n=0/2)} 5 gln]]—g = S[I]6[m] (1.4)
[Re{jgln + M/2 — IM] /¥ m"=2/2} s gin], o = 0 (1.5)
[Im{g[n — IM]e?F™(m=2/DY x 5In — M/2]|neo = 0 (1.6)
[Im{jgln + M/2 — IM] el 5 ™"=2/2} 4 Gln — M/2]]n—o = 0[1]8[m] (1.7)

with g[n] = g[-n]. For m # 0 Egs. (1.4)-(1.7) guarantee that ICI is per-
fectly cancelled, whereas for m = 0 (1.4)-(1.7) reduce to the conditions for
ISI cancellation. More specifically, for m = 0, Eqgs. (1.5) and (1.6) guarantee
that there is no interference between the real and imaginary parts of ¢y,
whereas (1.4) and (1.7) guarantee zero ISI for ¢¥; and cf ;, respectively.
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c;]cz+m,l g[n]

@:&
Fymi— M ol ]

m(n—a/2)

e 3

Fig. 3. Equivalent path from (k + m)-th transmitter subchannel to k-th

receiver subchannel. Note that uln] = jg[n + %] and v[n] = g[n — %].

Rewriting (1.4)-(1.7) as

oo

Z g — IM]g[n] cos (?V[m(n - a/2)) — 5[110[m] (1.8)

Z gln+ M/2 —IM]g[n ]sm(?\/fm(n—a/Q)) =0 (1.9)

n:z—oog[ —lM]g[n+M/2]s1n(j/[m(n—a/Q)) =0 (1.10)
n:z_:oog[n + M/2 —1M]g[n + M/2] cos (%m(n — a/Q))

= 8[1)6[m), (1.11)

we shall next show that (1.11) is equivalent to (1.8) and that (1.10) is
equivalent to (1.9). Setting n — n — & in (1 11), it follows that (1.11)
is equivalent to (1.8). Setting n — n — % in (1.10), we can see that
(1.10) is (1.9) with [ replaced by I 4+ 1, which implies the equivalence of
(1.10) and (1.9). We shall next demonstrate that (1.9) can be satisfied by
imposing a simple symmetry constraint on the pulse shaping filter g[n].

Setting f(V[n] = g[n + & — IM]g[n], Eq. (1.9) can be rewritten as

Jee B0 (i) - ¥ pO (3% =, (1.12)
2 2
where F() (e7279) = 3°°° _ f([n] =927 denotes the discrete-time Fourier

transform of f®[n]. In the following we take g[n] to be an even function
satisfying
gln] = gla+ (2r +1)M/2 — n] (1.13)

with r € Z and a € [0, M — 1]. The parameters r and a allow a flexi-
ble choice of the center of symmetry of the pulse shaping filter g[n]. We
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note that o has to be odd (even) for even (odd) filter length L,. Further-
more, from (1.13) it follows that for a g[n] supported in [0, L, — 1] the
parameter a has to be chosen as® a = (L, + % — 1)mod M. Using (1.8)
and (1.13) it can furthermore be shown that Ly, # IM + 1 with [ € N.
Since f[n] satisfies

fOla+ e+ )M —n] = fOln]
or equivalently

F(l) (e—j27r9) — ej27r((r+l)M+a)9F(l) (61'27r9)7 (1‘14)

it follows from (1.12) that (1.9) is satisfied. We are thus left with condition
(1.8), which will next be shown to hold for odd m. Setting f()[n] = g[n —
IM]g[n] and using fOla+ (r+ )M + % —n] = f@[n] or equivalently
FW)(e=12m0) = e2n((r+)M+atM/2)0 p(l) (¢3279) it follows that (1.8) can be
rewritten as

SAENEO () [(~1)™ + 1] = 5[1olm] (1.15)

For m odd (1.15) is obviously satisfied irrespectively of the specific g[n]
chosen. Note that so far we only made use of the symmetry of g[n]. The
real design task lies in satisfying (1.8) for m even. Setting m — 2m in
(1.8) we obtain

% > gn]gn — IM]ei 5172 (n=/2)
D glnlgln — IM]e™HETCE < ijg{m),

n=—oo

+

DN =

which upon defining g, [n] = g[n — lM]ejﬂ?f_%m("fa/z) can be rewritten as

5(9.91-m) + 50, 01m) = OT13Tm]. (1.16)

