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Abstract-Orthogonal frequency division multiplexing 
(OFDM) is a promising technique for high data-rate trans- 
mission over wireless channels. In general, wireless chan- 
nels are time-frequency dispersive. The performance of wire- 
less OFDM therefore depends critically on the time-frequency 
localization of the pulse shaping filter used. It has been 
pointed out in [l] that OFDM systems based on offset QAM 
(OFDM/OQAM) bypass a major disadvantage of OFDM 
schemes based on ordinary QAM, namely the fact that well- 
localized pulse shaping filters are prohibited in the case of a 
critical time-frequency grid where spectral efficiency is maxi- 
mal. In this paper, we derive general orthogonality conditions 
for OFDM/OQAM systems and we propose efficient (FFT- 
based) design procedures for time-frequency well-localized 
OFDM/OQAM pulse shaping filters with arbitrary length and 
arbitrary overlapping factors. Finally, we present design ex- 
amples. 

1 INTRODUCTION AND OUTLINE 
Orthogonal frequency division multiplexing (OFDM) 

[2]-[10],[1] has meanwhile become part of several telecom- 
munications standards, such as the European standard 
for terrestrial Digital Audio Broadcasting (DAB), and 
asymmetric digital subscriber line (ADSL) for high-bit- 
rate digital subscriber services on twisted-pair channels. 
It is furthermore under investigation for digital terres- 
trial TV broadcasting [ll]. Important features of OFDM 
systems include high spectral efficiency and immunity to 
multipath fading and impulse noise. 

Recently, there has been increased interest in wireless 
OFDM. In general, wireless channels (such as the mobile 
radio channel for example) may be modeled as a linear 
time-varying filter [12, . Consequently, transmission 
over wireless channels be subject to time-frequency 
dispersion. In OFDM systems time-frequency dispersion 
causes a loss of orthogonality between the transmitted 

Since the error resulting from channel dis- 
L%%!!epends critically on the time-frequency local- 
ization of the transmitter basis functions, optimum de- 
sign of OFDM pulse shaping filters is an important topic 
[2,9,1]. OFDM systems employing QAM (OFDM/QAM) 
prohibit well-localized basis functions in the case of crit- 
ical time-frequency density (i.e. maximum spectral effi- 
ciency [14, 9, 11). In signal processing this phenomenon 
is known as Balian-Low theorem [15]. Two approaches to 
circumvent this problem have been suggested in the past 
[l, 14, 16, 171. However, both methods result in a loss of 
spectral efficiency, which is undesirable in high data-rate 
applications. 

. 

In [l] it has been pointed out that OFDM systems 
based on offset QAM OFDM/OQAM) [3, 2, 18, 191 al- 

the case of critical time-frequency density (i.e. mzxi- 
mum spectral efficiency). For high data-rate applications 
OFDM/OQAM therefore seems to be an attractive alter- 
native to OFDM/QAM. 

Our research was motivated by the need for efficient 
systematic design procedures for time-frequency well- 
localized discrete-time OFDM/OQAM pulse shaping fil- 
ters. In this paper, we partly build on the work reported 
in [20]. Our main contributions are summarized below: 

We derive eneral orthogonality conditions for 
OFDM/OQA% pulse shaping filters including 
discrete-time versions of the conditions found pre- 
viously in [20, 2, 3, 91 as special cases. 

0 We provide computationally efficient (FFT-based) 
methods for the desi n of time-frequency well- 
localized discrete-time dFDM/OQAM pulse shaping 
filters with arbitrary length (up to several thousand 
taps) and arbitrary overlapping factors. 

This paper is organized as follows. Section 2 discusses 
the tradeoff between dispersion robustness and spectral 
efficiency arising in OFDM/QAM systems and motivates 
the use of OFDM/OQAM. Section 3 provides general or- 
thogonality conditions for OFDM/OQAM pulse shaping 
filters. In Section 4 we introduce an FFT-based orthogo- 
nalization approach for the desi n of time-frequency well- 
localized pulse shapin filters. finally, Section 5 provides 
design examples, and %ection 6 concludes the paper. 

