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Abstract—We study the capacity behavior of full-band MIMOOFDM systems in the absence of channel state information both
at the transmitter and the receiver. Based on capacity lower and
upper bounds, we quantify the transmission rate penalty due
to channel uncertainty as a function of the number of transmit
antennas, the number of resolvable taps in the channel, the power
delay profile, and the bandwidth. Our analysis reveals that for
a given bandwidth and transmit power there is an optimum,
capacity-maximizing, number of transmit antennas. Numerical
results show that using a large number of transmit antennas
in systems employing bandwidths of several GHz (such as in
ultrawideband systems) is detrimental from a capacity point of
view. Finally, we evaluate the capacity performance of spacefrequency unitary codebooks recently introduced in [13].

I. I NTRODUCTION
Acquiring reliable channel state information (CSI) at the receiver of fast-fading wideband multiple-input multiple-output
(MIMO) systems poses significant challenges due to the large
number of channel parameters involved. It is therefore important to understand the fundamental performance limits of
wideband MIMO systems in the absence of CSI at both the
transmitter and the receiver (termed the noncoherent case).
The information-theoretic performance limits of noncoherent MIMO systems in the flat-fading case have been investigated in [1]–[3]. In [4], the sublinear (in SNR) behavior of
the low-SNR MIMO capacity in the flat-fading noncoherent
case has been analyzed. In this paper, we are interested in
the characterization of the capacity of noncoherent MIMO–
orthogonal frequency-division multiplexing (OFDM) systems
in frequency-selective block-fading channels. Most practical
OFDM systems are full band [5], i.e., the transmit signal occupies all time-frequency slots and hence signaling is not “peaky”
in the sense of [6]–[10]. We focus on full-band MIMO-OFDM
systems throughout and characterize their capacity behavior
over the whole range of low bandwidth (wide enough to induce
frequency-selective fading) to the infinite bandwidth limit. Before detailing our contributions, we note that the setup in [11],
which considers the capacity of noncoherent time-selective
MIMO fading channels, is structurally similar to ours. Specifically, the lower bound in Section III-B.1 of this paper parallels [11, eq. (53)].
A. Contributions
Our main contributions can be summarized as follows:
• Using a well-known bounding technique, first proposed
in [12], we provide simple lower and upper bounds on
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•

•

the capacity of noncoherent MIMO-OFDM systems in
frequency-selective Rayleigh fading. In addition, we derive an upper bound on the achievable rate of spacefrequency unitary codebooks introduced in [13].
Based on our capacity lower bound, we show that with
increasing bandwidth, transmit antennas should be gradually switched off. For large enough bandwidths, using only
one transmit antenna is found to be the capacity (lower
bound)-maximizing strategy.
We study the impact of the channel’s power delay profile
(PDP) on the critical bandwidth where “overspreading”
sets in and transmit antennas should be switched off.

B. Notation
The superscripts T,H stand for transpose and conjugate transpose, respectively. Xi,j represents the element in the ith row
and jth column of the matrix X . IN denotes the N × N iden−1
tity matrix. The notation diagN
i=0 {Xi } stands for the N × N
diagonal matrix with the entries Xi (i = 0, 1, . . . , N − 1)
on its main diagonal. X ⊗ Y denotes the Kronecker product
of the matrices X and Y, tr(X ) stands for the trace of X ,
λi (X ) (i = 0, 1, . . . , N − 1) are the eigenvalues of the
N
N matrix X sorted
" in nonincreasing order, and vec(X ) =
! ×
XT0 XT1 · · · XTN −1 T, where Xj is the jth column of X .
E{·} stands for the expectation operator. The covariance matrix of a random vector X is denoted by CX . A circularly
symmetric zero-mean complex Gaussian random variable (RV)
is a RV Z = X +jY ∼ CN (0, σ 2 ), where the real-valued RVs
X and Y are i.i.d. N (0, σ 2 /2). The discrete Kronecker delta
function δi,j is 1 if i = j and 0 else. Logarithms are to the
base e. The notation u(t) = O(v(t)) denotes that |u(t)/v(t)|
remains bounded as t → ∞.
II. S YSTEM AND C HANNEL M ODEL
In this section, we describe our channel and signal models.
A. Wideband MIMO Channel Model
In the following, MT and MR denote the number of transmit
and receive antennas, respectively. We assume that the channel impulse response consists of L matrix-valued taps Hl of
dimension MR × MT , l = 0, 1, . . . , L − 1, with the matrixvalued transfer function given by
H(ej2πθ ) =

L−1
#
l=0

Hl e−j2πlθ ,

0 ≤ θ < 1.