It therefore follows that a g[n] satisfying the symmetry property (1.13) is
orthogonal if the function set {gi,m[n]},,—0 1. 3 1,cz constitutes an or-
thonormal basis, i.e., {gi,m, gv,m') = 8[l—1']6[m—m']. We have thus reduced
the design of OFDM/OQAM pulse shaping filters to the design of orthonor-

mal bases consisting of time-frequency shifted versions of g[n]. Since or-
thonormality of the function set { g[n — IM]e’ wmn—a/2) } is equivalent to

3mod stands for the modulo operation.
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orthonormality of {g[n - lM]ejf‘i_%mn}, we set g m[n] = g[n—lM]ejNQf_%mn
in the following.
Orthogonal pulse shaping filters and Gabor frames. In the con-

text of Gabor frames [34, 17, 31] it has been shown in a continuous-time
setting in [35]-[37] and in a discrete-time setting in [38] that the function

set < g[n — IM]é’ 1‘3_7/'27"”} is orthogonal if and only if the corresponding dual

set { gln—1&]el zﬁ"m"} (obtained by switching the role of the time-shift

and frequency-shift parameters) constitutes a tight Gabor frame for* 1?(Z).
Note that the oversampling factor of this Gabor frame is 2. For the sake
of completeness, we shall briefly review the derivation of this important
result, i.e., we shall show that {g;m,[n]} is orthogonal if and only if the
following equivalent condition (stating that the dual set is a tight Gabor
frame) is satisfied:

- M M 2
T;mg [n —1"7] g [n—r7 - ZM] = M&[l]. (1.17)
Applying the Poisson summation formula to (1.17), we obtain

¥-1 1
ejQWM"—}Zn/ G(ejQWO)G* (ejQw(OM"—}Q)) ej27r9lM do = (S[l],
0 0

m=
which using the Parseval identity can be rewritten as

-1

I g, gim ) = O[1]. (1.18)
0

|o|§

3
Il

Obviously (1.18) is satisfied if and only if (g, g,m) = 0[!]6[m] which implies
orthogonality of the set {g;.,[n]} and consequently orthogonality of the
filter g[n]. We have thus shown that the design of an OFDM/OQAM pulse
shaping filter reduces to the design of a symmetric function g[n] satisfying

(1.17). Equivalently, in the frequency domain, the orthogonality condition
(1.17) reads

M—

% > G TR ) 6 (0 d0) =51 (1.19)
k=0

[u

In Section 4 we shall need the discrete-time Zak transform (DZT) [26, 27]

412(Z) denotes the space of square-summable sequernces.
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of the function g[n], which is defined as®

- M7 _.
ZM/2) (n,6) = Z g [n +r7] e 2l (1.20)

T=—00

with its inverse given by

1
g[n]:/ Zg(M/Q)(n,G) de.
0

Alternatively, we can define the dual DZT as

ZSSM)(nﬁ): Z gn+rM)e 72mr? (1.21)

T=—00

with the inverse transformation

ofn] = /0 " 200 (n, ) .

In Appendix A it is shown that the orthogonality condition (1.17) can be
expressed in the DZT domain as

4
1Z8M2 (n,0) 2 + | 28D (n,0 = 1/2)P = —  for n=0,1,..,M/2-1

M
(1.22)
or equivalently in terms of the dual DZT as

2
=— for n=0,1,..,M/2-1.

M

(1.23)
Comparing (1.23) with Eq. (20) in [39], it follows that the design of
OFDM/OQAM pulse shaping filters is equivalent to the design of parauni-
tary critically sampled cosine-modulated FBs (CMFBs) [40]. Note further-
more that symmetric prototype functions generating tight Gabor frames
for oversampling factor 2 yield orthogonal Wilson bases [25, 32, 41, 42]. We
have thus shown that the design of OFDM/OQAM pulse shaping filters is
equivalent to the design of orthogonal Wilson bases. Using results developed
in [40], it can furthermore be shown that the design of an OFDM/OQAM
pulse shaping filter for TF =1 is equivalent to the design of a pulse shap-
ing filter for an OFDM/QAM system with TF = 2. This implies that an
OFDM/OQAM system with TF = 1 achieves the same pulse shaping filter

M
M 2 M
|Zg( )(n,6) | +‘Zg( )(n—7,0>

5The DZT is the polyphase decomposition [30] evaluated on the unit circle. Through-
out this chapter, we shall use the term DZT since in our context it is rather a signal
transformation.
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quality (in terms of time-frequency localization) as an OFDM/QAM system
with TF = 2.