low time-frequency we1 \ -localized basis functions even in 

2 SPECTRAL EFFICIENCY A N D  DISPERSION 
ROBUSTNESS I N  OFDM SYSTEMS 

The baseband equivalent of an OFDM/QAM system is 
given by the sum of M parallel pulse shaped channels with 
the subchannel filters obtained by complex modulations 
of a pulse shaping filter g( t ) .  The transmitted signal can 
therefore be written as 

M-1 M 

j 2 7 r k F ( t - l T )  z( t )  = Ck,l g( t  - IT) e , 
k=O l=-m 

where T is the symbol duration, F denotes the subcarrier 
spacing, M is the number of subcarriers, and Ck,l  ( k  = 
0,1,  ..., M - 1, 1 E Z) denotes the complex-valued data 
symbols. 
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Spectral efficiency. Ik has been shown in 1, 141 that 

13 bit/s 

the spectral efficiency of an OFDM system can 6 e approx- 

']=w [TI' 
imated by 

(1) 

where /3 is the number of bits per symbol. The spectral 
efficiency q is therefore inaximized if the time-frequency 
density is critical', i.e., 3°F = 1. 

Time-frequency localization and dispersion ro- 
bustness. The 0FDR.I transmit signal x ( t )  is given 
by a linear combination of the basis functions gk,l(t) = 
g ( t  - 2T)ej2akF(t--1T) ( I C  = 0 ,1 ,  ..., M - 1, 1 E Z). If the 
g k , l  ( t )  constitute an orthogonal basis, demodulation is ac- 
complished by projecting the received signal onto the ba- 
sis functions gk,l(t), i.e., c k ~  = (x, g k , l ) ,  where &,I denotes 
the reconstructed data symbols. In the case of a perfect 
channel orthogonality between the basis functions guar- 
antees intersymbol interference (IS1)-free and intercarrier 
interference (IC1)-free tr,ansmission, i.e., &,I = C ~ J .  How- 
ever, if the channel is time-frequency dispersive such as 
the mobile radio channel for example [12, 131, good time- 
frequency localization of the basis functions is necessary in 
order to avoid the symbol energy "spreading out" and per- 
turbing neighboring symbols in the time-frequency plane. 
In general, there will be both IS1 and IC1 due to the lack 
of orthogonality between the perturbed transmitter ba- 
sis functions and the receiver basis functions [l]. The 
amount of the resulting interference depends critically on 
the time-frequency localization of the transmitter basis 
functions. OFDM systems employing a cyclic prefix (CP) 
[5] use a rectangular g ( t )  which has poor frequency lo- 
calization and therefore causes severe IC1 in the case of 
frequency-dispersive channels. Furthermore, due to the 
CP we have T F  > 1 with the exact value of T F  depend- 
ing on the length of the CP. Therefore, according to (1) 
the use of a CP leads to reduced spectral efficiency. 

Spectral efficiency versus time-frequency local- 
ization. It is well known from the theory of Weyl- 
Heisenberg frames [15, 211 that well-localized (orthogo- 
nal or biorthogonal) basis functions gk , l  ( t )  are possible 
only if T F  > 1. More specifically, it can be shown that 
a function g( t )  generating an orthogonal or biorthogo- 
nal basis { g k , l ( t ) }  for T F  = 1 can not have finite time- 
and frequency dispersion (i.e. finite second moments) 
115, 211. A recent proposal of a time-frequency well- 
localized OFDM/QAM pulse shaping filter [l, 141 uses 
a time-frequency density of T F  = 2. 

In summary, a major drawback of OFDM/QAM is the 
fact that well-localized pulse shaping filters are prohibited 
in the case of critical time-frequency density T F  = 1, 
i.e., maximum spectral efficiency vmax = /3. Therefore, in 
practice, when using OFDM/QAM systems a compromise 
between dispersion robustness and spectral efficiency has 
to be sought. 

Offset QAM modulation in OFDM systems. In 
[l] it has been pointed out that OFDM/OQAM sys- 
tems allow well-localized basis functions (with finite time- 
and frequency-dispersion) even for critical time-frequency 
density T F  = 1 (i.e., maximum spectral efficiency. In 
this paper, we provide an explanation for this "kttle 
magic". For high data-rate applications OFDM/OQAM 
seems to be an attractive alternative to OFDM/QAM. 

'For T F  < 1 perfect reconstruction (even in the absence of a 
channel) is not possible. This case will therefore be excluded in the 
following. 

