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Oversampled modulated filter
banks

Helmut Bolcskei and Franz Hlawatsch

ABSTRACT - Oversampled filter banks (FBs) offer increased design
freedom and noise immunity as compared to critically sampled FBs. Since
these advantages come at the cost of greater computational complexity,
oversampled FBs allowing an efficient implementation are of particular in-
terest. In this chapter, we discuss oversampled DFT FBs and oversampled
cosine modulated FBs (CMFBs) which allow efficient FFT- or DCT/DST-
based implementations. We provide conditions for perfect reconstruction
and a frame-theoretic analysis. We show that, concerning both perfect re-
construction properties and frame-theoretic properties, oversampled cosine
modulated filter banks are closely related to DFT filter banks with twice
the oversampling factor.

9.1 Introduction and outline

Oversampled filter banks (FBs) have recently been found to be attractive
due to their increased design freedom and improved noise immunity as com-
pared to critically sampled FBs [BHF96b, CV, BHF96a, BHF96c, Jan95a,
Vel93]. The increased design freedom corresponds to the nonuniqueness of
the synthesis FB satisfying perfect reconstruction (PR) for a given oversam-
pled analysis FB [BHF96b, BH97b]. The improved noise immunity corre-
sponds to the fact that oversampled FBs tend to have better frame bounds
[BHF96b, BHI7Db]. Furthermore, oversampled FBs permit the application
of noise shaping techniques by which considerable noise reduction can be
achieved [BH97b]. This makes oversampled FBs interesting for source cod-
ing applications with low-resolution quantizers in the subbands. The ben-
efits obtained from using low-resolution quantizers at the cost of increased
sample rate are indicated by the popular sigma-delta techniques [Gra87].
These advantages of oversampling come at the cost of increased com-
putational complexity caused by the need to process more subband signal
samples per unit of time. Therefore, oversampled FBs allowing efficient im-
plementations are of particular interest. Oversampled modulated FBs such
as DFT FBs (also known as complex modulated FBs) [CR83, BHF96c,
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Cve95b, BHF96b, CV] and cosine modulated FBs (CMFBs)[BH96¢, BHI7a]
allow efficient FFT- or DCT/DST-based implementations [CR83, BHI6b].
Here, CMFBs are advantageous as their subband signals are real-valued if
the input signal and the analysis prototype are real-valued.

In this chapter, we discuss oversampled DFT FBs and CMFBs using
results from the theory of frames [DS52, HW89, Dau92]. The application of
frame theory is based on the close relations (or even equivalences) between
modulated FBs on the one hand and Gabor expansions (Weyl-Heisenberg
frames) [Bas80b, Jan81, WR90, Jan95b, DLL95] and Wilson expansions
[DJJ91, FGW92, Aus94, BFGH96, BFGH97] on the other hand.

This chapter is organized as follows. In Section 2, we discuss oversampled
uniform FBs and their relation to frame theory, thereby establishing a
basis for our study of modulated FBs in subsequent sections. For a given
oversampled analysis FB, we parameterize all synthesis FBs providing PR.
We discuss a relation between the FB polyphase matrices and the frame
operator, and we find conditions for a FB to provide a frame expansion.

Section 3 considers oversampled DFT FBs and their relation to Weyl-
Heisenberg frames and Gabor expansions. We discuss PR conditions and
frame-theoretic properties, and we show that the theory of DFT FBs sim-
plifies considerably in the case of integer oversampling.

In Section 4, extending a recent classification of critically sampled CMFBs
[Gop96], we consider two classes of oversampled CMFBs. In particular,
the class of even-stacked CMFBs allows both PR/paraunitarity and linear
phase filters in all channels. We finally show that CMFBs are closely related
to PR DFT FBs with twice the oversampling factor.

9.2 Oversampled filter banks and frames

In this section we discuss (uniform) FBs in general, thereby establishing a
theoretical basis for our study of modulated FBs in Sections 3 and 4. We
extend the polyphase approach proposed in [Vet87, Vai87, Vai93, VK95]
for critically sampled (maximally decimated) FBs to the oversampled case
[BHF96a, BHF96b, CV, BHF96¢, Bén]. We furthermore introduce uniform
filter bank frames and establish their relation to FBs. Our discussion em-
phasizes PR and frame-theoretic properties of uniform FBs.

9.2.1 Uniform filter banks

We consider a FB with N channels (or subbands) and subsampling by the
integer factor M in each channel, as depicted in Fig. 9.2.1. The FB is as-
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FIGURE 9.2.1. N-channel uniform FB.

sumed to have PR with zero delay’, so that y[n] = z[n] where z[n] and y[n]
denote the input and reconstructed signal?, respectively. The impulse re-
sponses of the analysis and synthesis filters are respectively hy[n] and fi[n]
(k=0,1,..., N—1), with corresponding transfer functions (z-transforms®)
Hy(2) and F(2). The subband signals are given by

vg[m] = Z z[n] hg[mM —n], k=0,1,..,N-1, (9.2.1)

n=—oo
and the reconstructed signal is

o

y[n] = Z_ Z vg[m] fr[n — mM]. (9.2.2)

k=0 m=—o0

In a critically sampled (or mazimally decimated) FB we have N = M
and thus the subband signals vi[m] contain exactly as many samples (per
unit of time) as the input signal z[n]. In the oversampled case N > M, the
subband signals are redundant in that they contain more samples (per unit
of time) than the input signal z[n]. Finally, the undersampled case N < M
excludes PR.

The polyphase decomposition of the analysis filters Hy(z) reads

M-1
Hi(z) = Z 2" Eg n(2M), k=0,1,..,N-1,
n=0

1We note that our theory can easily be extended to nonzero delay.

2Signals are usually assumed to be in lz(Z), the space of square-summable functions
z[n], ie., |z]> = X5 _ . |z[n]|? < oo, with inner product (z,y) = Yo _ _ z[n]y*[n]
where * stands for complex conjugation.

3For example, Hy(z) = 3-° hg[n]z~".

n=—oo
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where

Ein(z Z hi[mM —n) 2~ k=0,1,..,N-1, n=0,1,.., M—1

m=—00

is the nth polyphase component of the kth analysis filter H(z). The N x
M analysis polyphase matriz E(z) is defined as [E(2)]k,n = Ek,n(2). The
synthesis filters Fj(z) can be similarly decomposed,

M-
Z " Ren(z™),  k=0,1,..,N-1,

with the synthesis polyphase components

Rin(2 Z folmM+n]z™™, k=0,1,..,N-1, n=0,1,...,M—1.

m=—0oQ

The M x N synthesis polyphase matriz R(z) is defined as [R(2)]nr =
Rk,n(z).

9.2.2  Uniform filter bank frames

FB analysis and synthesis can be interpreted as a signal expansion [VK95,
CV94, Vai93, BHF95]. The subband signals in (9.2.1) can be written as the
inner products

vp[m] = (, hy,m) with hg m[n] = hi[mM —n], k=0,1,..,N-1.

Furthermore, with (9.2.2) and the PR property y[n] = z[n], we have

n] = y[n] = Z Z (@, hiym) from[n]  with fim[n] = fuln —mM].

k=0 m=—oc

This shows that the FB corresponds to an expansion of the input signal
z[n] into the function set {fx,m[n]} with £ =0,1,..,N—1and —co <m <
oo. In general the set {fi,m[n]} is not orthogonal, so that the expansion
coefficients, i.e., the subband signals vi[m] = <x,hk,m>, are obtained by
projecting the signal z[n] onto a “dual” set of functions {hy,m,[n]}. Critically
sampled FBs correspond to orthogonal or biorthogonal signal expansions
[VH92], whereas oversampled FBs correspond to redundant (overcomplete)
expansions [VK95, BHF96b, CV, BHF96¢c, BHF96a].

