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Abstract

We consider Laurent polynomial (LP) matrices defined on the unit circle of the complex plane.

QR decomposition of an LP matrixA(s) yields QR factorsQ(s) andR(s) that, in general, are neither LP

nor rational matrices. In this paper, we present an invertible mapping that transformsQ(s) and R(s)

into LP matrices. Furthermore, we show that, given QR factors of sufficiently many samples ofA(s),

it is possible to obtain QR factors of additional samples ofA(s) through application of this mapping

followed by interpolation and inversion of the mapping. Theresults of this paper find applications in the

context of signal processing for multiple-input multiple-output (MIMO) wireless communication systems

that employ orthogonal frequency-division multiplexing (OFDM).

Index Terms

Interpolation, Laurent polynomial matrices, QR decomposition, sampling.

I. INTRODUCTION

We consider Laurent polynomial (LP) matrices defined on the unit circle of the complex plane.

QR decomposition of an LP matrixA(s) yields QR factorsQ(s) andR(s) that, in general, are neither LP

nor rational matrices. In this paper, we present an invertible mapping that transformsQ(s) andR(s) into

LP matrices. The significance of this result lies in the fact that it enables interpolation-based computation

of QR factors of samples ofA(s). Specifically, given QR factors of sufficiently many samplesof A(s),

QR factors of additional samples ofA(s) can be obtained through application of the mapping followed

by interpolation and inversion of the mapping.
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The results presented in this paper find applications in multiple-input multiple-output (MIMO) wireless

communication systems [1] that employ orthogonal frequency-division multiplexing (OFDM) [2]. A

number of MIMO-OFDM receive algorithms, including successive cancelation detection [3], [4] and

sphere decoding [5], [6], as well as the MIMO-OFDM transmit precoding schemes presented in [7],

require QR decomposition or regularized QR decomposition,defined formally in Section II-B, of a

sequence of matrices obtained by oversampling a polynomialmatrix on the unit circle. Specific algorithms

for efficient interpolation-based QR decomposition and regularized QR decomposition in MIMO-OFDM

systems that make use of the main result in this paper are reported in [8]. Moreover, it is shown in [8]

that interpolation-based QR decomposition can yield significant computational complexity savings over

per-sample QR decomposition.

Finally, we mention that the results presented in this paperare related to interpolation-based inversion

of polynomial matrices, as proposed in [9], [10] and appliedin the context of MIMO-OFDM systems

in [11].

II. PRELIMINARIES

A. Notation

C
P×M denotes the set of complex-valuedP × M matrices.U , {s ∈ C : |s| = 1} indicates the

unit circle. Throughout the paper, we use the following conventions. First, ifk2 < k1,
∑k2

k=k1
αk = 0,

regardless ofαk. Second, sequences of integers of the formk1, k1 + 1, . . . , k2 simplify to the sequence

k1, k2 if k2 = k1 + 1, to the single valuek1 if k2 = k1, and to the empty sequence ifk2 < k1. A∗, AT,

AH, rank(A), andrange(A) denote the entrywise conjugate, the transpose, the conjugate transpose, the

rank, and the range space, respectively, of the matrixA. [A]p,m indicates the entry in thepth row and

mth column ofA. Ap1,p2 andAm1,m2
stand for the submatrix given by the rowsp1, p1 +1, . . . , p2 of A

and the submatrix given by the columnsm1,m1 + 1, . . . ,m2 of A, respectively. Furthermore, we set

A
p1,p2

m1,m2
, (Am1,m2

)p1,p2 andAH
m1,m2

, (Am1,m2
)H. A P×M matrixA is said to be upper triangular if all

entries below its main diagonal{[A]k,k : k = 1, 2, . . . ,min(P,M)} are equal to zero.det(A) andadj(A)

denote the determinant and the adjoint of a square matrixA, respectively.diag(a1, a2, . . . , aM ) indicates

the M × M diagonal matrix with the scalaram as itsmth main diagonal element.IM stands for the

M × M identity matrix and0 denotes the all-zeros matrix of appropriate dimensions. Column vectors

and row vectors are represented by lower-case bold symbols and by lower-case bold underlined symbols,

respectively. Finally, orthogonality and norm of complex-valued column vectorsa1,a2 are induced by

the inner productaH
1 a2.
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B. QR Decomposition

Throughout this section, we consider a matrixA = [a1 a2 · · · aM ] ∈ C
P×M with P ≥ M , where

ak denotes thekth column ofA (k = 1, 2, . . . ,M). In the remainder of the paper, we use the following

definition of QR decomposition, that allows us to state our results for general rank ofA and independently

of the QR decomposition algorithm used.