,-j 9 k ( n - - a / 2 )  

(b) 
Fig. 1.  Discrete-time multirate model of OFDM/013AM 
system (g[n] = g[-n] ) :  (a) k-th transmitter subchumeZ, 

(b)  k-th receiver subchannel. 
3 ORTHOGONALITY CONDITIONS 

The discrete-time OFDM/OQAM transmit signal is 
given by x[n] = CL;' xk[n] with 

03 

xk[n] = c&g[n - ZMI ej9'(n-al2)  
I = - 0 3  

03 

+ c jf&g[n + M/2 - ZM] ejB".kn--cr'2), 
l=-m 

where c& = Re{ck,l} and c& = Im{ck,l} denote the real 
and imaginary parts of the data symbols Ck,l, respeci;ively, 
g[n]  is the real-valued transmitter pulse shaping filter, and 
Q E 0, M - 11. Throughout this paper we assume th 3t the 

band model of a discrete-time OFD$/OQAM system. 
We shall next derive orthogonality conditions for 

discrete-time OFDM/OQAM pulse shaping filters. We 
say that g[n] in Fig. 1 is orthogonal if in the absence 
of a channel &,l = CkJ,  i.e., if there is neither 1t;I nor 
ICI. Considering the equivalent path from the (k  + m)-th 
transmitter subchannel to the k-th receiver subchannel, it 
follows that g[n] is orthogonal if the following conc.itions 
are satisfied2 for m E [0, M - 11, I E 22: 

num b er of subcarriers M is even. Fi . 1 shows the base- 

[Re{g[n - lM]ej%m(n-a/2) 1 * G[nIln=o = w q m l  

[Im{g[n - l ~ ] e j B " ( " - a ' / 2 )  } * g[n - M/2]],=0 = 0 

[Im{jg[n + ~ / 2  - ~ ~ ] e j % m ( n - + )  1 
*g[n - M/2]ln=o = d[l]b[m], 

(2) 

(4) 

(5) 

[Re{jg[n + M/2 - l M ] e j @ m ( n - a / 2 ) }  * j[n]ln=0 = 0 (3) 

where g[n] = g[-n].  For m # 0 Eqs. (2)-(5) guarantee 
that IC1 is perfectly cancelled, whereas for m = 0 (2)- 
(5) reduces to the conditions for IS1 cancellation. More 

2*  stands for convolution. 
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specifically, for m = 0, Eqs. (3) and (4) guarantee that 
there is no interference between the real and ima inary 
parts of C k , l ,  whereas (2) and ( 5 )  guarantee zero &I for 
c& and &, respectively. Rewriting (2)-(5) as 

2 g[n - ZM]g[n] cos( $m(n - a/2)) =d[l]6[m] (6) 
n=-w 

00 

g[n - ZM]g[n + M/2] sin 
n=-w 

2 g[n + M/2 - ZM]g[n + M/2] 
n=-w 

,os( E m ( n  - 4 2 )  ) =d[Z]6[m], (9) 

it is shown in [22] that (7) and (8) can be satisfied by 
choosing g[n] to be an even function, i.e., 

g[n] = g[a + (2r + 1)M/2 - n] (10) 

with r E 2Z and a E [0, M - 11. The parameters r and a 
allow a flexible choice of the center of symmetry of the 
pulse shaping filter g[n]. We note that a has to be odd 
(even) for even (odd) filter length L,. Furthermore, from 
(10) it follows3 that for a g[n] supported in [0, L, - 11 
the parameter a has to be chosen as LY = (L,  + - 1) 
mod M .  Substituting n + n + M/2 in (9) it is readily 
seen that (9) is equivalent to (6). We are thus left with 
condition (6), which is satisfied for m odd [22] if g[n] is 
chosen according to (10). Note that so far we only made 
use of the symmetry of g[n]. The real design task lies in 
satisfying (6) for m even. Setting m -+ 2m in (6) we 
obtain 

00 1 g[n]g[n - lM]ej*m(n-a/2) 
n=-w 2 

- n=-w 

which upon defining 

can be rewritten as 

It therefore follows that a g[n] satisfying the symmetry 
property (10) is orthogonal if the time-frequency shifted 
versions gl,m[n] of g[n] constitute an orthonormal basis, 
i.e., (gl,m,glr,ml) = 6[Z - Z’]S[m - m’]. We have thus re- 
duced the design of an OFDM/OQAM pulse shaping filter 
to the desi n of an orthogonal basis consisting of time- 
frequency skfted versions of g [ n ] .  Since orthonormality 