The issue of optimally (with respect to dispersion robustness) choosing
the OFDM/OQAM pulse shaping filter for given channel specifications is
beyond the scope of this chapter. In practice, however, the optimum filter
will be time-frequency localized with its bandwidth and effective duration
adapted to the Doppler spread and delay spread of the channel. For further
details on this topic the interested reader is referred to [14]. In the following
section we shall therefore concentrate exclusively on the design of time-
frequency well-localized pulse shaping filters.

4 Design of OFDM/OQAM Filters

In the previous section, we have shown that the design of OFDM/OQAM
pulse shaping filters reduces to the design of a symmetric function satisfying
(1.17). We shall next propose a computationally efficient method for de-
signing such functions [43]. The basic idea of this approach is to start from
an arbitrary (nonorthogonal) symmetric filter g[n] which is modified (or-
thogonalized) to obtain a symmetric orthogonal pulse shaping filter. This
orthogonalization procedure has to be formulated in the DZT domain. We
hasten to add that this method has been proposed previously in the con-
text of frame theory for the construction of tight Weyl-Heisenberg frames
[17, 44].

Orthogonalization. Starting from an arbitrary (nonorthogonal) filter
g[n] satisfying the symmetry property g[a + (2r + 1) —n] = g[n] with
re€Z and a € [0, M — 1], an orthogonal pulse shaping filter g,[n] can be
obtained as

22ZM/2) ()

M —
Z{M/2) (n,0) = (1.24)

2
M 0,00+ |25 0 - )

Inserting (1.24) in (1.22) and using ZéM/m (n, 8 —1) = Z_(SM/2)(n,9), it is
easily seen that

2D 0, O + 2D (0,0~ 1/2)P = = for n=0,1,.., 2 —1
20,0 + 12,0~ 1/2)P = = for n=01,., 0 1,

which proves the orthogonality of g,[n]. It remains to show that g,[n] sat-
isfies the same symmetry property as the initial filter g[n]. In the DZT
domain (1.13) reads

ZM/2 (o = n, —0) = 2208 Z(M/2) (1 gy, (1.25)
which using (1.24) implies that
M2 _ j2n(2r+1)8 Z(M/2
Zén ) (o —n,—0) = 2272 +1) Zg(n /2 (n, 0)
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and consequently
M
9oln] = go a+(2r—|—1)7 —-n|.

Note that although g,[n] satisfies the same symmetry property as the initial
filter g[n], it need not have the same length as g[n]. As we shall see later,
in general it will be longer than g[n]. In Appendix B it is shown that g,[n]
obtained from a compactly supported g[n] will be compactly supported if
and only if

2

1
|Z§M/2) (n’ 9)|2 + ‘Z;M/Q) (,,%9 — 5) =cp (126)

with arbitrary constants ¢,. From (1.26) it furthermore follows that in this
case
2

M/2 _
Z(n,0) = s

ZM2) (n, 6)

so that g,[n] has not only compact support but also the same support as
g[n]. The class of compactly supported initial filters yielding compactly
supported orthogonal filters is rather restricted. Since (1.26) is equivalent
to

i 9 [n —r%] g [n —r% - ZM] = %”5[1] (1.27)

T=—00

it follows that functions g[n] compactly supported in an interval of length
M satisfy (1.26). In practice, however, if the initial filter is sufficiently lo-
calized, in general the corresponding orthogonal filter will be well-localized
in time and can therefore be truncated at the cost of a negligible recon-
struction error.

Implementation of the Algorithm. We shall next describe how the
proposed orthogonalization procedure can be implemented in practice. As
already mentioned above, in general the resulting orthogonal filter g,[n]
will be longer than the initial filter. Therefore, g[n] has to be sufficiently
zero-padded before orthogonalization. The DZT has to be evaluated on a
discrete time-frequency grid according to [27]

K-1

M o
M/2,K — —J27 %
Zg(/ n, k] = Zg[n%—r?]ej &7,
=0
M
n

=01, ~L k=01, K ~1

with the length of the zero-padded filter satisfying L, = %K . It is easily

M/2,K) [, k

seen that the computation of Zg( ] reduces to the column-wise
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FFT of the K x & matrix

(0] g[1] e gIM/2-1]

g[M /2] g[M/2+1] glM —1]