(1)

Note that in general there will be a continuum of delays. The
channel model (1) is derived from the assumption of having at

most L resolvable paths, where L = (W τ ) + 1 with W and τ
denoting the signal bandwidth and delay spread, respectively.
We employ a block fading channel model, i.e., we assume
that the channel impulse response remains constant for the duration of the coherence time Tc and then changes independently
to a new realization. Coding is performed over an infinite number of independent channel uses.
We restrict ourselves to purely Rayleigh fading channels, so
that the elements of Hl (l = 0, 1, . . . , L−1) are i.i.d. circularly
symmetric zero-mean complex Gaussian RVs. We do allow,
however, for correlations across taps so that
$
%
CH = E H HHH = IMR ⊗ Σ ⊗ IMT

with H = vec(H) and
!
H = H0

H1

···

HL−1

"T

.

The L × L covariance matrix Σ describes the intertap
correlation; the eigenvalues of Σ are denoted as σl2 (l =
0, 1, . . . , L − 1). Note that we assume the intertap correlation
to be the same for all transmit and receive antennas. For uncor2
related scattering (US) channels, we have Σ = diagL−1
l=0 {σl }.
Throughout the paper, we employ the normalization tr(Σ) = 1.
B. Space-Frequency Coded MIMO-OFDM Systems
In an OFDM-based MIMO system, the individual transmit
signals corresponding to the MT transmit antennas are OFDMmodulated before transmission. The total system bandwidth W
is spanned by N tones with a tone spacing of F = W/N .
The OFDM modulator applies an N -point IFFT to N consecutive (frequency domain) data symbols and then prepends
the cyclic prefix (CP) of length LCP ≥ L to the parallel-toserial-converted (time domain) OFDM symbol. The receiver
discards the CP and then applies an N -point FFT to each of
the MR received signals. The CP serves as a guard interval
and turns the linear convolution describing the action of the
channel into a cyclic convolution. Throughout the paper, we
assume that an OFDM symbol spans one block of length Tc
and that N = W Tc ; thus, the loss in spectral efficiency due to
the presence of a CP is neglected.
on the kth tone
Denoting
"
! the MT data symbols transmitted
as Xk = Xk,0 Xk,1 · · · Xk,MT −1 T (k = 0, 1, . . . , N − 1),
the MR -dimensional received signal vectors are given by
&
k '
√
k = 0, 1, . . . , N − 1
Yk = ρ H ej2π N Xk + Wk ,

where ρ is an energy normalization factor, and Wk is complexvalued$ zero-mean
% circularly symmetric Gaussian noise satisfying E Wk WkH! = IMR δk,k! . The input-output relation for an
entire OFDM symbol can now be written as Y = S + W,
where
&
√ ( &
0 '
1 '
S = ρ H ej2π N X0 H ej2π N X1 · · ·
(2)
)T
&
N −1 '
· · · H ej2π N XN −1
"T
!
and Y = Y0 Y1 · · · YN −1
is the N × MR matrix
of
"
!
received signals, and W = W0 W1 · · · WN −1 T is the
N × MR additive noise matrix. Defining the N × MT matrix

"
!
X = X0 X1 · · · XN −1 T , we can rewrite (2) in terms of
the matrix-valued channel taps Hl (l = 0, 1, . . . , L − 1) as
S=

√

ρ

L−1
#

∆l X HTl =

√

ρ G(X ) H

(3)

l=0

−1 −j2πk/N
with the diagonal matrix ∆ = diagN
} and the
k=0 {e
stacked N × MT L matrix
!
"
G(X ) = X ∆X · · · ∆L−1 X .

In the remainder of the paper, we shall use the input-output
relation Y = S + W with Y = vec(Y), W = vec(W), and
S = vec(S). We shall
also need 'X = vec(X ). With (3), we
√ &
can write S = ρ IMR ⊗ G(X ) H.
Throughout the paper, we assume uniform power allocation
across frequency and transmit antennas, so that
1
E{|Xk,m |2 } =
(4)
MT
for k = 0, 1, . . . , N − 1, m = 0, 1, . . . , MT − 1. Unless
otherwise stated, we consider i.i.d. Gaussian codebooks, i.e.,
the entries of X are assumed i.i.d. CN (0, 1/MT ). We shall
frequently make use of the fact that conditioned on X, the
vector S is jointly complex Gaussian with covariance matrix
&
'
(5)
CS|X = ρ IMR ⊗ G(X ) Γ G H(X )
where Γ = Σ ⊗ IMT . Hence, the $signal
& power per receive
'%
antenna is given by P = (ρ /Tc ) EX tr G(X ) Γ G H(X ) =
W ρ , and the receive SNR is SNR = P/W = ρ . Throughout
the paper, we assume that P is constant, so that the receive
SNR approaches zero as W → ∞.