3mod stands for the modulo operation. 

of the function set {g[n - ZM]e j~m(” -a /2 )}  is equiv- 

alent to orthonormality of {g[n - ZM]e’*mn}, we set 

gl,m[n] = g[n - ZM]ej*mn in the following. 
In [22] it is shown that {gl,m[n]} is orthogonal if and 

only if the following equivalent condition is satisfied: 

r = - w  

The design of an OFDM/OQAM pulse shaping filter 
therefore reduces to the design of a symmetric function 
g[n] satisfyin (12). Such functions g[n] can be ob- 
tained by perkrming a constrained optimization with the 
side constraints given by (12). However, for large filter 
len hs this approach will be computationally expensive 

following section, we shall therefore introduce a compu- 
tationally efficient method based on an orthogonalization 
procedure. For this pur ose we need the discrete-time 
Zak transform (DZT) [237 of the pulse shaping filter g[n] 
defined as4 

an F might furthermore have convergence problems. In the 

1 with its inverse given by g[n] = so 2,(n, 0) de. In [22] it 
is shown that (12) is equivalent to 

(14) 
4 

M 1z,(n,e)1~ + p,(n,e - 1/2)12 = - 
for n = 0,1, ..., M/2 - 1. Using an alternative dcfinition of 
the DZT, it is shown in [22] that the perfect reconstruc- 
tion condition in an OFDM/OQAM system is equivalent 
to the perfect reconstruction condition in a critically sam- 
pled cosine-modulated filter bank. In the frequency do- 
main, the orthogonality condition (12) can be formulated 
as 

(15) 
We conclude this section with some important special 
cases. 

If the pulse 
shaping filter g[n] is compactly supported in an interval 
of length5 M the orthogonality condition (12) simplifies 
to 

Time-limited pulse shaping filter. 

for n = 0 , 1 ,  ..., M/2-1. 

(16) 
The design of orthogonal pulse shaping filters supported 
in an interval of length M is therefore equivalent to the 

function 

design of a function g[n] whose square 
Nyquist criterion in the time-domain. 

{ $, n = 0 , 1 ,  ..., M - 1  
else &I = 

4The DZT is the polyphase decomposition [24] evaluated on the 
unit circle. Throughout this paper, we shall use the term DZT since 
in our context it is rather a signal transformation. 

5For the sake of simplicity we assume that g[n] is supported in 
n E [O,M - 11. 
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trivially satisfies (16). 'We note that the time-limited 
continuous-time OFDM/(OQAM pulse shaping filter pro- 
posed in [9] satisfies a continuous-time version of (16). 

Band-limited pulse shaping filter. If g[n] is band- 
limited to an interval of lengths 2 /M the orthogonality 
condition (15) simplifies .to 

for 8 E [O,l/M). The design of orthogonal filters with 
bandwidth 5 2/M is therefore equivalent to the design 
of a filter g[n] whose squared transfer function satisfies 
a Nyquist property. We finally note that the square-root 
Nyquist filter proposed in [18, 191 and the filters proposed 
in [2] satisfy (17). A continuous-time version of (17) has 
been reported previously in [2, 91. 

4 ORTHOGONAlLIZATION PROCEDURE 

In this section we shall introduce a computationally ef- 
ficient procedure for the design of OFDMlOQAM pulse 
shaping filters of arbitrary length and arbitrary overlap- 
ping factors. The proposed design method starts from an 
arbitrary (nonorthogonall) symmetric filter which is modi- 
fied to obtain a symmetric orthogonal pulse shapin filter. 
In eneral, this ortho onalization procedure has t o f e  for- 
muyated in the DZT fomain. For properly time-limited or 
band-limited filters, a time-domain or frequency-domain 
formulation, respectively, can be iven. We note that the 
OFDM/IOTA approach proposefin [9] and further elab- 
orated in [25, 261 is based on ideas similar to those un- 
derlyin our ortho onalization method. However, in the 
case of bFDM/IO+A thc initial filter has to be a gaussian 
and an orthogonalization is performed in the time-domain 
and in the frequency-domain separately leadin to what 
is called extended gaussian functions in [25, 26f 