Definition 1: We call any factorizationA = QR, for which the matricesQ ∈ C
P×M andR ∈ C

M×M

satisfy the following conditions, aQR decompositionof A with QR factorsQ andR:

1) the nonzero columns ofQ are orthonormal

2) R is upper triangular with real-valued nonnegative entries on its main diagonal

3) R = QHA

Practical algorithms for QR decomposition are either basedon Gram-Schmidt (GS) orthonormalization

or on unitary transformations (UT). We next briefly review both classes of algorithms. GS-based QR de-

composition is summarized as follows. Fork = 1, 2, . . . ,M , the kth column ofQ, denoted byqk, is

determined by

yk , ak −
k−1∑

i=1

qH
i akqi (1)

with

qk =







yk√
yH

k
yk

, yk 6= 0

0, yk = 0

(2)

whereas thekth row of R, denoted byrk, is given by

rk = qH
k A. (3)

UT-based QR decomposition ofA is performed by left-multiplyingA by the productΘU · · ·Θ2Θ1

of P × P unitary matricesΘu, where the sequence of matricesΘ1,Θ2, . . . ,ΘU and the parameterU

are not unique and are chosen such that theP × M matrix ΘU · · ·Θ2Θ1A is upper triangular with

real-valued nonnegative entries on its main diagonal. The matrices Θu are typically either Givens

rotation matrices [12] or Householder reflection matrices [12]. With R , (ΘU · · ·Θ2Θ1A)1,M and

Q , ((ΘU · · ·Θ2Θ1)
H)1,M , we obtain thatQHA = R and, sinceΘU · · ·Θ2Θ1 is unitary, that

QHQ = IM .

We note that sincey1 = 0 is equivalent toa1 = 0 and yk = 0 is equivalent torank(A1,k−1) =

rank(A1,k) (k = 2, 3, . . . ,M ) [13], GS-based QR decomposition setsM − rank(A) columns ofQ and

the correspondingM − rank(A) rows of R to zero. In contrast, UT-based QR decomposition yields a
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matrix Q such thatQHQ = IM , regardless of the value ofrank(A), and setsM − rank(A) entries on

the main diagonal ofR to zero [12]. Hence, forrank(A) < M , different QR decomposition algorithms

will, in general, produce different QR factors. The caserank(A) = M is considered next.

Proposition 1: If rank(A) = M , Conditions 1 and 2 of Definition 1 simplify, respectively, to

1) QHQ = IM

2) R is upper triangular with[R]k,k > 0, k = 1, 2, . . . ,M

whereas Condition 3 is redundant. Moreover,A has unique QR factors.

Proof: SinceA = QR impliesrank(A) ≤ min{rank(Q), rank(R)}, it follows from rank(A) = M

that rank(Q) = rank(R) = M . Now, rank(Q) = M implies that theP × M matrix Q can not contain

all-zero columns, and hence Condition 1 is equivalent toQHQ = IM . Moreover,rank(R) = M implies

det(R) 6= 0 and, sinceR is upper triangular, we havedet(R) =
∏M

k=1[R]k,k. Hence, Condition 2

becomes[R]k,k > 0, k = 1, 2, . . . ,M . Condition 3 is redundant sinceA = QR, together withQHQ =

IM , impliesQHA = R. The uniqueness ofQ andR is proven in [13, Sec. 2.6].

We note that for full-rankA, the uniqueness ofQ and R implies thatA = QR can be calledthe

QR decomposition ofA with the QR factorsQ and R. Throughout the paper, wheneverA is not

guaranteed to have full rank, we simply speak ofa QR decomposition ofA with QR factorsQ andR.

Finally, we introduce the concept of regularized QR decomposition, relevant, e.g., in MIMO-OFDM

detectors with minimum mean-square error (MMSE) regularization [1]. We note that our main results

will be derived for QR decomposition only, whereas the straightforward extensions to regularized QR de-

composition will be briefly discussed in Section III-D.

Definition 2: The regularized QR decompositionof A with the real-valuedregularization parame-

ter α > 0, is the unique factorizationA = QR, where theregularized QR factorsQ ∈ C
P×M

and R ∈ C
M×M are obtained as follows:̄A = Q̄R is the unique QR decomposition of the full-rank

(P + M) × M augmented matrix̄A , [AT αIM ]T, andQ , Q̄1,P.

C. Laurent Polynomials and Interpolation

Definition 3: Given a matrix-valued functionA : U → C
P×M and integersV1, V2 ≥ 0, the notation

A(s) ∼ (V1, V2) indicates that there exist coefficient matricesAv ∈ C
P×M , v = −V1,−V1 + 1, . . . , V2,

such that

A(s) =

V2∑

v=−V1

Avs
−v, s ∈ U . (4)
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If A(s) ∼ (V1, V2), thenA(s) is a Laurent polynomial(LP) matrix with maximum degreeV1 + V2.

In the following, we briefly list the following statements which follow directly from Definition 3. First,

A(s) ∼ (V1, V2) impliesA(s) ∼ (V ′
1 , V ′

2) for anyV ′
1 ≥ V1, V

′
2 ≥ V2. Moreover, since fors ∈ U we have

s∗ = s−1, A(s) ∼ (V1, V2) implies AH(s) ∼ (V2, V1). Finally, given LP matricesA1(s) ∼ (V11, V12)

and A2(s) ∼ (V21, V22), if A1(s) and A2(s) have the same dimensions, then(A1(s) + A2(s)) ∼
(max(V11, V21),max(V12, V22)), whereas if the dimensions ofA1(s) andA2(s) are such that the product

A1(s)A2(s) is defined, thenA1(s)A2(s) ∼ (V11 + V21, V12 + V22).

In the following, we consider an LPa(s) ∼ (V1, V2) of maximum degreeV , V1 + V2. Borrowing

terminology from signal analysis, we call the value ofa(s) at a given points0 ∈ U the samplea(s0).