The theory of frames [DS52, HW89, Dau92] is a powerful vehicle for the
study of redundant signal expansions. We will call the set {hy,m[n]} with
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hi,m[n] = hi[mM — n] a uniform filter bank frame (UFBF) for [*(Z) if

N—-1 oo
Aol < S Ko hem)? < Bllel? ¥ aln] € 2(Z) (9.2.3)
k=0 m=—o0
with the frame bounds A > 0 and B < oo. Note that the UFBF functions
hi,m[n] are generated by uniformly time-shifting the N (conjugated and
time-reversed) analysis filter impulse responses hj[—n]. The above frame
condition (9.2.3) can also be written as Al|z|* < (Sz,z) < B||z||?, where
S is the frame operator defined as

(Sz)[n] = Z_ Z (@, hieym ) P, [1)] - (9.2.4)

k=0 m=—o00

If (9.2.3) is satisfied, then the frame operator is a positive definite, linear
operator that maps [?(Z) onto I2(Z). The frame bounds A and B are the
infimum and supremum, respectively, of the eigenvalues of S [Dau92]; they
determine important numerical properties of the FB (see Section 9.2.6).

For analysis filters hg[n] such that {hj.,[n]} is a UFBF for [?(Z), a
particular PR synthesis set (the PR synthesis set with minimum norm) is
given by [HW89, Dau92]

frmn] = (8™ hiem)ln]

where S~! is the inverse frame operator. If the analysis set {hg,m[n]} is a
frame, then the synthesis set fim[n] = (S 'hg,m)[n] is also a frame (the
“dual” frame), with frame bounds A’ = 1/B and B’ = 1/A (note that
B'/A" = B/A) and frame operator §~'. This dual frame can be shown
to be again o UFBF [BHF96a, BHF96b], i.e., it is obtained by uniformly
time-shifting N functions fi[n],

fk,m[n] = fk[n - mM] .

The fi[n] are the synthesis filter impulse responses; they are derived from
the analysis filter impulse responses hy[n] according to*

filn] = (S he)n]  with hgln] = Bi[-n]. (9.2.5)

A frame s called snug if B'/A' = B/A =~ 1 and tight if B'/A' = B/A=1.
For a tight frame we have S = AT and 8" = A’ I (where I is the identity
operator on [?(Z)), and hence there is simply fi[n] = A’ hj[—n].

4There exists a basic difference between FB theory and frame theory: In FB theory
one usually specifies the analysis FB {hy[n]} and computes the corresponding synthesis
FB { fx[n]} for PR. In frame theory, however, the synthesis set { fx,m [n]} is often specified
and then the corresponding analysis set {hy,,[n]} is calculated. Since this chapter is
dealing with FBs, we shall here adopt the FB approach, i.e., assume knowledge of the
analysis filters hi[n] and calculate the synthesis filters fi[n].
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9.2.83 Frame operator and polyphase matrices

The connection between FBs and UFBFs is further expressed by the follow-
ing representation of the UFBF frame operator in terms of the polyphase
matrices of the corresponding FB. This result extends a similar result on
continuous-time Weyl-Heisenberg frames [ZZ93b, ZZ95).

Theorem 9.2.1 [BHF96a, BHFI6b] Consider u[n] = (Sz)[n] and z[n] =
(S™'w)[n], where S is the frame operator corresponding to a UFBF. Then,
the polyphase components Up(z) = > oo_ _ u[mM +n]z=™ of U(z) and
the polyphase components X, (2) = > o_ __zmM +n']2=™ of X(z) are
related as®

M-1
Un(z) = Z Spnr(2) Xp(z)  with Sy (2) = Ein(2) Bp e (2)

n'=0

M-1 N ~
Xo(z) = D 8 () Un(2)  with S} (2) = R (2) Rin(2),

n=0

2

ES
o
L o

=~
Il
o

or equivalently, the vectors x(z) = [Xo(2) X1(2) ... Xnm—1(2)]T and u(z) =
[Uo(2) Ur(2) ... Up—1(2)]T are related as®

u(z) = S(z)x(z) with  S(z) = E(2) E(2)
x(z) = S7'(2)u(2) with S7(2) = R(2) R(2).

Thus, the frame operator S is expressed in the polyphase domain by the
M x M UFBF matriz S(z) = E(z) E(2) defined in terms of the analysis
polyphase matrix E(z). Similarly, the inverse frame operator S~ ' is ex-
pressed by the M x M inverse UFBF matriz S™'(z) = R(z) R(z) defined
in terms of the synthesis polyphase matrix R(z).

Specializing to the unit circle (z = €/27%), it can be shown [BHF96a,
BHF96b] that the positive definite M x M matrices

S(ej27r9) — EH(ej21r0) E(ej27r0) and Sfl(ej27r9) — R(ej27r9) RH(ej27r9)

are matriz representations [NS82] of the frame operator S and the in-
verse frame operator S~!, respectively, with respect to the basis {bn,0[n']}
of 1?(Z) given by b, g[n'] = Y or 8[n' —n — mM]e2mar(n’=n) (p =

m=—0o0

5I~{k,n: (2) = Ry (1/2*) denotes the paraconjugate of Ry, ,,/(2) [Vai93].

6R(z) = R¥ (1/2*) denotes the paraconjugate of the matrix R(z) [Vai93].

"Here, 6[n] denotes the unit sample (6[0] = 1 and é[n] = 0 for n # 0). The
basis {b, g[n']} induces the polyphase representation on the unit circle, (x,b,9) =
Xn(ed270) = "% x[mM +n)e7270™  Equivalently, this is the Zak transform of

z[n] [Jan88, BHar]. Note that the functions b, g[n'] are not in I2(Z).
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0,1,...,M—1, 0 <6 < 1). A similar approach based on a matrix represen-
tation of the frame operator has been proposed in [RS95b] for the study
of shift-invariant function systems. Furthermore, in Chapter 1 of this book
Janssen presents an analysis of shift-invariant function systems based on
different representations of the FB analysis and synthesis operators.

It is known [NS82] that the eigenvalues of an operator and those of its
matrix representation are identical. Let A, (8) > 0 with n =0,1,...,M -1
denote the eigenvalues of the UFBF matrix S(e/2™) = E# (e/27%) E(e/%7?),
defined by the eigenequation S(e/2™%) e, () = \,,(9) e, (0) (n =0,1,..., M—
1,0 < 8 < 1). Then, any eigenvalue A, () is simultaneously an eigenvalue
of S. Conversely, any eigenvalue of S is simultaneously an eigenvalue of
S(e’27%). This means that the eigenanalysis of the frame operator S (a
matrix of infinite size) is equivalent to that of the UFBF matrix S(e/?"?)
(an M x M matrix indexed by a real-valued parameter § € [0,1)). Similarly,
the eigenvalues of the inverse frame operator S~ are equal to those of
the inverse UFBF matrix S~1(e/2™?) = R(e/2™%) RH (e727%), which will be
denoted X, (#) in the following. Since S(e/?™?) and S~ (e/?"Y) are positive
definite matrices, their eigenvalues are positive.