III. B OUNDS ON C APACITY
Before stating our main results, we start with a brief summary of capacity results for the perfect receive CSI (coherent)
frequency-selective MIMO-OFDM Rayleigh-fading channel.
A. Perfect Receive CSI MIMO-OFDM Capacity
The (ergodic) capacity of the coherent MIMO-OFDM channel is given by
1
sup I(Y; X | H)
Ccoh =
Tc p(X)
with the supremum taken over all input distributions p(X)
that satisfy the power constraint (4). It is well known that
i.i.d. Gaussian codebooks achieve the capacity of the coherent
MIMO-OFDM channel [14], [15]. For US channels, we have
*
,+
P
Hw HH
Ccoh = W E Hw log det IMR +
(6)
w
MT W

where Hw is an MR × MT matrix with i.i.d. CN (0, 1) entries.
In the high-SNR regime, we have [16]
.
/
P
Ccoh = W min(MT , MR ) log
+ O(1).
MT W
In the large-bandwidth limit, the capacity converges to the capacity of MR parallel infinite-bandwidth AWGN channels:
lim Ccoh = MR P.

W →∞

Finally, we note that in the case of nonzero intertap correlation,
the capacity of the coherent MIMO-OFDM channel is given
by (6) with an SNR penalty that depends on the covariance
matrix Σ.
B. Noncoherent MIMO-OFDM Capacity
The capacity of the noncoherent MIMO-OFDM channel is
given by
C=

1
sup I(Y; X).
Tc p(X)

(7)

Following [12], we decompose I(Y; X) using the chain rule:
I(Y; X) = I(Y; X, H) − I(Y; H | X).

(8)

1) Lower and Upper Bounds on Capacity: In order to obtain
a lower bound on I(Y; X), we follow [17] and start by noting
that I(Y; X, H) ≥ I(Y; X | H).
The second term on the right-hand side of (8) can be evaluated by noting that since the channel H is Gaussian, Y conditioned on X is Gaussian, so that
I(Y; H | X)

0
+
,1
(9)
= MR EX log det IN + ρ G(X ) Γ G H(X )
0
+
1 ,
≤ MR log det IMT L + ρ EX G H(X )G(X ) Γ (10)

where
$ (10) follows%from Jensen’s inequality. For i.i.d. symbols,
EX G H(X )G(X ) = (N/MT )IMT L , which yields
I(Y; H | X) ≤ MT MR

L−1
#
l=0

.
/
N 2
log 1 + ρ
σ .
MT l

(11)

Since any specific input distribution provides a lower bound
on C, the i.i.d. Gaussian input distribution results in the general
bound on capacity
C ≥ Ccoh −

.
/
L−1
MT MR #
P Tc 2
log 1 +
σl .
Tc
MT

(12)

l=0

Thus, we can see that the capacity of the noncoherent MIMOOFDM channel is lower-bounded by the capacity of the corresponding coherent channel up to a “penalty term”, which
results from channel uncertainty.
A trivial upper bound on the capacity of the noncoherent
MIMO-OFDM channel is the capacity of the same channel with
perfect CSI at the receiver, i.e.,
C ≤ Ccoh .

(13)

We will see that this bound is useful only at high SNR.
2) Fourthegy Upper Bound: The following upper bound
on I(Y; X) is analogous to the upper bound for the singleinput single-output (SISO) case derived in [9, Appendix A].
We start by noting that I(Y; X, H) is the mutual information
√ &
ρ IMR ⊗
of an 'AWGN channel with input signal S =
G(X ) H, where the transmitter has complete control over S.

Consequently, I(Y; X, H) is maximized by a jointly complex$ Gaussian S with
% covariance matrix CS = ρ IMR ⊗
EX G(X ) Γ G H(X ) , so that
I(Y; X, H)

+
1,
0
≤ MR log det IN + ρ EX G(X ) Γ G H(X ) . (14)

Applying Hadamard’s inequality and using log(1+x) ≤ x, we
can further upper-bound the expression in (14), to obtain
I(Y; X, H) ≤ MR N log(1 + ρ )
≤ MR N ρ .