If more thanV + 1 samples ofa(s) are known, we say thata(s) is oversampled. The LPa(s) can be

interpolated from its samples atV + 1 distinct points inU . Interpolation of LP matrices is performed

entrywise.

III. QR DECOMPOSITION OFLP MATRICES

A. Additional Properties of QR Decomposition

We next set the stage for the formulation of our main result bypresenting additional properties of

QR decomposition of a matrixA ∈ C
P×M, with P ≥ M , that are directly implied by Definition 1.

Proposition 2: Let A = QR be a QR decomposition ofA. Then, for a givenk ∈ {1, 2, . . . ,M},

A1,k = Q1,kR
1,k
1,k is a QR decomposition ofA1,k.

Proof: FromA = QR we obtainA1,k = (QR)1,k = Q1,kR
1,k
1,k +Qk+1,MR

k+1,M
1,k , which simplifies

to A1,k = Q1,kR
1,k

1,k
, since the upper triangularity ofR implies thatRk+1,M

1,k
= 0. Q1,k andR

1,k

1,k
satisfy

Conditions 1 and 2 of Definition 1 since all columns ofQ1,k are also columns ofQ and sinceR1,k

1,k
is a

principal submatrix ofR, respectively. Finally,R = QHA implies R
1,k
1,k = (QHA)1,k

1,k = QH
1,kA1,k and

hence Condition 3 of Definition 1 is satisfied.

Proposition 3: Let A = QR be a QR decomposition ofA. Then, forM > 1 and for a givenk ∈
{2, 3, . . . ,M}, Ak,M − Q1,k−1R

1,k−1
k,M = Qk,MR

k,M
k,M is a QR decomposition ofAk,M −Q1,k−1R

1,k−1
k,M .

Proof: FromA = Q1,k−1R
1,k−1+Qk,MRk,M we obtainAk,M = Q1,k−1R

1,k−1
k,M +Qk,MR

k,M

k,M and

henceAk,M −Q1,k−1R
1,k−1
k,M

= Qk,MR
k,M

k,M
. Qk,M andR

k,M

k,M
satisfy Conditions 1 and 2 of Definition 1

since all columns ofQk,M are also columns ofQ and sinceRk,M
k,M is a principal submatrix ofR,

respectively. Moreover,R = QHA impliesR
k,M

k,M = (QHA)k,M

k,M = QH
k,MAk,M . UsingQH

k,MQ1,k−1 = 0,

which follows from the fact that the nonzero columns ofQ are orthonormal, we can writeRk,M

k,M
=
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QH
k,MAk,M −QH

k,MQ1,k−1R
1,k−1
k,M = QH

k,M(Ak,M −Q1,k−1R
1,k−1
k,M ). Hence, Condition 3 of Definition 1

is satisfied.

In order to characterize QR factors ofA in the general caserank(A) ≤ M , we introduce the following

concept.

Definition 4: The ordered column rankof A is the number

K ,







0, rank(A1,1) = 0

max{k ∈ {1, 2, . . . ,M} : rank(A1,k) = k}, else.

We note thatK = 0 is equivalent toa1 = 0, and thatK < M is equivalent toA being rank-deficient.

With the terminology and the results presented so far, we cannow characterize QR factors ofA as

follows:

Proposition 4: QR factorsQ andR of a matrixA of ordered column rankK > 0 satisfy the following

properties:

1) QH
1,KQ1,K = IK

2) [R]k,k > 0 for k = 1, 2, . . . ,K

3) Q1,K andR1,K are unique

4) range(Q1,k) = range(A1,k) for k = 1, 2, . . . ,K

5) if K < M , [R]K+1,K+1 = 0

Proof: Since Q1,K and R
1,K
1,K are QR factors ofA1,K , as stated in Proposition 2, and since

rank(A1,K) = K, Properties 1 and 2, as well as the uniqueness ofQ1,K stated in Property 3, are

obtained directly by applying Proposition 1 to the full-rank matrix A1,K . The uniqueness ofR1,K stated

in Property 3 is implied by the uniqueness ofQ1,K and by R1,K = QH
1,KA, which follows from

Condition 3 of Definition 1. Fork = 1, 2, . . . ,K, range(Q1,k) = range(A1,k) is a trivial consequence of

A1,k = Q1,kR
1,k

1,k
and ofrank(R1,k

1,k
) = k, which follows from the fact thatR1,k

1,k
is upper triangular with

nonzero entries on its main diagonal. This proves Property 4. If K < M , Condition 3 of Definition 1

implies [R]K+1,K+1 = qH
K+1aK+1. If qK+1 = 0, [R]K+1,K+1 = 0 follows trivially. If qK+1 6= 0,

Condition 1 of Definition 1 implies thatqK+1 is orthogonal torange(Q1,K), whereas the definition

of K implies thataK+1 ∈ range(A1,K). Sincerange(Q1,K) = range(A1,K), we obtainqH
K+1aK+1 =

[R]K+1,K+1 = 0, which proves Property 5.