9.2.4 Perfect reconstruction property and design freedom

We shall now derive a PR condition for oversampled FBs and present
a parameterization of all synthesis FBs providing PR for a given over-
sampled analysis FB. Transforming the FB input-output relation y[n] =

iV:Bl oo oo (@, Bk ) fr,m[n] into the polyphase domain yields y(2) =

R(z) E(z) x(z). This gives the following result.

Theorem 9.2.2 [BHF96a, BHF96b] A FB satisfies the PR property
y[n] = z[n] if and only if

R(z)E(z) = Ly, (9.2.6)

where Lyr is the M x M identity matriz. In the critically sampled case (N =
M), R(z) is uniquely defined by (9.2.6) as [Vet87, Vai87, Vai93, VK95]

R(z) =E7'(2),

where we assumed rank{E(z)} = M almost everywhere so that E~1(z)
exists. In the oversampled case (N > M), R(z) is not uniquely deter-
mined: any solution of (9.2.6) can be written as [Kai80] (still assuming
rank {E(z)} = M almost everywhere)

R(z) = R(™(2) + P(2) [Iv - E() R™(2)] , (9.2.7)
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where R(™ (2) is the parapseudo-inverse of E(z), which is a particular
solution of (9.2.6) defined as

R () = [B(2)B()] R, (9.2.8)

and P(z) is an M x N matriz with arbitrary elements [P(2)]nr (0 =
0,1,... M—1,k=0,1,.... N—1) satisfying |[P(e/2™)], x| < 00.

We shall now discuss the above theorem. For critical sampling (N = M),
E(z) and R(%) are square (M x M) matrices and thus (9.2.6) has the unique
solution R(z) = E~1(z) [Vet87, Vai&7, Vai93, VK95]. In the oversampled
case (N > M), the matrices E(z) and R(z) are rectangular (N x M and
M x N, respectively) and thus the solution of (9.2.6) is not uniquely de-
termined; in fact, any left-inverse of E(z) is a valid solution. Expression
(9.2.7) is a parameterization of all left-inverses R(z) in terms of the M N
entries [P(2)],,r that can be chosen arbitrarily [BHF96b, BH97b]. The
nonuniqueness of the synthesis FB for given analysis FB in the oversam-
pled case entails a (desirable) freedom of design that does not exist in the
case of critical sampling. In either case, PR requires that E(z) has full rank.

The particular synthesis polyphase matrix given by the parapseudo-
inverse R(™(z2) = [E(z)E(z)TlE(z) corresponds to the synthesis filter
impulse responses f,gm) [n] provided by frame theory via (9.2.5), i.e., fi[n] =
™) = (S7Yhy)[n] with hx[n] = hi[—n], or in other words, {fim[n]}
is the UFBF that is dual to {hg,m[n]}. This frame-theoretic solution min-
imizes Eg:_ol || f&||* among all left-inverses or, equivalently, all PR synthe-
sis FBs (hence the superscript (™). We note that the relation between
pseudo-inverses and frames has been discussed in a more general context
in [Chr95a).

The parameterization (9.2.7) can be reformulated in the time domain as

o

filn] = £In] + peln] — Z >« (™, him) pmln],  (9:2.9)

=0 m=—oc0

where py,[n] is the impulse response of the filter with polyphase components

[P(2)lnks 10, Pel(2) = 05 2" [P(*)]n,k, and prm[n] = prfn — mM].
In the z-transform domain, (9.2.7) can be reformulated as

N-1

M—
Fi(z) = ™ (2) + Pi(z Z F™ (2 Wiy) lz Hy(zWi) Bi(2) |,
i=0 =0

where Wy = e 727/M_ Thus, all PR synthesis filters are parameterized
in terms of the N filters pg[n] < P(z) that can be chosen arbitrarily.
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Note that the frame-theoretic, minimum norm solution f,gm) [n] + F,gm) (2)
(corresponding to the particular synthesis polyphase matrix R(™(z) =
[E(2) E(z)] “'E(2)) is reobtained for py[n] = 0 or equivalently Py (z) = 0.
In the following we shall mainly use this minimum norm synthesis FB,
which will hereafter be denoted simply by {fx[n]} or R(z).

9.2.5 Frame property

Any synthesis FB of the form (9.2.7) satisfies PR, but it need not cor-
respond to a frame (i.e., UFBF). The frame property is desirable as it
guarantees a certain degree of numerical stability (see Subsection 9.2.6).

We shall now provide conditions under which a FB corresponds to a frame
(UFBF).

Theorem 9.2.3 [BHF96a, BHF96b] An oversampled or critically sampled
FB with BIBO stable® analysis filters hy[n] corresponds to a UFBF for
12(Z), i.e., the analysis set {hy,m[n]} is a UFBF for I1*(Z), if and only if
the analysis polyphase matriz E(2) has full rank on the unit circle, i.e.,

rank {E(e/*™)} = M for 0<0<1.

Since FIR (i.e., finite-length) filters are inherently BIBO stable, an over-
sampled or critically sampled FB with FIR analysis filters corresponds to
a UFBF for [2(Z) if and only if the analysis polyphase matrix E(z) has full
rank on the unit circle. This condition for the special case of FIR filters
has been found previously in [CV].

Alternatively, it can be shown that a FB corresponds to a UFBF for [?(Z)
if E(e72™%) has full rank for 0 < § < 1 and the Ej,(e/>™) are continuous
and bounded functions of § [BHF96a, BHF96b]. Yet another condition is
phrased in terms of the eigenvalues of the UFBF matrix S(e/2™%): It can be
shown [BHF96a, BHF96b] that an oversampled or critically sampled FB
corresponds to a UFBF for [2(Z) if and only if the eigenvalues \,(6) of
S(e/?™) = Ef (e5279) E(e72™?) satisfy®

ess inf An(0) > 0  and ess sup An(f) < 0.
9 €[0,1), n=0,1,...,M—1 0 €[0,1), n=0,1,..., M—1

If this condition is satisfied, then the (tightest possible) frame bounds are
given by

A= ess inf An(0), B= ess sup An(0) .
9€[0,1),n=0,1,...,M—1 6€0,1),n=0,1,...,M—1

8BIBO (bounded input bounded output) stability means that hgx[n] € 11(Z), i.e.,
> oo |hE[n]] < 00, for kK =0,1,..., N—1.
9ess inf and ess sup denote the essential infimum and essential supremum, respectively.
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Similarly, we have

A = ess inf AL(6), B' = ess sup AL (6),
9 €0,1),n=0,1,...,.M—1 9 €[0,1),n=0,1,....M—1

where X! () are the eigenvalues of S™!(e/2™) = R(e/27%) RH (e727). Note
that in practice the frame bounds have to be estimated by sampling S(e/27?)
on the unit circle and performing an eigenanalysis of S(ei2"%) for | =
0,1,...,L—1.Some comments on the quality of this approximate calculation
of frame bounds can be found for the FIR case in [Vel93].