G = g9[M] g[M +1] e g[3M/2-1]
olLy=MJ2] g[Ly—M/2+1] .. glLo—1]

The orthogonalization procedure can finally be summarized as follows:
e Design an initial filter g[n] satisfying the symmetry condition (1.13).
o Perform zero-padding of g[n] to obtain a filter of length L,.

e Compute the DZT of the orthogonal filter g,[n] according to®

22Z{M/2K) 1y k]

ZM/2K) ] =

Yo

\/M ‘Z_{SM/Q,K)[n,k]r y ‘Zg(M/z,K) ik~ g]r

(1.28)

e Compute the inverse DZT to obtain the orthogonal pulse shaping
filter g,[n], i.e., compute the inverse FFT of the columns of the K x %

matrix Zéiwz’K) [n, k].

We note that this orthogonalization procedure does not automatically
guarantee that g,[n] is well-localized in time and frequency. We observed,
however, that starting from a lowpass filter or a Gaussian function with
bandwidth approximately equal to 1/M yields well-localized orthogonal fil-
ters. A mathematically sound treatment of the question as to what initial
filters lead to time-frequency well-localized OFDM/OQAM pulse shaping
filters using our DZT-based approach can be found in [45]. We emphasize
that the above orthogonalization procedure is computationally very cheap,
since it consists of FFTs (forward and inverse DZT) and divisions in the
DZT domain (cf. (1.28)). We finally note that the OFDM/IOTA approach
proposed in [9] and further elaborated in [24, 23] is based on ideas similar
to those underlying our orthogonalization method. However, in the case
of OFDM/IOTA the initial filter has to be a Gaussian and an orthogo-
nalization is performed in the time-domain and in the frequency-domain
separately leading to what is called extended Gaussian functions in [24, 23].
Recently, it has been shown in [46] that the orthogonalization method pro-
posed in [9, 24, 23] can only be applied to a very restricted class of initial
filters, which shows that our approach is more general. We finally note that
the orthogonalization can also be performed using the dual DZT.

8For the sake of simplicity we assume that K is even.
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Fig. 4. 8-channel OFDM/OQAM pulse shaping filter of length 64: (a)-(b)
initial filter, (c)-(d) orthogonal filter, (e) corresponding subchannel filters.

Design Examples. We shall next demonstrate how the proposed or-
thogonalization procedure can be used to design time-frequency
well-localized pulse shaping filters for OFDM/OQAM systems. We shall
see that the basic philosophy of the orthogonalization method is to start
from a well-localized initial lowpass filter with bandwidth approximately
equal to 1/M. In most cases this guarantees that the resulting orthogonal
filter is again well-localized.

Design example 1. In the first example we designed an 8-channel
OFDM/OQAM system. The initial filter is a 32 tap lowpass filter with
bandwidth 1/M = 0.125 (designed using the MATLAB function FIRI)
zero-padded to obtain a filter of overall length 64. Figs. 4(a) and (b) show
the initial filter and its transfer function, respectively. Figs. 4(c) and (d)
show the resulting orthogonal filter’s impulse response and transfer func-
tion, respectively. The corresponding subchannel filters are depicted in
Fig. 4(e). We can see that the orthogonal filter has good time-frequency
localization. Since the length of g,[n] is L, = 64, we have a = 3 in (1.13).
Note furthermore that the pulse shaping filter length is 8 times the symbol
length.

Design example 2. In the second design example we demonstrate how
the frequency localization of the pulse shaping filter can be improved by
increasing the filter length. We designed an 8-channel OFDM/OQAM sys-
tem using a pulse shaping filter of length 192. The initial filter is shown
in Figs. 5(a) and (b). (It was designed using the MATLAB function FIR1
with nominal bandwidth 0.125). Figs. 5(c) and (d) show the resulting or-
thogonal filter and its transfer function, respectively. The corresponding
subchannel filters are depicted in Fig. 5(e). Comparing Figs. 5(e) and 4(e),
we can see that the pulse shaping filter in this example has much better
frequency selectivity than the one in design example 1. Note, however, that
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Fig. 5. 8-channel OFDM/OQAM pulse shaping filter of length 192: (a)-(b)
initial filter, (c)-(d) orthogonal filter, (e) corresponding subchannel filters.
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Fig. 6. 256-channel OFDM/OQAM pulse shaping filter of length 2048:
(a)-(b) initial filter, (c)-(d) orthogonal filter, (e) corresponding subchannel
filters.

this frequency-selectivity comes at the cost of increased filter length.