We emphasize that forK > 0, the uniqueness ofQ1,K andR1,K has two significant consequences. First,

the GS orthonormalization procedure (1)–(3), evaluated for k = 1, 2, . . . ,K, determines the submatrices

Q1,K andR1,K of the matricesQ andR produced byany QR decomposition algorithm. Second, the
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nonuniqueness ofQ andR in the case of rank-deficientA, demonstrated in Section II-B, is restricted

to the submatricesQK+1,M andRK+1,M.

Finally, we note that Property 5 of Proposition 4 is valid forthe caseK = 0 as well. In fact, Condition 3

of Definition 1 implies[R]1,1 = qH
1 a1. SinceK = 0 impliesa1 = 0, we immediately obtain[R]1,1 = 0.

B. Mapping ofQ(s) and R(s) to LP Matrices

In the remainder of Section III, we consider aP × M LP matrix A(s) ∼ (V1, V2), s ∈ U , with

P ≥ M . DespiteA(s) being an LP matrix, QR factorsQ(s) andR(s) of A(s) will, in general, neither

be LP nor rational matrices. To see this, consider the case where rank(A(s)) = M for all s ∈ U .

It follows from the results in Sections II-B and III-A thatQ(s) and R(s) are unique and determined

through (1)–(3). The division and the square root operationin (2), in general, preventQ(s), and hence

also R(s) = QH(s)A(s), from being LP or rational matrices. As shown next, there exists a simple

mapping that transformsQ(s) andR(s) into corresponding LP matrices̃Q(s) and R̃(s) by essentially

eliminating, through a series of multiplications, the divisions and square root operations incurred when

expressingQ(s) andR(s) as functions ofA(s) according to (1)–(3). In Section IV, we will describe

how this mapping enables interpolation-based QR decomposition of samples ofA(s).

For a givens0 ∈ U , the mappingM : C
P×M × C

M×M → C
P×M × C

M×M produces the matrices

(Q̃(s0), R̃(s0)) from the matrices(Q(s0),R(s0)), according to the definition below. The functionsQ̃(s)

andR̃(s) are formally obtained by applyingM to (Q(s),R(s)) pointwise for alls ∈ U . We note that in

order to keep the notation compact, in the following we omit the dependence of all involved quantities

on s0. We start by defining the auxiliary variables∆k as

∆k , ∆k−1[R]2k,k, k = 1, 2, . . . ,M (5)

with ∆0 , 1. Next, we introduce the vectors

q̃k , ∆k−1 [R]k,k qk, k = 1, 2, . . . ,M (6)

r̃k , ∆k−1 [R]k,k rk, k = 1, 2, . . . ,M (7)

and define the mappingM : (Q,R) 7→ (Q̃, R̃) by Q̃ , [q̃1 q̃2 · · · q̃M ] and R̃ , [r̃T
1 r̃T

2 · · · r̃T
M ]T.

We emphasize that the factors∆k−1 [R]k,k, k = 1, 2, . . . ,M , in (6) and (7), are functions of the entries

[R]k′,k′ , k′ = 1, 2, . . . , k, on the main diagonal of the matrixR, which in turn is a function ofs0.

Now, we consider the ordered column rankK of A, and note that Property 2 in Proposition 4 implies

that, if K > 0, ∆k−1 [R]k,k > 0 for k = 1, 2, . . . ,K, as seen by unfolding the recursion in (5). Hence,
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for K > 0 andk = 1, 2, . . . ,K, we can computeqk andrk from q̃k and r̃k, respectively, according to

qk = (∆k−1 [R]k,k)
−1 q̃k (8)

rk = (∆k−1 [R]k,k)
−1 r̃k (9)

where∆k−1 [R]k,k is obtained from the entries on the main diagonal ofR̃ as

∆k−1 [R]k,k =







√

[R̃]k,k, k = 1
√

[R̃]k−1,k−1[R̃]k,k, k = 2, 3, . . . ,K.

(10)

If K = M , i.e., for full-rankA, we have∆k−1 [R]k,k 6= 0 for all k = 1, 2, . . . ,M , and the mappingM is

invertible. In the caseK < M , Property 5 in Proposition 4 states that[R]K+1,K+1 = 0, which combined

with (5)–(7) implies that∆k = 0, q̃k = 0, and r̃k = 0 for k = K + 1,K + 2, . . . ,M . Hence, the

mappingM is not invertible forK < M , since the information contained inQK+1,M and RK+1,M

can not be extracted from̃QK+1,M = 0 and R̃K+1,M = 0. Nevertheless, we can recoverQK+1,M

and RK+1,M as follows. For0 < K < M , settingk = K + 1 in Proposition 3 shows thatQK+1,M

and R
K+1,M
K+1,M can be obtained by QR decomposition ofAK+1,M − Q1,KR

1,K
K+1,M . Then,RK+1,M is

obtained asRK+1,M = [RK+1,M
1,K R

K+1,M
K+1,M

] with R
K+1,M
1,K = 0 because of the upper triangularity

of R. For K = 0, sinceQ̃ and R̃ are all-zero matrices,QK+1,M = Q and R
K+1,M
K+1,M = R must be

obtained by performing QR decomposition onA. In the remainder of the paper, we denote byinverse

mappingM−1 : (Q̃, R̃) 7→ (Q,R) the procedure1 formulated in the following steps:

1) If K > 0, for k = 1, 2, . . . ,K, compute the scaling factor(∆k−1 [R]k,k)
−1 using (10) and scale

q̃k and r̃k according to (8) and (9), respectively.