Orthogonalization using the DZT. Starting from 
an arbitrary (nonorthogonal) filter g[n] satisfying (lo), an 
orthogonal pulse shaping filter gO[n] is obtained according 
to [22] 

* (18) 

Inserting (18) in (14) and using zg(n ,  8 - 1) = 2g(n, e)  it 
is easily seen that the DZT of go[.] satisfies 

which proves that go[.] is orthogonal. It can furthermore 
be shown that gO[n] satisfies the same symmetry property 
as the initial filter g[n] [22]. However, go[n] need not have 
the same length as g[n]. As we shall see later, in general 
it will be longer than gl:n]. 

Implementation of the Algorithm. We shall next 
describe how the proposed orthogonalization procedure 
can be implemented in practice. As already mentioned, in 
general the resulting orthogonal filter g,[n] will be longer 
than the initial filter 9[n]. Therefore, g[n has to be zero- 
padded before orthogonalization. The b ZT has to be 

6For the sake of simplichy we assume that G(ejZne)  is supported 
within the interval 101 5 1,IM. 

evaluated on a discrete time-frequency grid according to 
~ 3 1  

n = 0,1, ..., M/2 - 1, k = 0,1, ..., K - 1 

with the length of the zero-padded filter satisfying I ; ,  = 
Y K .  Note that this implies that the filter length L, 
has to be even. It is easily seen that the computation 
of 2i'/2'K)[n, k] reduces to the column-wise FFT O F  the 
K x $$ matrix [G]n,r = g [T + ny]. The orthogonidiza- 
tion procedure can now be summarized as follows: 

0 Design an initial (lowpass) filter g[n] satisfying the 

0 Perform zero-padding of g[n] to obtain a filter of 

0 Compute the DZT of the orthogonal filter g,[n] ac- 

symmetry condition (10). 

length L,. 

cording t ~ '  2iy/2'K)[n, k] = 

0 Com Ute the inverse DZT to obtain the ortho o- 
nal &ter g,[n], i.e., compute the inverse FFT of h e  
columns of the K x matrix 2iy/2 'K)[n,  k]. 

We note that this orthogonalization procedure does 
not automatically guarantee that gO[n] is well-localized 
in time and frequency. In practice, however, as WE shall 
see in Sec. 5, startin from a timefrequency well-localized 
initial filter g[n] wit\ bandwidth approximately eqxd to 
1/M (for example a lowpass filter or a gaussian funztion) 
in most cases results in a time-frequency well-localized 
go[n]. We emphasize that the above orthogonalization 
procedure is computationally extremely cheap, since it 
consists of FFTs (forward and inverse DZT) and dil isions 
in the DZT domain (cf. 19)). We shall next discuss two 

approach. 
Time-limited pulse shaping filter. For g[n] com- 

pactly supported in an interval of len h M (cf. (16)), 
the orthogonalization procedure descri ed above essen- 
tially reduces to divisions in the time-domain. Assumin 
that the initial filter g[n] is supported in n E [0, Pd - 17 
and satisfies (lo), an orthogonal pulse shaping filter is 
obtained as [22] 

important special cases o i the proposed orthogonalization 

Consequently, g,[n] has the same support as g[n]. 
For G :ej21re) 

band-limited to the interval 101 5 1/M, an orthogonal 
Band-limited pulse shaping filter. 

7For the sake of simplicity we assume that K is even. 
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ln1tle.l filter initial niter lnltlal Rlter Inltini Mter 

0.2 

-02 20 40 60 

fJ--J r_ 
0.2 

0 
-0.2 20 40 60 -*OO 0.1 0.2 0.3 0.4 

(C) (d) 

Channel (Illera 

Fig. 2. %channel OFDM/OQAM pulse shaping filter of 
length 64: (a)-(b) initial filter, (e)-(d) orthogonal filter, 

(e) corresponding subchannel filters. 

pulse shaping filter is obtained as Go(ejzxe) = 

d%G(ej2Te) 

JIG(ejzTe)l2 + 1G (ej2T(e-B)) l 2  + IG (ejzn(e+h) 

(21) 
It follows from (21) that G,(ej2Te) has the same support 
as G(ej2"e). 