Design example 3. In the last example, we demonstrate that our ap-
proach allows the design of OFDM/OQAM systems with a large number
of subchannels and long pulse shaping filters. For M = 256 channels, we
designed a pulse shaping filter of length 2048 (i.e., the pulse shaping filter
length is 8 times the symbol length). The initial filter shown in Figs. 6(a)
and (b) is a zero-padded lowpass filter (again designed using the MAT-
LAB function FIR1) with nominal bandwidth 1/256. Figs. 6(c) and (d)
show the resulting orthogonal filter and its transfer function, respectively.
Finally, Fig. 6(e) shows the corresponding subchannel filters.
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5 Biorthogonal Frequency Division Multiplexing
based on OQAM

OFDM/OQAM schemes are based on orthogonal modulation, i.e., the trans-
mitter basis functions constitute an orthogonal basis, or equivalently, the
transmitter filter and the receiver filter constitute a matched filter pair.
However, orthogonality imposes constraints on the pulse shaping filter
which limit the achievable time-frequency localization. Relaxing the or-
thogonality requirement thereby introducing biorthogonal frequency di-
vision multiplexing based on OQAM (BFDM/OQAM) allows to signifi-
cantly improve time-frequency localization of the transmitter basis func-
tions which in turn yields increased dispersion robustness. In [14], using
a wide-sense stationary uncorrelated scattering (WSSUS) channel model,
it has been demonstrated that BFDM schemes based on QAM and time-
frequency guard regions are superior (with respect to their robustness to de-
lay /Doppler spread and additive channel noise) to OFDM/QAM systems.
We expect that similar conclusions can be drawn for the OFDM/OQAM
case.

5.1 Biorthogonality Conditions

A discrete-time model of a BEDM/OQAM system is obtained from Fig. 2
by replacing g[n] in the receiver by a filter h[n] which can be different from
g[n]. In the following, we shall derive conditions on the filter pair g[n] and
h[n] to satisfy the biorthogonality relation ¢;; = ¢, for arbitrary ¢, in
the absence of a channel. Proceeding as in the orthogonal case, it can be
shown that g[n] and h[n] are biorthogonal if

Z g[n — IM]h[n] cos (%m(n - a/2)> = §[l]6[m) (1.29)

K o

NE

gl + M/2 — IM]h[n] sin (%m(n - a/2)) —0  (1.30)

T

o

M8

g[n — IM]h[n + M/2]sin (%m(n—aﬂ)) =0 (1.31)

n;mg[n + M /2 — IM]h[n + M/2] cos (%m(n - a/2))
— 5[0]6[m]. (1.32)

As in the orthogonal case, g[n] is taken to be an even function satisfying

g[n] = gla+ (2r+1)M/2 —n] (1.33)
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with r€ Z and o € [0, M —1]. In Appendix C we show that for a given g[n]
the biorthogonal h[n] is the pseudo-inverse solution of one of the following
four equivalent linear systems of equations:

3 g[n—r%] h[n—r% —ZM] = 24l (1.34)

T=—0Q0

In the DZT domain (1.34) can be rewritten as

M (M/2)* M 1\ Sm/2) 1y _ 4
ZM/D (n,0)2,% (n,0) + Z{M/? <n,9— 5) z, (n,o— 5) =

(1.35)
The dual DZT domain version of (1.34) is given by
Y M e M 2
ZM (n,0) 2" (n,0) + 2™ (n— 7,9) zM (n— 50) =17
(1.36)
and finally in the frequency domain we have
1 AilG (e]'Qﬂ—(G—%)) H* (equr(o_ﬁ_%)) = o] (1.37)
M= o .

5.2 Computing the biorthogonal receiver prototype

Note that for a given g[n] (1.34)-(1.37) provide underdetermined linear sys-
tems of equations for the receiver pulse shaping filter h[n]. In the follow-
ing, we shall describe methods for computing the pseudo-inverse solution
of (1.34)-(1.37), which yields the biorthogonal receiver pulse shaping filter.
We shall only discuss the DZT-based calculation of h[n], since this provides
the most efficient method.