2) If 0 < K < M , computeQK+1,M andR
K+1,M
K+1,M by performing QR decomposition onAK+1,M −

Q1,KR
1,K
K+1,M , and constructRK+1,M = [0 R

K+1,M
K+1,M

].

3) If K = 0, computeQ andR by performing QR decomposition onA.

We note that the nonuniqueness of QR decomposition in the caseK < M has the following consequence.

Given QR factorsQ1 andR1 of A, the application of the mappingM to (Q1,R1) followed by application

of the inverse mappingM−1 yields matricesQ2 andR2 that may not be equal toQ1 andR1, respectively.

However,Q2 andR2 are QR factors ofA in the sense of Definition 1.

We are now ready to present the main result of this paper.

1Note that forK < M , the inverse mappingM−1 requires explicit knowledge ofAK+1,M .
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Theorem 1:Given A : U → C
P×M with P ≥ M , such thatA(s) ∼ (V1, V2) with maximum degree

V = V1 +V2. The functions∆k(s), q̃k(s), andr̃k(s), obtained by applying the mappingM as in (5)–(7)

to QR factorsQ(s) andR(s) of A(s) for all s ∈ U , satisfy the following properties:

1) ∆k(s) ∼ (kV, kV )

2) q̃k(s) ∼ ((k − 1)V + V1, (k − 1)V + V2)

3) r̃k(s) ∼ (kV, kV ).

The results stated in Theorem 1 show that despiteqk(s) and rk(s) being neither LP nor rational, the

multiplication with∆k−1(s)[R(s)]k,k (which is also neither LP nor rational) in (6) and (7) yields functions

q̃k(s) and r̃k(s), respectively, that are LP (k = 1, 2, . . . ,M ). Finally, we emphasize that Theorem 1

applies to any QR factors satisfying Definition 1 and is therefore not affected by the nonuniqueness of

QR decomposition arising in the rank-deficient case.

C. Proof of Theorem 1

The proof consists of three steps, summarized as follows. InStep 1, we focus on a givens0 ∈ U and aim

at writing ∆k(s0), q̃k(s0), and r̃k(s0) as functions ofA(s0) for all (K(s0), k) ∈ K , {0, 1, . . . ,M} ×
{1, 2, . . . ,M}, whereK(s0) denotes the ordered column rank ofA(s0). Step 1 is split into Steps 1a

and 1b, in which the two disjoint subsetsK1 , {(K ′, k′) ∈ K : 0 < K ′ ≤ M, 1 ≤ k′ ≤ K ′} and

K2 , {(K ′, k′) ∈ K : 0 ≤ K ′ < M,K ′ + 1 ≤ k′ ≤ M} (with K1 ∪ K2 = K) are considered,

respectively. In Step 1a, we note that for(K(s0), k) ∈ K1, Q1,K(s0)(s0) andR1,K(s0)(s0) are unique and

can be obtained by evaluating (1)–(3) fork = 1, 2, . . . ,K(s0). By unfolding the recursions in (1)–(3) and

in (5)–(7), we write∆k(s0), q̃k(s0), andr̃k(s0) as functions ofA(s0) for (K(s0), k) ∈ K1. In Step 1b,

we show that the expressions for∆k(s0), q̃k(s0), and r̃k(s0), derived in Step 1a for(K(s0), k) ∈ K1,

are also valid for(K(s0), k) ∈ K2 and hence, as a consequence ofK1∪K2 = K, for all (K(s0), k) ∈ K.

In Step 2, we note that the derivations in Step 1 carry over to all s0 ∈ U , and generalize the expressions

obtained in Step 1 to expressions for∆k(s), q̃k(s), and r̃k(s) that hold fork = 1, 2, . . . ,M and for all

s ∈ U . Making use ofA(s) ∼ (V1, V2), in Step 3 it is finally shown that∆k(s), q̃k(s), andr̃k(s) satisfy

Properties 1–3 in the statement of Theorem 1.

Step 1a:Throughout Steps 1a and 1b, in order to simplify the notation, we drop the dependence of

all quantities ons0. In Step 1a, we assume that(K,k) ∈ K1 and, unless stated otherwise, all equations

and statements involvingk are valid for allk = 1, 2, . . . ,K.

We start by listing preparatory results. We recall from Section III-A that the submatricesQ1,K andR1,K

are unique and that, consequently,qk and rk are determined by (1)–(3). Fromqk 6= 0, implied by
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Property 1 in Proposition 4, and from (2) we deduce thatyk 6= 0. Then, from (1) and (2) we obtain

yH
k yk = yH

k ak −
k−1∑

i=1

qH
i ak

√

yH
k ykq

H
k qi = yH

k ak (11)

asqH
k qi = 0 for i = 1, 2, . . . , k − 1. Consequently, we can write[R]k,k, using (2) and (3), as

[R]k,k = qH
k ak =

yH
k ak

√

yH
k
yk

=
√

yH
k
yk (12)

thus implying[R]k,kqk = yk and hence, by (6),

q̃k = ∆k−1yk. (13)

Furthermore, using (5) and (12), we can write∆k = ∆k−1y
H
k yk or alternatively, in recursion-free form,

∆k =

k∏

i=1

yH
i yi. (14)

Next, we note that (1) implies

yk = ak +

k−1∑

i=1

α
(k)
i ai (15)

with unique coefficientsα(k)
i , i = 1, 2, . . . , k − 1, since y1 = a1 and since fork > 1, we have

rank(A1,k−1) = k − 1 and, as stated in Property 4 of Proposition 4,range(Q1,k−1) = range(A1,k−1).