The analysis UFBF {hy,,[n]} is tight if A = B or equivalently A’ = B'.
In this case, S= AT and S—' = LT [Dau92]. With (9.2.5), this implies that
the frame-theoretic (minimum norm) PR synthesis FB is fy[n] = 4 h}[-n]
or R(z) = & E(2). This is precisely the relation between the synthesis
and analysis filters in a paraunitary'® FB [Vai93]. In fact, a FB (oversam-
pled or critically sampled) corresponds to a tight UFBF for I12(Z) if and
only if it is paraunitary, i.e., S(z) = E(2) E(z) = AIy; the frame bound
is here A = [S(2)]n,n = iv:_ol Ey 1 (2) Ey,n(2) [BHF96a, BHF96b, CV].
The equivalence of tight Weyl-Heisenberg frames (an important subclass
of UFBFs) and paraunitary DFT FBs (cf. Section 9.3) has been noted
in [BHF95, Cve95b]. For the special case of FIR oversampled FBs, this
equivalence has been stated previously in [CV].

The following theorem describes a method for the derivation of a pa-
raunitary FB from a given nonparaunitary FB. This is an adaptation of a
method for the derivation of tight frames from nontight frames [Dau92].

Theorem 9.2.4 [BHF96a, BHF96b] Let E(z) and R(z) be the polyphase
matrices of a FB corresponding to a UFBF, and let the M x M matriz U(z)
be an invertible matriz defined by U?(2) = E(z) E(z) with U(z) = U(z).
Then the FB with analysis polyphase matriz

E® (2) = E(z) U™(2)

is paraunitary with frame bound A = 1, i.e., S®)(z) = E®) (2) EP)(z) =
Inr. The corresponding synthesis polyphase matriz is given by R®)(z) =
E®)(2).

9.2.6 Frame bounds and noise sensitivity
The frame bounds A and B or, equivalently, A’ = 1/B and B’ = 1/A

determine important numerical properties of the UFBF {hy, ,,[n]}, and thus

'0A FB is paraunitary [Vai93] if it satisfies PR and the analysis and synthesis filters
satisfy fx[n] o< h[—n]; this implies S(z) = E(z) E(z) o< I -
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also of the associated FB [Dau92]. Due to (9.2.3), the subband signals
vg[m] = <a:, hk,m> of a FB corresponding to a UFBF satisfy

N—-1 oo
Allzl> < 37 Y lwm]l® < Bllzl®  Valn] € P(Z)  (9:2.10)

k=0 m=—o0

with 0 < A < B < o0. This double inequality generalizes the energy
conservation equation 38 ' % |vg[m]|> = ||z]|? in orthogonal FBs
[CV94], which is reobtained for A = B = 1. It also shows that the subband
signals vg[m] are in [?(Z) if the input signal z[n] is in 1*(Z).

The frame bounds are related to the oversampling factor. It has been
shown for the FIR case in [Vel93] and for the general case in [BHF96a,

BHF96b] that the analysis filters of a FB corresponding to a UFBF satisfy
1 N1
2
A< M;Hhkll < B.

Assuming normalized analysis filters, ||hi||> =1 for k= 0,1,..., N—1, this
yields the following important relation between the frame bounds and the
oversampling factor N/M,

A< < B.

==

For a tight frame (paraunitary FB) where A = B, we obtain
N
A=B= 27 for lhel]?* = 1. (9.2.11)

Hence, the frame bounds of a tight frame (paraunitary FB) with normalized
analysis filters equal the oversampling factor N/M.

To show that the frame bounds characterize important numerical proper-
ties of a FB, we consider the subband signals vg[m] corresponding to input
signal z[n] and reconstructed signal y[n], and perturbed subband signals,
v [m] = vi[m]+ Avg[m], corresponding to input signal z'[n] = z[n]+ Az[n]
and reconstructed signal y'[n] = y[n] + Ay[n]. (In practice, the perturba-
tions Awvg[m] are usually caused by a quantization of the subband signals.)
Using the PR property, y[n] = z[n] and y'[n] = 2'[n], and the linearity of
FB analysis and synthesis, it follows from (9.2.10) that the energy of the re-
construction error Ay[n] = y'[n] —y[n] = z'[n] — z[n] is related to the frame
bounds A, B and the total energy [|Av||2 = Yn g S0___ |Avg[m][? of
the subband signal perturbations Awvg[m] as

Allayl? < [lAv]* < BlAy|?.
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With A’ = 1/B and B' = 1/A, this implies

Ay||?
AR
A< A <8

Hence, for given subband perturbation energy ||Av||?, the frame bounds
A" and B’ provide lower and upper bounds on the resulting reconstruction
error energy ||Ay||%. The reconstruction error energy is minimized by mak-
ing A’ as small as possible and B’ as close to A’ as possible. Thus it is
desirable to have A’ & B’ or equivalently A = B, i.e., a snug frame.

For a tight frame (paraunitary FB), we obtain with (9.2.11)

Ayl _ 1
1Al = WM’

i.e., the reconstruction error energy is inversely proportional to the over-
sampling factor. We note that a stochastic approach (assuming white un-
correlated noise added to the subband signals) leads to an analogous result
[BHI7Db]. Thus, oversampled FBs feature better noise immunity than crit-
ically sampled FBs which, in turn, allows a coarser quantization of the
subband signals. A similar result exists for oversampled A /D conversions,
where the mean squared error is inversely proportional to the oversampling
factor [CMH80, TV94]. The use of noise shaping techniques in oversampled
FBs can achieve a further reduction of the reconstruction error [BH97b].

9.3 Oversampled DFT filter banks

DFT FBs (also known as complex modulated FBs/) [CR83] are an impor-
tant class of uniform FBs that can be implemented very efficiently using
FFT-based methods [CR83]. In this section, we specialize the results of
Section 2 to DFT FBs. We apply the theory of Weyl-Heisenberg frames
[DGM86, Dau92, BW94] to FIR and IIR, oversampled DFT FBs [VarT79,
S187, CR83, Cve95b, BHF96¢|. Although the connection between DFT FBs
and signal expansions (short time Fourier transforms [Por80, NQ88] or Ga-
bor expansions [Bas80b, Jan81, WR90, Jan95b, DLL95)) is well established
[CR83, Vai93, PRV93], a frame-theoretic approach to DFT FBs has been
proposed only recently [Cve95b, BHF95, BHF96¢]|.

9.3.1 DFT filter banks and Weyl-Heisenberg sets

In the following we restrict our attention to even-stacked DFT FBs [CR83]
(odd-stacked DFT FBs will be briefly considered in Subsection 9.3.5). The
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analysis and synthesis filters of an even-stacked DFT FB with N chan-
nels and decimation factor M are derived from a single analysis prototype
filter h[n] « H(z) and a single synthesis prototype filter f[n] + F(z),
respectively, as

hi[n] = h[n) W™, fyln] = fIR] W™,  k=0,1,..,N-1
with Wy = e 727/N or equivalently as

Hyp(z) = HWE),  Fi(z)=FEWE), k=0,1,..,N—1.
The polyphase decomposition of the analysis prototype is given by

M-1 e8]
= Z 2" B (2M) with E.(z) = Z h[mM —n]z™™.
n=0

m=—0o0

Note that furthermore Ej,(z) = W E,(z W¥*), so that the analysis
polyphase matrix E(z) is fully determined by E,(2) (n = 0,1, ..., M —1).
Similarly, the polyphase decomposition of the synthesis prototype reads

M-1 [e8)
= Z 27" R, (2M) with R,.(z) = Z flmM +n]z"™,

and there is Ry, n(2) = W R, (2 WHF).
The input-output relation of the DFT FB is
N-1 oo
ulnl = > D (k) frmln] (9.3.1)

k=0 m=—cc

where the analysis and synthesis functions are the Weyl-Heisenberg (WH)
sets [Dau92] generated by h*[—n] and f[n], respectively,

hy, m[n] h*[mM ] W];k(n—mM) 7 fk,m[n] — f[n _ mM] WJ;k(n—mM)

with £ =0,1,..., N—1, —oo < m < o0.