(15)
(16)

Denoting the MT L eigenvalues of G(X ) Γ G H(X ) by µr (X ),
r = 0, 1, . . . , MT L − 1, and using the bound log(1 + x) ≥
x − x2 /2, we obtain from (9):
3
2 M L−1
T
#
I(Y; H | X) = MR EX
log(1 + ρ µr (X ))
(17)
r=0

2 M L−1.
/3
T
#
1 2 2
≥ MR EX
.
ρ µr (X ) − ρ µr (X )
2
r=0

Combined with (16), this yields the fourthegy upper bound [9]
on the achievable rate R according to
$
%
1
EX JC (X )
(18)
R≤
2Tc
where
MT L−1
P2 #
JC (X ) = MR 2
µ2r (X )
W
r=0

is the fourthegy of X . Note that the fourthegy upper bound (18)
is applicable for arbitrary (not just Gaussian) codebooks. We
shall see later that (18) is tight only in the very low-SNR
regime, where it approaches zero for i.i.d. Gaussian codebooks.
3) Upper Bound for Space-Frequency Unitary Codebooks:
In [13], space-frequency unitary (SFU) codes for noncoherent
MIMO-OFDM systems were introduced and analyzed from an
error probability point of view. The discrete SFU codebook
constructions in [13] can easily be extended to yield a continuous codebook. SFU codebooks do not result in i.i.d. entries
of X , but satisfy G H(X )G(X ) = (N/MT )IMT L deterministically. It follows that the µr (X ) are simply the scaled eigenvalues (N/MT )σl2 with multiplicity MT each. Hence, from (17)
we obtain the exact expression
.
/
L−1
#
P Tc 2
I(Y; H | X) = MT MR
log 1 +
σl .
MT
l=0

With (15), the achievable rate for SFU codebooks satisfies
.
/
P
RSFU ≤ MR W log 1 +
W
.
/
(19)
L−1
P Tc 2
MT MR #
log 1 +
σl .
−
Tc
MT
l=0

Note that the upper bound (19) can be interpreted as the capacity of MR parallel AWGN channels up to the same penalty
term as in the capacity lower bound (12).
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Thus RSFU falls significantly below the AWGN capacity for
L̃ , L̃crit (which implies low SNR). The lower bound (12)
can be rewritten in terms of L̃crit as
/
.
L̃
L̃crit
(21)
log 1 +
C ≥ Ccoh − MR P
L̃crit
L̃
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Fig. 1. Perfect receive CSI upper bound (UB) (13), upper bound (19) and
fourthegy upper bound (18) for SFU codebooks, and i.i.d. Gaussian codebook
lower bound (LB) (12).

IV. D ISCUSSION AND N UMERICAL R ESULTS
In this section, we discuss the implications of the capacity
bounds derived above and provide numerical examples.
A. Overspreading
We start by investigating the behavior of the noncoherent
MIMO-OFDM capacity for increasing bandwidth. Unless otherwise stated, all numerical results assume an US channel with
uniform power delay profile of length τ = 20 µs, a coherence
time of Tc = 6 ms, P = −90 dBm, and MT = MR = 4,
which corresponds to a high-mobility outdoor scenario. Fig. 1
shows the bounds (12), (13), (19), and (18), where (18) is evaluated for SFU codebooks. We note that the behavior of the
fourthegy upper bound for i.i.d. Gaussian codebooks is similar
to that for SFU codebooks shown in Fig. 1. We can see that
the Gaussian input lower bound (12) takes on a maximum at an
intermediate bandwidth and then approaches zero. This effect is
called “overspreading”—the number of unknown channel coefficients becomes so high that nonpeaky signaling schemes can
no longer cope with channel uncertainty. The “overspreading”
effect has been described previously for SISO wideband channels in [7]. The upper bound (19) for SFU codebooks follows
a similar characteristic as the Gaussian input lower bound (12)
and also points at the overspreading effect.
We denote the number of nonzero eigenvalues of Σ, i.e.,
the number of stochastic degrees of freedom per SISO channel, by L̃, which is henceforth called the effective number of
channel taps. In the following, we assume σ02 = σ12 = · · · =
2
= 1/L̃, which, in the US case, corresponds to a uniform
σL̃−1
PDP. Analogously to [7], we define
L̃crit =

P Tc
.
MT

(20)

Using (20), we can now rewrite the fourthegy upper bound (18)
for SFU codebooks as
RSFU ≤