Next, we consider the relation between{a1,a2, . . . ,ak} and{y1,y2, . . . ,yk}. Inserting (2) into (1) yields

yk = ak −
k−1∑

i=1

yH
i ak

yH
i yi

yi.

Hence, using (11), we obtain

ak′ = yk′ +

k′−1∑

i=1

yH
i ak′

yH
i yi

yi

=

k′

∑

i=1

yH
i ak′

yH
i yi

yi, k′ = 1, 2, . . . , k. (16)

We next note that (16) can be rewritten, fork′ = 1, 2, . . . , k, in vector-matrix form as

[

a1 a2 · · · ak

]
=

[

y1 y2 · · · yk

]
Vk (17)

with the k × k matrix

Vk ,











yH

1
a1

yH

1
y1

yH

1
a2

yH

1
y1

· · · yH

1
ak

yH

1
y1

0 yH

2
a2

yH

2
y2

· · · yH

2
ak

yH

2
y2

...
...

. . .
...

0 0 · · · yH

k
ak

yH

k
yk










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satisfyingdet(Vk) = 1 because ofyk 6= 0 and of (11). Next, we can writeVk asVk = D−1
k Uk with

the k × k nonsingular matricesDk , diag(yH
1 y1,y

H
2 y2, . . . ,y

H
k yk) and

Uk ,











yH
1 a1 yH

1 a2 · · · yH
1 ak

0 yH
2 a2 · · · yH

2 ak

...
...

. . .
...

0 0 · · · yH
k ak











. (18)

We next express∆k as a function ofA1,k. From (11), (14), and (18), we obtain

∆k =
k∏

i=1

yH
i ai = det(Uk). (19)

Furthermore, (2), (3), and (12) imply

yH
k′ai =

√

yH
k′yk′qH

k′ai = [R]k′,k′[R]k′,i

which evaluates to zero for1 ≤ i < k′ ≤ k because of the upper triangularity ofR. Hence,Uk can be

written as

Uk =











yH
1 a1 yH

1 a2 · · · yH
1 ak

yH
2 a1 yH

2 a2 · · · yH
2 ak

...
...

. . .
...

yH
k a1 yH

k a2 · · · yH
k ak











. (20)

By combining (19) and (20), we obtain

∆k = det(Uk) = det











yH
1 A1,k

yH
2 A1,k

...

yH
k A1,k











= det











aH
1 A1,k

aH
2 A1,k

...

aH
k A1,k











(21)

= det
(
AH

1,kA1,k

)
(22)

where the third equality in (21) can be shown by induction as follows. We start by noting thaty1 = a1,

which implies that in the first row ofUk, y1 can be replaced bya1. For k′ > 1, assuming that we have

already replacedy1,y2, . . . ,yk′−1 by a1,a2, . . . ,ak′−1, respectively, we can replaceyk′ by ak′ since, as

a consequence of (15), thek′th row of Uk can be written as

yH
k′A1,k = aH

k′A1,k +
k′−1∑

i=1

(
α

(k′)
i

)∗(
aH

i A1,k

)
.
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Hence, replacingyH
k′A1,k by aH

k′A1,k amounts to subtracting a linear combination of the firstk′−1 rows

of Uk from thek′th row of Uk. This operation does not affect the value ofdet(Uk) [13].

Similarly to what we have done for∆k, we will next show that̃qk can be expressed in terms ofA1,k

only. We start by noting that, sinceVk is nonsingular, we can rewrite (17) as

[

y1 y2 · · · yk

]
=

[

a1 a2 · · · ak

]
V−1

k . (23)

Next, fromVk = D−1
k

Uk we obtain that

V−1
k = U−1

k Dk =
adj(Uk)

det(Uk)
Dk

and hence, by (19), that

V−1
k =

1

∆k











Γ
(k)
1,1 Γ

(k)
2,1 · · · Γ

(k)
k,1

0 Γ
(k)
2,2 · · · Γ

(k)
k,2

...
...

.. .
...