9.3.2  Perfect reconstruction property and design freedom
If the PR property y[n] = z[n] is satisfied, then (9.3.1) becomes

oo

33["22 > (@ him) frmn].

k=0 m=-—o00
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Hence, a DFT FB with PR provides an expansion of the input signal
z[n] into the WH set fym[n] = fln — mM] Wy ™™™ This expansion
is known as the (discrete-time) Gabor expansion [WR90, BHar, Jan94a].
Thus, PR DFT FBs and Gabor expansions are mathematically equivalent
[PRV93, BHF95].

A DFT FB (oversampled or critically sampled) with analysis prototype
h[n] and synthesis prototype f[n] yields PR if and only if [CR83, WR90,
Jan94a)

N i fln—mM] hjmM —n +IN] = J[l].

m=—o00
Equivalently, in the frequency domain the PR condition reads

1 ¥=

M IF(ejzﬂ(ﬂ’N")) H(eﬂw(%%fﬁ ) = 4[].
m=0

Finally, setting % = g where P, @) are relatively prime (i.e., ged(P, Q) =1
with gcd(P, Q) denoting the greatest common divisor of P and @), the PR
condition in the polyphase domain is [Z2Z93b, Jan94a, Bas95]

%Rn(z) E,(z) =1, n=0,1,...,M—-1,
where the @ x P matrices R, (z) and the Px(@Q matrices E,(z) are defined
as"' [Rn(2)],, = Rnin(zWh) (k = 0,1,..,Q =1,1 = 0,1,...,P—1) and
[En(2)]},, = E, in(zWE) (k=0,1,..,P-1,1=0,1,..,Q—1).

From Subsection 9.2.4 we know that the synthesis FB yielding PR for a
given oversampled analysis FB is not uniquely determined. In (9.2.9), all
PR synthesis FBs were parameterized in terms of N filters pg[n] > Py(2).
In the special case of a DFT analysis FB, the minimum norm synthesis FB
{ f,gm) [n]} is always a DFT FB [BHF96c]; this follows immediately from the
fact that the dual frame of a WH frame is again a WH frame [Dau92] (cf.
Subsection 9.3.3). Thus we conclude that

™M) = fm Wk,

where f(™[n] = (§7'h)[n] with A[n] = h*[—n] is the minimum norm syn-
thesis prototype (cf. Subsection 9.3.3). In general, however, a PR synthesis
FB for a given oversampled analysis DFT FB need not have DFT struc-
ture, i.e., the fi[n] need not be modulated versions of a single prototype

11 Usually, the polyphase components are defined only for n = 0,1, ..., M—1. However,
using X, 410 (2) = 2! Xn(2), where Xn(2) = >2°__ __ z[mM + n]z~™, this definition
can be extended to arbitrary n € Z.
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f[n]. Li and Healy have shown in the context of WH frames [LH96] that
piln] = pln] WR*"

(with arbitrary p[n]) is a sufficient condition for the synthesis FB to have
DFT structure. With py[n] = p[n] Wx*", (9.2.9) yields

fln] = f™[n] + pn]

—Ni ™ n —IN] i himM —n + IN]p[n — mM]|, (9.3.2)

I=—00 m=—00

which is a parameterization of the synthesis prototype f[n] in terms of
the single filter p[n] that may be chosen arbitrarily. Note that the frame-
theoretic, minimum norm prototype f(™[n] is reobtained for p[n] = 0.

9.3.3 Frame-theoretic properties

A WH set {hy,m[n]} that is a frame (cf. (9.2.3)) is called a WH frame. The
dual frame can be shown to be again a WH frame [Dau92],

frmln] = fln = mMW 0,
with synthesis prototype f[n] given by
fIn] = f'[n] = (S71h)[n) with h[n] = h*[-n]. (9.3.3)

Here, S™' is again the inverse frame operator (cf. (9.2.4)). Among all syn-
thesis prototypes satisfying PR, (9.3.3) defines the synthesis prototype with
minimum energy (norm) [Jan94a].

We next provide time, frequency, and polyphase domain expressions for
the WH frame operator, and we formulate paraunitarity conditions in the
various domains. The Walnut representation [Wal92] of the WH frame op-
erator reads

(Sz)[n] = i z[n —IN] |N i h*[—n +mM]h[-n+mM +IN]| .

l=—00 m=—oo

(The inverse frame operator can be represented in a similar manner by
replacing h[n] with f*[—n].) Using this representation, it is seen that a
DFT FB is paraunitary, i.e., {hx,m[n]} is a tight frame for [?(Z) with frame
bound A, or equivalently S = AI, if and only if

N i h*[—n +mM]h[—n +mM +IN] = Ad[l].

m=—0o0
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In the frequency domain, the WH frame operator can be expressed as
(S’X) (Cal =
M-1

3 X(ej27r(9—ﬁ)) [% :Z;:H* (eﬂfr(a*%)) H(eﬂw(%%—ﬁ )],

=0

where § = FSF~! (with F denoting the Fourier transform operator) is
the frequency domain representation of S. (The inverse frame operator can
be represented in a similar manner by replacing H (e72™%) with F*(e/27?).)
Hence, the FB is paraunitary with frame bound A if and only if

1= x (_j2m(6—m2) j2m(g—m—L)
M,;)H(e N)H(e NM):A(S[Z].

In Subsection 9.2.3, it has been shown that the frame operator S of a
general UFBF can be represented in the polyphase domain by the M x M
UFBF matrix S(z) = E(z) E(z). For DFT FBs, the frame operator can
alternatively be represented in terms of M (often smaller) matrices of size
Q@ % @, where again % = g with ged(P, Q) = 1. As in Theorem 9.2.1, let
u[n] = (Sz)[n] and z[n] = (S~ 'u)[n], and define the polyphase components
Un(2) = Yo ulmM +n]z=™ and X,(2) = Y0  _ x[mM +n]z"™.
Then, the polyphase vectors u,(2) = [Un(2) Un—~(2) .. Un_(g-1)n(2)]"
and x,,(2) = [Xp(2) Xn-n~(2) ... Xn_(o-1)n(2)]" can be shown [ZZ93b,
Bon] to be related as

M

u,(2) = Sp(2)xn(?) with S, (2) = 0 E.(2)E,(2),
xn(2) = S;'(2)un(z) with S 1(2) = %Rn(z)f{n(z)

for n = 0,1,...,M —1. This representation of S in terms of M matrices
Sn(2) of size Q x @ is known in WH frame theory as the Zibulski-Zeevi
representation of the WH frame operator [ZZ93b, BHar]. In particular,
the inversion of the frame operator—which, in the general UFBF case,
requires the inversion of the M x M UFBF matrix S(z)—here reduces to
the inversion of M matrices of size () x ). It can easily be seen that the
DFT FB is paraunitary with frame bound A if and only if

Sn(z) =Alg for n=0,1,...M—1.