L̃crit
1
.
MR P
2
L̃

which shows that the penalty term is small for L̃ - L̃crit .
Thus, as in [7], L̃crit can be interpreted as the critical parameter
delineating the regime where overspreading occurs. From (20)
it follows that for fixed P Tc , increasing the number of transmit
antennas reduces L̃crit , so that overspreading occurs for smaller
bandwidth if MT is large. This effect is a consequence of the
fact that increasing MT results in an increase in the number of
unknown channel parameters (recall that P is fixed).
B. Impact of the Number of Transmit Antennas
We shall now study the impact of the number of transmit
antennas on the overspreading effect in detail. Again, for simplicity, we assume a uniform PDP so that
/
.
MT MR L̃
P Tc
.
(22)
log 1 +
C ≥ Ccoh −
Tc
MT L̃
We note that Ccoh is proportional to min(MT , MR ) (at high
SNR), whereas the pre-log in the penalty term scales in the
maximum achievable diversity order [13] MT MR L̃, which
equals the total number of stochastic degrees of freedom in the
channel. From an error probability point of view, the number of
transmit antennas MT and the effective number of taps L̃ play
interchangeable roles [13]; both contribute to lowering the error probability by increasing the diversity order (provided that
appropriate codes are used). However, from a capacity (lower
bound) point of view, increasing L̃ decreases the RHS of (22),
since Ccoh is independent of L̃, but the penalty term grows due
to the higher number of unknown channel parameters. Increasing MT also increases the penalty term, but at the same time
increases Ccoh [cf. (6)], so that we have two competing effects.
Hence, the stochastic degrees of freedom due to the frequency
selectivity of the channel and due to multiple transmit antennas,
respectively, play vastly different roles in terms of capacity [at
least in terms of the lower bound (22)].
Fig. 2(a) plots the capacity lower bound (12) for varying MT ;
Fig. 2(b) shows the number of transmit antennas maximizing
the lower bound for a given bandwidth. By switching off transmit antennas accordingly, the envelope of the capacity curves
in Fig. 2(a) can be achieved. We can conclude that it is in
general not optimal to use all transmit antennas in the overspread regime. In our example, the overspread regime begins
in the practically relevant (e.g., for ultrawideband communication) low-GHz range. We finally note that it has been shown
previously in [11] that in noncoherent MIMO channels not all
transmit antennas should necessarily be used.
C. Impact of the Scaling Behavior of L̃
The fourthegy upper bound (18) can be used to show that
for L̃ ∝ W (uncorrelated scattering), the achievable rate
both for i.i.d. Gaussian and SFU codebooks approaches zero
in the wideband limit; hence, the penalty term I(Y; H | X)

8

x 10

that the exponential PDP results in a higher critical bandwidth
(beyond which overspreading occurs) than the uniform PDP.

[bits/s]

10

MT
5

0
7
10

8

10

9

10

10

10

11

10

12

10

W [Hz]

M T opt

8
6
4
2
0
7
10

8

10

9

10

10

10

11

10

12

10

W [Hz]

Fig. 2. (a) Lower bound on capacity (12) for varying MT and MR = 4.
(b) Corresponding optimum number of transmit antennas MT (with a maximum of MT = 8).
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Fig. 3. Lower bound on capacity (12) for uniform and exponential PDPs.

approaches I(Y; X, H). When L̃ ≈ (W τ ), the parameter L̃crit
corresponds to a critical bandwidth Wcrit ≈ (P/MT )(Tc /τ ),
which is on the order of 18 GHz for the system and channel
parameters chosen in Section IV-A. For increasing Tc , with all
other parameters fixed, Wcrit increases and the channel behaves
more and more like a coherent channel; as the delay spread τ
increases, again all other parameters fixed, Wcrit decreases and
hence the overspread regime moves to lower bandwidths. The
overspreading effect can be overcome by employing peaky signaling schemes [6]. In contrast, in the case of specular scattering, where L̃ is bounded as W → ∞, the capacity is bounded
away from zero by (21).
D. Impact of the Power Delay Profile
We finally investigate the impact of the PDP (or eigenvalue
spread of Σ) on capacity. From (12) we can see that a uniform
PDP maximizes the penalty term in the capacity lower bound
and the SFU codebook upper bound. For an US channel, Fig. 3
shows the lower bound (12) for a uniform PDP and for an
exponentially decaying PDP, respectively. We can clearly see

V. C ONCLUSION
We derived upper and lower bounds on the capacity of fullband MIMO-OFDM systems in wideband channels without
transmit and receive CSI and discussed the corresponding implications. Beyond a certain critical bandwidth, “overspreading” occurs, i.e., the capacity goes to zero due to the large
number of unknown channel parameters. Using multiple transmit antennas contributes to channel uncertainty. Our results
show that for MIMO-OFDM systems operating at bandwidths
of several GHz (such as ultrawideband MIMO systems), it is
not advisable to use a large number of transmit antennas.
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