0 0 · · · Γ
(k)
k,k











︸ ︷︷ ︸

adj(Uk)

Dk (24)

whereadj(Uk) is upper triangular sinceUk is upper triangular, andΓ(k)
n,m denotes the cofactor ofUk

relative to the matrix entry[Uk]n,m (n = 1, 2, . . . , k; m = n, n + 1, . . . , k) [13]. Note that in order to

handle the casek = 1 correctly, for whichadj(U1) = Γ
(1)
1,1, det(U1) = U1 = ∆1, andU−1

1 = 1/∆1,

we defineΓ
(1)
1,1 , 1. From (23) and (24) it follows that

yk =
1

∆k

yH
k yk

k∑

i=1

Γ
(k)
k,i

ai =
1

∆k−1

k∑

i=1

Γ
(k)
k,i

ai

and therefore, by (13), we get

q̃k =

k∑

i=1

Γ
(k)
k,iai (25)

which evaluates tõq1 = a1 for k = 1. Next, for k > 1 we denote byA1,k\i the matrix obtained by

removing theith column fromA1,k, and we expressΓ(k)
k,i as a function ofa1,a2, . . . ,ak according to

Γ
(k)
k,i = (−1)k+i det











yH
1 A1,k\i

yH
2 A1,k\i

...

yH
k−1A1,k\i











= (−1)k+i det
(
AH

1,k−1A1,k\i

)
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where the last equality is derived analogously to (21) and (22). Thus, (25) can be written as

q̃k =







ak, k = 1

∑k
i=1(−1)k+i det(AH

1,k−1A1,k\i)ai, k > 1.

(26)

Finally, we obtain

r̃k = q̃H
k A (27)

as implied by (3), (6), and (7). The results of Step 1a are the relations (22), (26), and (27), which are

valid for (K,k) ∈ K1.

Step 1b:We next show that (22), (26), and (27) hold for(K,k) ∈ K2 as well. Throughout Step 1b

we assume that(K,k) ∈ K2, and, unless specified otherwise, all equations and statements involvingk are

valid for k = K +1,K +2, . . . ,M . We know from Section III-A that[R]K+1,K+1 = 0. According to the

definition ofM, [R]K+1,K+1 = 0 implies∆k = 0, q̃k = 0, andr̃k = 0. It is therefore to be shown that the

RHS of (22) evaluates to zero, and that the RHS expressions of(26) and (27) evaluate to all-zero vectors.

We start by noting that sincek > K, A1,k is rank-deficient. Sincerank(AH
1,kA1,k) = rank(A1,k) < k,

we obtain thatdet(AH
1,kA1,k) on the RHS of (22) evaluates to zero. Next, fork > max(K, 1), the

expression
k∑

i=1

(−1)k+i det
(
AH

1,k−1A1,k\i

)
ai (28)

on the RHS of (26) is a vector whosepth component can be written, by inverse Laplace expansion [13],

as

k∑

i=1

(−1)k+i det
(
AH

1,k−1A1,k\i

)
[A]p,i = det




AH

1,k−1a1 AH
1,k−1a2 · · · AH

1,k−1ak

[A]p,1 [A]p,2 · · · [A]p,k



 (29)

for all p = 1, 2, . . . , P . Now, again fork > max(K, 1), sinceA1,k is rank-deficient,ak can be written

as a linear combination

ak =

k−1∑

k′=1

β(k′)ak′

(for some coefficientsβ(k′), k′ = 1, 2, . . . , k−1) which implies that, for allp = 1, 2, . . . , P , the argument

of the determinant on the RHS of (29) has



AH

1,k−1ak

[A]p,k



 =

k−1∑

k′=1

β(k′)




AH

1,k−1ak′

[A]p,k′





as its last column. Since this column is a linear combinationof the firstk − 1 columns, the determinant

on the RHS of (29) is equal to zero for allp = 1, 2, . . . , P , and hence the expression in (28) is equal
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to an all-zero vector fork > max(K, 1). Moreover, if K = 0 andk = 1, we havea1 = 0 on the RHS

of (26). Hence, the RHS of (26) evaluates to an all-zero vector for all (K,k) ∈ K2. Thus, (26) simplifies

to q̃k = 0, which in turn implies that the RHS of (27) evaluates to an all-zero vector as well. We have

therefore shown that (22), (26), and (27) hold for(K,k) ∈ K2. Finally, sinceK1 ∪ K2 = K, the results

of Steps 1a and 1b imply that (22), (26), and (27) are valid for(K,k) ∈ K.

Step 2: We note that the derivations presented in Steps 1a and 1b for agivens0 ∈ U do not depend

on s0 and can hence be carried over to alls0 ∈ U . Thus, we can rewrite (22), (26), and (27), respectively,

as

∆k(s) = det
(
AH

1,k(s)A1,k(s)
)

(30)

q̃k(s) =







ak(s), k = 1

∑k
i=1(−1)k+i det(AH

1,k−1(s)A1,k\i(s))ai(s), k > 1

(31)

r̃k(s) = q̃H
k (s)A(s) (32)

for k = 1, 2, . . . ,M ands ∈ U .

Step 3: For k = 1, 2, . . . ,M , we note thatA(s) ∼ (V1, V2), along with V = V1 + V2, im-

plies AH
1,k(s)A1,k(s) ∼ (V, V ). Now, the determinant on the RHS of (30) can be expressed through

Laplace expansion as a sum of products ofk entries ofAH
1,k(s)A1,k(s) ∼ (V, V ). Therefore, we get

∆k(s) ∼ (kV, kV ) for k = 1, 2, . . . ,M . By analogous arguments, fork = 2, 3, . . . ,M we obtain

det(AH
1,k−1(s)A1,k\i(s)) ∼ ((k − 1)V, (k − 1)V ). The latter result, combined withai(s) ∼ (V1, V2)

in (31) yieldsq̃k(s) ∼ ((k − 1)V + V1, (k − 1)V + V2), which holds fork = 1 as well as a trivial con-

sequence of (31) anda1(s) ∼ (V1, V2). Finally, from (32) and̃qk(s) ∼ ((k − 1)V + V1, (k − 1)V + V2),

usingA(s) ∼ (V1, V2) andV = V1 + V2, we obtainr̃k(s) ∼ (kV, kV ) for k = 1, 2, . . . ,M .