9.3.4 Integer oversampling

For integer oversampled DFT FBs (N = PM with P € N), it can be
shown [BHF96¢| that the UFBF matrix S(z) = E(z) E(z) is diagonal with
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diagonal elements [S(2)],,,, = An(2), where
=
An(z) = MY En(zWE) En(zWp), n=0,1,.,M—1.
r=0

In this case the Q) X @ matrices S, (z) reduce to scalars since @ = 1 and fur-

thermore S(z) = M diag{S, (2)} " or equivalently [S(2)],,,, = M Sx(z).
The eigenvalues of S(e27) follow from the frequency responses Ey(e/27%)

of the analysis prototype’s polyphase components according to

2

P—-1
— 2wy — j2m(0—5)
An(0) = An(e2™) = M g B (2= 8)),

Hence, it follows from Subsection 9.2.5 that an integer oversampled DFT
FB corresponds to a WH frame if and only if

ess inf An(e??™) > 0, ess sup Ap(e?™) < o0,
6 €[0,1),n=0,1,...,M—1 6 €[0,1),n=0,1,...,M—1

and that the (tightest possible) frame bounds are given by

A= ess inf Ay (e?™), B= ess sup A, (e7270).
0€[0,1),n=0,1,...,M—1 6 €[0,1), n=0,1,...,M—1

Note that the frequency responses E,(e/2™?) of the analysis prototype’s
polyphase components determine the frame bounds (important numerical
properties) of the FB. An integer oversampled DFT FB is paraunitary with
frame bound A if and only if

Ap(2)= A for n=0,1,...,M—1. (9.3.4)

With (9.2.8) it follows that the polyphase components of the minimum
norm synthesis prototype are given by

Thus, in the case of integer oversampling the synthesis prototype can be
calculated in the polyphase domain by simple divisions and the matrix
inversion in (9.2.8) is avoided.

According to Theorem 9.2.4, a paraunitary FB can be constructed by
factoring the matrix S(z) of an arbitrary FB corresponding to a frame. For
integer oversampled DFT FBs, this reduces to a factorization of polyno-
mials (FIR case) or rational functions (IIR case) in 2~!. Let E,(z) be the
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analysis polyphase components of an integer oversampled DFT FB corre-
sponding to a WH frame in [?(Z). Furthermore, let U, (z) be such that

v

Uz)=M 3 E,(2WE)E,(2W5) and  Un(2) =U,(2). (9.3.5)

r

Il
<

Then, the DFT FB with analysis polyphase components

En(2)
E® () = =22
is paraunitary with frame bound 4 = 1, i.e., E® (2) E®)(2) = I.
In the case of critical sampling (P = 1), we have

An(2) = M Ey(2) En(2), Mn(6) = An(e™) = M |En (™) 2

and the above relations simplify accordingly. In particular, (9.3.4) becomes
En(2) En(2) = = for n=0,1,...M -1,

or |E,(e/?™)|> = A/M, which means that the polyphase filters F,,(z) are
allpass filters. Thus, the design of a critically sampled paraunitary DFT
FB reduces to finding an arbitrary set of M allpass filters. Furthermore,
(9.3.5) simplifies to U2(z) = M Ep(2) En(2).

For P = 2, a paraunitary DFT FB can be constructed by choosing
polyphase filters satisfying the power symmetry conditions [Vai93]

E,(2)E,(2) + En(—2) E (—2) = — for n=0,1,...,M—1.

In [SV86, Vet87] it has been shown that for critical sampling, a DFT FB
with FIR filters in both the analysis and the synthesis section is possible
only if all the polyphase filters are pure delays. In the oversampled case this
restriction is relaxed. A necessary and sufficient condition for a FB to have
FIR analysis and FIR minimum norm synthesis filters is det[E(2)E(z)] = C
with C' # 0 [CV]. For an integer oversampled DFT FB, E(2)E(2) is a
diagonal matrix and thus the condition reads

B M-1 . M-1 P-1 ~
det[B(2)E(2)]= [[ BR)E@)nn= [[ [MD_ E.(zWp)En(zWp)|=C.
n=0 n=0 r=0

For example, for P = 2 the above condition can be satisfied by choosing the
polyphase filters Fy(z) and E;(z) such that the power symmetry conditions

En(2) En(2) + En(=2) En(=2) = C,, n=0,1
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hold with some C),. These polyphase filters are not necessarily pure delays.

In the general case (i.e., general oversampling) the UFBF matrix S(z) is
not diagonal. However, by imposing restrictions on the length or bandwidth
of h[n], it is nevertheless possible to obtain simple expressions for the frame
bounds and for the synthesis prototype (see [BHF96¢]).

9.3.5 Odd-stacked DFT filter banks

The distinction between even-stacked and odd-stacked DFT FBs has been
introduced in [NP78]. For even-stacked DFT FBs (considered so far) the
subbands are centered about frequencies 8, = % (k=0,1,..,N—1); in
particular, the subband corresponding to frequency index k& = 0 is centered
about 8y = 0. For odd-stacked DFT FBs the subbands are centered about
frequencies 0, = k+]\1,/ 2 (k = 0,1,..., N—1); in particular, the subband
corresponding to frequency index k = 0 is centered about 6y = ﬁ

The impulse responses and transfer functions of the analysis and syn-
thesis filters in an odd-stacked DFT FB with NV channels and decimation
factor M are given by

hi[n] = h[n) Wy kT2 fuln] = fln) Wikt /2m,
Hi(z) = HzWE/?) Fi(z) = F(zWkH/?)
(k=0,1,...,N—1), and the corresponding polyphase components are
Epn(z) = W¥H/2ng, (ijywﬂ/a))
Rin(z) = Wy R, (w12,

The FB’s input-output relation is (9.3.1) with analysis functions hg m,[n]
and synthesis functions fi ,[n] given by
himln] = W [mM — ] Wy /2 0o
fk,m[n] _ f[’l’L _ mM] W[;(k-i—l/Z)(n—mM) )
It can be shown that an odd-stacked DFT FB with prototypes h[n] and
f[n] is PR or paraunitary if and only if the associated even-stacked DFT
FB with the same prototypes is PR or paraunitary, respectively. Thus, the

PR and paraunitarity conditions provided for even-stacked DFT FBs in
Subsections 9.3.2-9.3.4 are also applicable to odd-stacked DFT FBs.

9.3.6 Simulation results

Fig. 9.3.1(a) shows an analysis prototype in a DFT FB with N = 64 and
M = 8 (oversampling factor P = 8). The corresponding minimum norm
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FIGURE 9.3.1. 64-channel DFT FB with oversampling factor P = 8: Transfer
function magnitude of (a) analysis prototype, (b) minimum norm PR synthesis
prototype, (c) PR synthesis prototype with improved frequency selectivity, and
(d) “random” PR synthesis prototype.

PR synthesis prototype, depicted in Fig. 9.3.1(b), is seen to have poor
frequency selectivity!'2. In Fig. 9.3.1(c) a PR synthesis prototype with im-
proved frequency selectivity is shown. Finally, Fig. 9.3.1(d) shows a PR
synthesis prototype which was obtained by a random choice of the pa-
rameter function p[n] in (9.3.2). This variety of quite different synthesis
prototypes—all satisfying PR—demonstrates the extent of design freedom
existing for oversampling factors as high as 8.

9.4 Oversampled cosine modulated filter banks

Cosine modulated FBs (CMFBs) are often preferred over DFT FBs since
their subband signals are real-valued if the input signal and the anal-
ysis prototype are real-valued. It seems that so far only critically sam-
pled CMFBs have been considered in the literature [Mal92, Rot83, Chu85,
KV92, RT91, GB95, NK96, Vai93, Gop96, VK95, LV95]. This section in-
troduces and studies oversampled CMFBs. We note that CMFBs can be
efficiently implemented using the DCT and DST [Mal92, Vai93, VK95,

12Frequency selectivity of the synthesis filters is important in image coding applica-
tions where high frequency components are often coarsely quantized. It is here important
that the resulting quantization error does not affect low frequency components, which
would cause perceptually annoying artifacts in the reconstructed image.