From Appendix C we know that

4z2M/P (n, 9)
2 9
M [|Z§M/2)(n70)|2 + ‘ZéMp) (n,0 — l)‘ ]

zZMP2) (n,6) = (1.38)

2

which shows that g[n] has a biorthogonal receiver filter only if it is invert-
ible, i.e.,

1 2

forn € [0,M—1]and @ € [0,1). Note that in the biorthogonal case, we are
free to choose an arbitrary symmetric transmitter pulse shaping filter g[n]
satisfying (1.39) with the corresponding biorthogonal receiver filter h[n]
being determined by (1.38). In practice, it is furthermore desirable to have
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compactly supported transmitter and receiver filters g[n] and h[n], respec-
tively. In the second paragraph of Appendix B it is shown that a compactly
supported transmitter pulse shaping filter g[n] has a compactly supported
biorthogonal receiver pulse shaping filter h[n] if and only if g[n] satisfies
(1.26), which implies that the class of compactly supported g[n] having a
compactly supported biorthogonal h[n] is rather restricted. One possibility
of satisfying (1.26) is to take g[n] compactly supported in an interval of
length M, in which case h[n] is supported in the same interval. If g[n] does
not satisfy (1.26), approximating the “true” biorthogonal ITR receiver fil-
ter by truncating h[n] in most cases yields a negligible reconstruction error.
The algorithm for computing the biorthogonal receiver pulse shaping filter
can now be summarized as follows:

e Perform zero-padding of the transmitter filter g[n]. (The length of
the resulting filter is denoted as Ly.)

e Compute the DZT of h[n] according to
4zZM/2E0m k]

MIZ§ PO, K2 + M |2 [,k - £
(1.40)

ZMP 0 k) =

27

where L, = %K

e Compute the inverse DZT to obtain the biorthogonal receiver filter
h[n].

Alternatively, h[n] can be computed using the dual DZT. The DZT-based
approach for the calculation of h[n] is computationally very attractive, since
it consists of FFTs (forward and inverse DZT) and divisions in the DZT
domain only.

5.8 Design Example

In this design example, we present a BFDM/OQAM system with M =
32 subchannels. The transmitter filter is a Gaussian of length 83. Note
that the Gaussian has optimum time-frequency localization and therefore
yields maximum dispersion robustness. We note that the transmitter pulse
shaping filter does not satisfy (1.26). Nevertheless, h[n] has sufficient decay
and can therefore be truncated (the length of the receiver filter is 143) at
the cost of a negligible reconstruction error. Figs. 7(a) and (b) show the
transmitter pulse shaping filter and Figs. 7(c) and (d) show the receiver
pulse shaping filter, respectively.

We finally note, that if the designer wants to impose restrictions on the
receiver pulse shaping filter as well, a biorthogonal pair {g[n], h[n]} can be
obtained by performing a constrained optimization under the biorthogo-
nality side constraint (1.34).
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Fig. 7. 32-channel BEDM/OQAM system: (a)-(b) transmitter filter,
(¢)-(d) receiver filter.

6 Conclusion

Time-frequency localization of OFDM pulse shaping filters is an important
issue in both time-varying and time-invariant environments. In this chap-
ter, we showed that OFDM/OQAM systems overcome a major drawback of
OFDM/QAM systems, namely the fact that time-frequency well-localized
pulse shaping filters are prohibited in the case of critical time-frequency
density, where spectral efficiency is maximal. More specifically, we showed
that for fixed pulse shaping filter quality OFDM/OQAM systems achieve
twice the spectral efficiency of OFDM/QAM systems. We provided gen-
eral orthogonality conditions for OFDM/OQAM systems, and we proposed
a computationally efficient design method for time-frequency well local-
ized orthogonal pulse shaping filters. Specifically, our new approach al-
lows the design of time-frequency well-localized filters of arbitrary length
(up to several thousand taps) and arbitrary overlapping factors. We fur-
thermore introduced biorthogonal frequency division multiplexing based
on OQAM and we showed that biorthogonality allows to significantly en-
hance the time-frequency localization of the transmitter pulse shaping fil-
ter, which in turn yields increased dispersion robustness and potentially
improves the overall system performance. Specifically, we demonstrated
that BEDM/OQAM schemes can use Gaussian transmit pulses with op-
timum time-frequency localization. We stress that the schemes discussed
in this paper do not make use of time-frequency guard regions like the
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CP. Thus, in general, the increased spectral efficiency comes at the cost of
more sophisticated equalization. Finally, we established relations between
Wilson and Gabor expansions and OFDM/OQAM showing that the de-
sign of OFDM/OQAM pulse shaping filters is equivalent to the design of
orthogonal Wilson bases or tight Gabor frames with oversampling factor 2.