5 DESIGN EXAMPLES 

In this section, we demonstrate how the orthogonaliza- 
tion procedure introduced in Sec. 4 can be used to de- 
si n time-frequency well-localized pulse shaping filters for 
O%DM/OQAM systems. We shall see that the basic phi- 
losophy of the orthogonalization method is to start from 
a well-localized initial lowpass filter with bandwidth ap- 
proximately equal to 1/M. In most cases this arantees 
that the resulting orthogonal filter is again welgocalized. 
Design example 1. In the first example we designed 

an 8-channel OFDM/OQAM system. The initial filter is 
a 32 tap lowpass filter with bandwidth 1/M = 0.125 (de- 
signed using the MATLAB function FIR1) zero-padded to 
obtain a filter of overall length 64. Figs. 2(a) and (b) show 

-80 
-0.2 

50 100 150 0.1 0.2 0.3 0.4 
(a) 

OrthwOnal filter 

1 1 
0.8 
0.6 ' 

0 A 

50 100 150 

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 
(e) 

Fig. 3. %channel OFDM/OQAM pulse shaping filter of 
length 192: (a)-(b) initial filter, (c)-(d) orthogonal filter, 

(e) corresponding subchannel filters. 

the initial filter and its transfer function. Figs. 2(c) and 
(d) show the resulting orthogonal filter's impulse response 
and transfer function, respectively. The corresponding 
subchannel filters are depicted in Fig. 2 e). We can see 

ization. Since the length of g,[n] is L, = 64, we have 
Q = 3 in (10). The pulse shaping filter length is 8 times 
the symbol length. 

Design example 2. In the second design example we 
demonstrate how the frequency localization of the pulse 
shaping filter can be improved by increasing the filter 
length. We designed an 8-channel OFDM/OQAM sys- 
tem usin a pulse shaping filter of length 192. The initial 
filter is %own in Figs. 3(a) and (b). (It was designed 
usin the MATLAB function FIR1 with nominal band- 
widt,  0.125). Fi s. 3(c) and d) show the resulting or- 

corresponding subchannel filters are depicted in Fig. 3(e). 
Comparing Figs. 3(e) and 2(e), we can see that the pulse 
shaping filter in this example has much better frequency 
selectivity than that in Example 1. 
Design example 3. In the last example, we 

demonstrate that our approach allows the design of 
OFDM/OQAM systems with a large number of channels 
and long pulse shaping filters. For M = 256 channels we 

that the orthogonal filter has good time- 6 equency local- 

thogonal filter an8 its transfer I unction, respectively. The 
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Initial filter Initial liller 

“.A._ 0 2  

1 

-0.2-J 
500 1000 1500 2CK)o 

(a) 
Orthogonal filter :::El 0.2 

500 1M)o 1500 21MO 
-0.2 

0 

-80 

0.02 0 0.01 I 

(b) 
Orthogonal filter 

,-20 

9 -40 

z-60 

-80 

- % 
- 
c 

0 0.01 0.02 

0.025 0.m 
(e) 

Fag. 4.  256-channel OFDM/OQAM pulse shaping filter 
of length 2048: (a)-(b) initial filter, (e)-(d) orthogonal 

filter, (e) corresponding subchannel filters. 

designed a pulse shaping filter of length 2048 (i.e., the 
pulse shaping filter length is 8 times the symbol length). 
The initial filter shown in Figs. 4(a) and (b) is a zero- 
padded lowpass filter (again designed using the MATLAB 
function FIR1) with nominal bandwidth 1/256. Figs. 4(c) 
and (d) show the resulting orthogonal filter and its trans- 
fer function. Finally, Fig. 4(e) shows the corresponding 
subchannel filters. 

6 CONCLUSION 

We introduced a comiputationally efficient (FFT-based) 
method for the design of time-frequency well-localized 
OFDM/OQAM pulse shaping filters. The proposed ap- 
proach is based on an orthogonalization of an arbitrary 
(bnonorthogonal initial filter. Our method is highly flex- 

of arbitrary length arid arbitrary overlapping factors. 
The dispersion robustness of the resulting pulse shap- 
ing OFDM/OQAM systems makes them attractive for 
high data-rate transmission over time-frequency disper- 
sive channels. 

i le since it al 1 ows the design of pulse shaping filters 
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