9. Oversampled modulated filter banks 315

Gop96, BHI6D).

9.4.1 Odd-stacked cosine modulated filter banks

We first extend the conventional type of CMFBs [Mal92, Rot83, Chu85,
KV92, RT91, GB95, NK96, Vai93, VK95] to the oversampled case [BH97a,
BH96¢]. For critical sampling, these CMFBs have been termed “class B
CMFBs” in [Gop96]; however, we shall here call them “odd-stacked” due
to their close relation to odd-stacked DFT FBs (see Subsection 9.4.3).

In the general case with N channels and decimation factor M (note that
the CMFB is oversampled for N > M), the analysis and synthesis filters
of an odd-stacked CMFB are derived from an analysis prototype h[n] and
a synthesis prototype f[n], respectively, as'?

hg"’[n] = V2 hin] cos(%n + qbz) , (94.1)
0] = V2 fln] cos(%n - qﬁz) (9.4.2)

for kK = 0,1,..., N —1. Extending the phase definition given for critical
sampling (N = M) by Gopinath and Burrus [GB95] to the oversampled
case, we define the phases ¢}, as

o 0 (ke rT Wi
= azN(k+2>+r2 with a € Z, r € {0,1}.
The choice r =1 corresponds to replacing the cos in (9.4.1) and (9.4.2) by
—sin and sin, respectively. The above phase expression contains the phases
proposed in [Chu85, Rot83, Mal90a, RT91, KV92] as special cases.

The transfer functions of the analysis filters are

HE(2) = % [H (Wi 17) €99 4 H (W5 {412 eidi]
for kK =0,1,..., N —1. A similar expression exists for the transfer functions
of the synthesis filters. Note that the channel frequencies in an odd-stacked
CMFB are 0, = ngj1v/2’ as depicted in Fig. 9.4.1(a). In particular, the
channel with index k& = 0 is centered at frequency 6y = ﬁ.

An important disadvantage of odd-stacked CMFBs is that the channel
filters do not have linear phase even if the prototypes have linear phase
[Gop96]. (Linear phase filters are especially important in image coding
applications [MS74].)

13The superscripts C-o and C-e indicate that the respective quantity belongs to an
odd- and even-stacked CMFB, respectively.
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FIGURE 9.4.1. Transfer functions of the channel filters in (a) an N-channel
odd-stacked CMFB and (b) a 2N-channel even-stacked CMFB.

9.4.2 FEven-stacked cosine modulated filter banks

We next generalize the “class A” CMFBs recently proposed for critical
sampling by Gopinath [Gop96] to the oversampled case [BH96c, BH96b,
BH97a]. We call this CMFB type “even-stacked” due to its close relation
to even-stacked DFT FBs (see Subsection 9.4.3). The CMFBs recently in-
troduced (for critical sampling) by Lin and Vaidyanathan [LV95] and the
recently proposed Wilson FBs [BH96c, BH97a] (corresponding to the dis-
crete-time Wilson expansion [BFGH96]) are special even-stacked CMFBs.

The analysis FB in an even-stacked CMFB with 2N channels and dec-
imation factor 2M (the CMFB is oversampled for N > M) consists of
two partial FBs {h{®[n]}r—0, ,~ and {hg‘e'[n]}k:h__,gv_l derived from an
analysis prototype h[n] as [BH96¢c, BHI6b, BH97a]

hin—rM], k=0
RS C[n] = < V2hn) cos(¥rn +¢2), k=1,.,N-1
hln — sM](-1)"*M k=N

ka

ol
hg o] -

V2 h[n—M] sin( (n—M) + ¢z), k=1,.,N—1.

Similarly, the synthesis FB consists of two partial FBs {fC°[n]}k=o,.. N
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and { f,?‘e'[n]}k:17..7 ~—1 defined in terms of a synthesis prototype f[n] as

fln+rM], k=0

el = <V2fn]cos(Bn—¢3), k=1,.,N—-1
fln+sM] (~1)7+M, = N
7S] = V2 f[n+M] sin(’%(n-{-M) - ¢z>, k=1,.,N-1.

Here, extending the phase definition given for critical sampling in [Gop96],
we define the phases as

e — o il i .
@5 = a2Nk+r2 with a € Z, r € {0,1};

furthermore, s € {0,1} with s = r for o even and s = 1 — r for o odd.
The transfer functions of the analysis filters are

2™ H(z), k=0

H(2) = 5 [H(zW3y) el + H(zW;¥)e 9], k=1,.N-1
2 MH(-2), k=N
M
HE®'(2) = Z [H(zwa)eMi — HW) e—f¢i] , k=1,.,N-1.
iv2

Similar expressions exist for the transfer functions of the synthesis filters.
Note that an even-stacked CMFB has 2N channels but there are only N +1
different channel frequencies 6, = 5% (k = 0,..., N), as depicted in Fig.
9.4.1(b). In particular, the k¥ = 0 channel is centered at frequency 6o = 0.
For any choice of the parameters a € Z and r € {0, 1}, all analysis filters
have linear phase if the analysis prototype h[n] satisfies the linear phase
(symmetry) property hla+ (21 —1)N —n] = h[n] for some | € Z. Similarly,
all synthesis filters have linear phase if the synthesis prototype satisfies
fl[—a— (2l —1)N —n] = f[n] for some ! € Z. This linear phase property of
even-stacked CMFBs is an important advantage over odd-stacked CMFBs.
For the special case of critical sampling the linear phase property of even-
stacked (class A) CMFBs has first been recognized by Gopinath [Gop96].

9.4.3 Perfect reconstruction property

Our discussion of the PR property for CMFBs will be based on an im-
portant relation between any CMFB and a corresponding DFT FB of the
same stacking type but with twice the CMFB’s oversampling factor. This
relation is epitomized by the following fundamental decomposition of the
reconstructed signal y[n] in a CMFB.
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Theorem 9.4.1 [BH96b, BH96c, BH97a] The reconstructed signal in a
CMFB (odd- or even-stacked, oversampled or critically sampled) can be
decomposed as'*

i) = 3 [(S872)[n) + (T8 n]]. 0.43)

Here, Sgl’f) is the input-output operator of a DFT FB with 2N channels
and decimation factor M,

2N-1 oo

(Soa)m = 3" S (w R, R,

k=0 m=—o0

and Tl()h’f) s given by

2N-1 oo

(T(hf) Z Z e]w’“cm a: h >f,]cyr [n],

k=0 m=—o0

where for an odd-stacked CMFB h],am[n] = h*[mM —n] ngé’““/”(”‘mM),
TRl) = Sl = mM] Wy 200, O] = [yl fx =

k,m
%, and ¢y = 1, and for an even-stacked CMFB hy [n] = h*[mM —
Wy ", fRln] = fln = mMIWo T, L) = ],
ok = ¢%, and ¢y = (—1)™.

We emphasize that the first component, (S](Dh of )x) [n], is the output signal
of a DFT FB of the same stacking type as the CMFB but with 2NV chan-
nels and decimation factor M, i.e., with twice the oversampling factor (cf.
(9.3.1) with N replaced by 2N). Time, frequency, and polyphase domain
expressions of the operators S](Dh /) and TI()h /) are provided in [BHI96D).