Appendix A

We shall first prove the equivalence of (1.17) and (1.22). Inserting the DZT
inversion formula g[n] = fo (M/ 2) (n,0) df into (1.17) we obtain

Z / Z(M/z) (n—r— 9)d9/ Z(M/2) (n—r%—lM V)d

T=—00
= Mﬂl]v
which using the quasi-periodicity relation
Z(M/2) M _ —727rl z(M/2)
g n—r7,€ =e Z, (n,0)
yields

1
M/2 M/2 27216
/O Z{M/2) (n,0) Z8M/) (n, —9) €727 dp

= / ZM/2) (n, ) ZM/2) (n, —0)e*™° df i o[l —2s] = %5[1]. (1.41)

0 §=—00

i i
% z :1 E—]21r§l
=0

Since g[n] = g¢*[n] we have Z;M/2)(n, -0) = Z(M/2 (n,d), and conse-
quently (1.41) reduces to

/ UZ(M/2)(n 9) ‘ ‘Z(M/Q)(n 6 — 1/2)‘ ] 72718 g — %5[1]7

which is satisfied if and only if

4
28475 (1, 0)[2 +1 254/ (n, 0 — 1/2) = —.

Next we prove that (1.17) can be rewritten in the dual DZT domain as

(1.23). Inserting the inversion formula g[n] = fo Z(M) (n,8)do into (1.17)
we obtain

Z / Z(M (n —r 9) d0/ ZM (n - r% —IM, V> dv = —6[l]

T=—00
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Setting r — 2r+1¢ with ¢ = 0, 1 and using the quasi-periodicity of the dual
DZT, ie., Z5™ (n — IM,0) = e=32m9 Z{™) (n_0), we get

0o 1 1 1
>3 [ e (n_ﬂ,@ 2w (n_i%,y)

r=—o0 1=0

, , . 2
—j2nre —j27rv —j2wlv dodv = Sl
e e e v i [1],

which yields

2 2
7270 —
e do —M(S[l].

M
M .
Z‘g ) (n—l;,e)

11
>
This finally implies

2

M 2
M 2 M
|Zg( )(n,0)| +‘Z_(§ ) (n—?ﬂ) =_—.

Appendix B

The technique used to prove the results in this appendix has been used
previously in [47] in a related context.

We shall first show that a compactly supported initial filter g[n] yields a
compactly supported orthogonal filter g,[n] if and only if

2

|Z§M/2) (n’9)|2 + ‘ZéM/2) <n70 _ %) =cp, (1.42)

with arbitrary constants c,€ R. The proof is based on the observation that
the DZT of a compactly supported g[n] is a polynomial in /27 for all
n. Assume that g[n] is compactly supported and satisfies (1.42). It then
follows from (1.24) that Z2/%(n,6) = \/Af[—cZg(M/Z)(n,G) which is again
polynomial and hence g,[n] is compactly su;?ported. We shall next prove
necessity. Assume that both g[n] and g,[n] are compactly supported, i.e.,
both ngMﬂ)(n,O) and Zg(jwm)(n,é’) are polynomials in /2™, From (1.24)
it therefore follows that

2
Ven(®) = \/|Z§M/2’(n,e>\ + \25”’/2’ (n,o - %)

2

has to be a monomial in /2™ which implies that ¢, (#) has to be a mono-
mial in €27 Since ¢, (0) = ¢ (f) for all n, we must have ¢, (#) = ¢, with
some constants ¢, € R.
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We shall next show that a compactly supported g[n] has a compactly
supported biorthogonal h[n] if and only if (1.26) is satisfied. Sufficiency
is obvious. For the proof of necessity assume that both g[n] and h[n] are

compactly supported. This implies that both Zg(M/ 2) (n,0) and Z,(LM/ 2) (n,0)

are polynomials in /279 for all n. Obviously, this is possible only if ¢, (8) =
2 .

12587 (n, )2+ ‘Zg(Mﬂ) (n,0 — %) ‘ is a monomial in /2. However, since

cn(0) = ¢ (8) for all n, it follows that ¢,(6) = ¢,, which concludes the

proof.

Appendix C

In this appendix we show that for a given symmetric transmitter pulse
shaping filter g[n], the biorthogonal receiver pulse shaping filter h[n] is ob-
tained from the pseudo-inverse solution of one of the four equivalent linear
systems of equations (1.34)-(1.37). For the sake of clarity of presentation,
we shall work in the DZT domain. Rewriting (1.35) as

4

zi! (n,0)zy(n,0) = i (1.43)

T
with z,(n,0) = [ZéM/z) (n,8) ZSM (n,6 — %)] , the pseudo-inverse of
z4(n,0) in (1.43) is given by

2(1,6) = 202, (0 O) [ (1,0)7, (., O]

4Z{M/?) (n,0)

M| 1287 (n,0) 2+ | 2872 (n,0-4) |

- ) 4Z(M/2) (n,6-1) T
|2

o7

M/2 M/2
M (1272 (,0) 24| 2 (n.0-})

which implies
4zZM/2 (n, )
2
M (12§84, 0)2 + |25 (n,0 - )| ]

ZMP) (n,0) = (1.44)

Now, it follows from (1.44) that h[n] satisfies the same symmetry property
as g[n], i.e., h[n] = hla+ (2r + 1) M /2 — n]. We shall next show that choos-
ing h[n] according to (1.44) guarantees that the biorthogonality equations
(1.29)-(1.32) are satisfied. Setting n — n — & in (1.32), it follows that
(1.32) is equivalent to (1.29). Likewise, (1.31) is found to be equivalent to
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(1.30). Next, we rewrite (1.30) as
— M
Ly, [n+ v zM] hjn] &7 B m(n—a/2)

n=—oo

v

<h"9;‘11) 1, 1n>

Z [ +——1M] Bn] e Bminer) — o (1.45)

n——oo
v

~~

<h’g§li) 1 Tn>

where g [n] = g[n — 1] ei¥im(n—a/2) Tt follows from the symmetry of
g[n] and h[n] that (h, gé’li) 1 o =g hgf) 1 .m)- We shall next demonstrate
that (1.44) implies (g, AS? | m) = (N g, .m)» Which in turn shows that
d
(1.45) and hence (1.30) is satisfied. In order to prove that (g,hgl) Lm) =
(h, gé}izl’m> we make use of the unitarity of the DZT [27], which implies
that
(9 P51 ) = (879, 2807 ),

21 1,m

(21D Z(M/2)y

where the inner product is defined as

M/2 1
<ZQ(CM/2)’ZZSM/2)> _ / Z(M/?)(n g)Z(M/Z) (n,0)db.

Since Z(%)/m (n,0) = ef FFmin—a/2)g=j2m(2-1)(0-3 )Z,(LM/Q) (n,0 — %), we

21 1,m
have

M/2—1
(9., ) = Z / ZOM/2) (1, )¢9 Fm(n—a/2) g2r (1) (0~ %)

4Z§M/2> (n,0—2)
2 2
M |20 (n.6 = 5)[ 4287 (05 - ]

M/2-1

do

/1 4zM2(n,6)
2 2
0 M[‘ng/”(n,a)‘ + |z (n,@—%)”

eI m(n—a/2) gi2n(2I=1)(0=3) Z(M/2)" (n’g _ %) do

n=0

M/2-1

Z/ Z2(M/2) () py
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~

~~

M/2)*
Z((df ” (n,0)
21 1,m

2
where we have used the fact that the function c,(6) = ‘ZH(M/ 2)(n,0)| +

2
We are thus left with (1.29), which can be rewritten as

2
‘ ZM) (n,6 - l)‘ is L-periodic in 8 for all n.

l\DI>—‘

Z g[n —IM) h[n]e]Mm(” @/2)

+% Z [n — IM] hln] e~ 3™ =2/2) = §[]6[m].  (1.46)

n=—oo

Symmetry of g[n] and h[n] and (1.44) imply that the first term in (1.46) is

equal to
oo

(~1)"5 Y gln—IM]h[n] eI mmer),

n=—oo

which shows that (1.29) is satisfied for m odd. For m even (1.29) is satisfied
by choosing h[n] such that

i g[n — IM] hjn] e 7572 ™( =/ — §[115[m] (1.47)

n=-—0oo

holds. Now, using methods similar to those presented in Section 3 (see the
paragraph on orthogonal pulse shaping filters), it can be shown that (1.47)
is equivalent to (1.34)-(1.37). Since h[n] was taken to be the pseudo-inverse
solution of (1.35), it follows that (1.47) is satisfied, which establishes the
proof.
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