The above decomposition is the basis for the following fundamental PR
condition.

Theorem 9.4.2 [BH96b, BH96c, BH97a] A CMFB (odd- or even-stacked,
oversampled or critically sampled) satisfies the PR property y[n] = z[n] if

and only if

Sy —or  and T =0,

where I and O denote the identity and zero operator, respectively, on 1?(Z).

If the second PR condition, T(h = = O, is satisfied, the CMFB’s input-
output relation (9.4.3) reduces to y[n] = 3 (S](Dh ) z)[n], which is (up to

14The subscript or superscript D indicates that the respective quantity belongs to a
DFT FB.
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the constant factor 1/2) the input-output relation of a DFT FB with 2N
channels and decimation factor M. This DFT FB is odd-stacked (even-
stacked) for an odd-stacked (even-stacked) CMFB. Thus, we conclude that
any CMFB with PR corresponds to a PR DFT FB of the same stacking
type and with twice the oversampling factor. In view of this correspon-
dence, it is not surprising that the first PR condition, S](Dh f = aris (up to
the constant factor 2) the PR condition for a DFT FB with 2N channels
and decimation factor M. This PR condition is the same for odd-stacked
and even-stacked CMFBs (cf. the explicit time, frequency, and polyphase
domain formulations in Subsection 9.3.2). Furthermore, explicit time, fre-
quency, and polyphase domain formulations of the second PR condition,
Tl(jh ) = 0, are provided in [BH96b]. We note that the idea of construct-
ing CMFBs from DFT FBs has been previously used in the case of critical
sampling and near-PR (see for example [Vai93]).

9.4.4 Frame-theoretic properties

The frame operator S¢ of a CMFB is given by

(Scz)n] = Z Z <$h g,m[n]’

k=0 m=—oco0
where in the odd-stacked case N' = N—1 and
hizmln] = b [mM —n],
and in the even-stacked case N' = N and!®
W ] = {hg:equM —n], m=2u, k=0,1,.. N
hiy ¢ [2uM —n], m=2p—1, k=1,2,..,N—1.

Our frame-theoretic analysis of CMFBs will be based on the following fun-
damental decomposition of the CMFB frame operator.

Theorem 9.4.3 [BH96b, BH97a] The frame operator of a CMFB (odd-
or even-stacked, oversampled or critically sampled) can be decomposed as

1
Sc = 5 (SD + TD) . (9.4.4)

15N0te that in the even-stacked case no analysis functions hc "m[n] exist for k = 0,

=2u—1and k= N, m = 2 — 1. Furthermore note that for the sake of simplicity we
here choose an indexing of the analysis functions hk, [n] of even-stacked CMFBs that
is not strictly consistent with the UFBF format in Subsection 9.2.2.
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Here, Sp is the frame operator of a DFT FB with 2N channels and deci-
mation factor M,

Spa)nl = Y Do (@) omlnl,

and Tp is given by

2N—-1 oo

(Tox)n] = > Y €*%cp (z,hy ) T [n],

k=0 m=-—o0
with hy . [n], h?;n [n], ¢k, and cy, as defined in Theorem 9.4.1.

We emphasize that Sp is the frame operator of a DFT FB of the same
stacking type as the CMFB but with 2N channels and decimation factor
M, ie., with twice the oversampling factor of the CMFB. Furthermore,
Sp = Sgb’h) and Tp = Tl(jh’h) with A[n] = h*[—n] (cf. Theorem 9.4.1).

Based on the above decomposition it can be shown [BH96b, BH97a]
that, under the condition T'p = O, the CMFB inherits the frame-theoretic
properties of the corresponding DFT FB.

Theorem 9.4.4 [BH96b, BH97a] Let h[n] and f[n] denote the analysis
and synthesis prototype, respectively, in an odd-stacked CMFB with N
channels and decimation factor M, or in an even-stacked CMFB with 2N
channels and decimation factor 2M. Let h[n] be such that'® {hp, [n]} is a

frame for 12(Z), i.e.,
Apllz|]> < (Sp=,z) < Bpl|=|? Y z[n] € I*(Z) .

Furthermore, let h[n] be such that Tp = O. Then, the following holds:
(i) The CMFB analysis functions {hgm[n]} are a frame for 1?(Z) with
frame bounds Ac = Ap/2 and Bc = Bp/2, i.e.,

A
Fllell” < (Sca,z) < 7D|| o V] € 2(2).

(zz) For f[n] = 2(Sp )[n] with h[n] = h*[—n)], the synthesis CMFB
{fFn]} constructed from fln] is the PR synthesis CMFB with minimum
norm filters.

The following interpretations and conclusions apply for Tp = O.

16Note that the hD mIn] are differently defined for odd-stacked and even-stacked
CMFBs (see Theorem 9.4, 1).
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e Eq. (9.4.4) implies Sc¢ = 1Sp, which means that the CMFB frame
operator reduces to the frame operator of the corresponding DFT
FB. Since (Sp'h)[n] is the minimum-norm synthesis prototype of
the corresponding DFT FB [BHF96¢|, the minimum norm PR syn-
thesis prototype in the CMFB, f[n] = 2 (Sp'h)[n], is equal (up to a
constant factor) to the minimum norm PR synthesis prototype in the
corresponding DFT FB. Thus, for Tp = O the design of a CMFB
reduces to that of a DFT FB of the same stacking type and with
twice the oversampling factor.

e The CMFB frame bounds Ac = Ap/2 and Bc = Bp/2 are trivially
related to the frame bounds Ap and Bp of the corresponding DFT
FB. Since Bo/Ac = Bp/Ap, the CMFB inherits important numerical
properties (noise sensitivity [BH97b]) of the corresponding DFT FB
even though it has just half the oversampling factor of the DFT FB.
This is remarkable, since usually a decrease of redundancy leads to a
deterioration of the numerical properties of a frame.

e In particular, if the DFT FB is paraunitary (Ap = Bp), then the
corresponding CMFB is paraunitary as well (Ac = Bg)-

All of these results hinge on the condition Tp = O. Time, frequency,
and polyphase domain versions of this condition are provided in [BH96b).
Furthermore, for odd-stacked CMFBs with arbitrary integer oversampling
factor P, and for even-stacked CMFBs with odd P, the symmetry property

hla+ (20 +1)PM —n] = hjn] (with somel € Z) (9.4.5)

can be shown to be a sufficient condition for Tp = O [BH96b, BH96¢,
BH97a]. This condition implies that h[n] has linear phase. Thus, PR (with
linear phase filters in the case of an even-stacked CMFB) is achieved by
choosing h[n] according to (9.4.5) and f[n] = 2 (Sp'h)[n]. In particular,
the CMFB will be paraunitary with frame bound A =1 if Sp = 21.

9.5 Conclusion

Oversampled filter banks (FBs) have several attractive properties such as
increased design freedom and numerical stability. In this chapter, we stud-
ied oversampled uniform FBs using a frame-theoretic approach. Special at-
tention has been given to DFT FBs and cosine modulated FBs (CMFBs),
which are practically important due to the existence of efficient implemen-
tations. Our analysis has emphasized perfect reconstruction and frame-
theoretic properties. Among other results, we showed that oversampled
even-stacked CMFBs allow perfect reconstruction and paraunitarity as well
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as linear phase filters in all the channels, and that CMFBs can be derived
from DFT FBs with twice the oversampling factor.
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