D. Extension to Regularized QR Decomposition

In the following, we briefly show how the results of Section III-B can be extended to the regular-

ized QR decomposition ofA(s) ∼ (V1, V2). To this end, we consider the augmented matrixĀ(s) =

[AT (s) αIM ]T with the QR factorsQ̄(s) and R(s). From αIM ∼ (0, 0) and A(s) ∼ (V1, V2) we

get Ā(s) ∼ (V1, V2). Therefore, the results in Section III-B (including, in particular, Theorem 1 and the

definition ofM andM−1) can be applied to the QR decompositionĀ(s) = Q̄(s)R(s).

The following discussion pertains to a single sampleA(s0), s0 ∈ U . To keep the notation compact,

as done in Section III-B, we omit the dependence of all involved quantities ons0. SinceQ = Q̄1,P,
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by Definition 2, applying the mappingM to the regularized QR factorsQ and R of A according to

(5)–(7) yields the same results as the application ofM to the QR factorsQ̄ andR of the augmented

matrix Ā = [AT αIM ]T to obtain ˜̄Q andR̃ followed by extractingQ̃ = ˜̄Q1,P. With this insight, it is

straightforward to restate Theorem 1 for the case of regularized QR decomposition.

Corollary 1: GivenA : U → C
P×M with P ≥ M , such thatA(s) ∼ (V1, V2) with maximum degree

V = V1 + V2, and the regularization parameterα > 0. The functions∆k(s), q̃k(s), and r̃k(s), obtained

by applying the mappingM as in (5)–(7) to the regularized QR factorsQ(s) andR(s) of A(s) for all

s ∈ U , satisfy the following properties:

1) ∆k(s) ∼ (kV, kV )

2) q̃k(s) ∼ ((k − 1)V + V1, (k − 1)V + V2)

3) r̃k(s) ∼ (kV, kV ).

Finally, we mention that, since the augmented matrixĀ has full rank, the derivation in Section III-B

implies that the mappingM is invertible and that the regularized QR factorsQ = Q̄1,P andR of the

matrix A can be obtained from̃Q = ˜̄Q1,P andR̃ using (8)–(10).

IV. D ISCUSSION

In this section, we briefly discuss the application of our main result to interpolation-based QR de-

composition of LP matrices. For simplicity, we restrict ourselves to QR decomposition, noting that the

extension to regularized QR decomposition is straightforward.

Theorem 1 implies that the LP matrices̃Q(s) andR̃(s) have maximum degree(2M −1)V and2MV,

respectively. Knowledge of2MV + 1 samples of the LP matrices̃Q(s) andR̃(s) is therefore sufficient

for computing the samples̃Q(s0) andR̃(s0) for any s0 ∈ U by interpolation. Motivated by this insight,

we can formulate an interpolation-based algorithm that computes QR factors ofN > 2MV + 1 samples

of A(s) on U . The algorithm starts by performing QR decomposition on2MV + 1 samples ofA(s),

and then applies the mappingM to the resulting QR factors to obtain2MV + 1 corresponding samples

of Q̃(s) and R̃(s). QR factorsQ(s0) and R(s0) of every additional sampleA(s0), s0 ∈ U , can be

obtained by first computing̃Q(s0) andR̃(s0) through interpolation from the2MV + 1 known samples

of Q̃(s) andR̃(s), and then applying the inverse mappingM−1 to Q̃(s0) andR̃(s0). This algorithm finds

applications in the context of transmit precoding schemes and detection algorithms for MIMO-OFDM

systems [1], which involve computing QR factors of a sequence of matrices obtained by oversampling

a polynomial matrix on the unit circle. Interpolation-based QR decomposition was shown in [8], using

a complexity metric relevant for very large scale integration (VLSI) implementations, to yield (often
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significant) computational complexity savings over per-sample QR decomposition, for a wide range of

MIMO-OFDM system parameters.

The fact that the maximum degrees of the LP matricesQ̃(s) andR̃(s) produced by the mappingM
are (2M − 1)V and 2MV, respectively, although the matrixA(s) has maximum degreeV, naturally

raises the question of whether the mappingM is optimal in the sense of producing LP matrices with

the lowest possible maximum degrees. We note that an alternative mapping can be formulated on the

basis of the scaled and decoupled QR decomposition proposedin [14]. Specifically, by extending the

results in [14], formulated for a constant matrixA, to an LP matrixA(s), we obtain a mapping from

Q(s) andR(s) to LP matrices. These LP matrices have significantly higher maximum degrees than the

LP matricesQ̃(s) andR̃(s).

We note that sincẽqk(s) and r̃k(s) have maximum degree2(k − 1)V and 2kV, respectively, the

number of samples of̃qk(s) andr̃k(s) needed for interpolation can be reduced, compared to the approach

described above, from2MV +1 to 2kV +1. An interpolation-based QR decomposition algorithm making

use of this fact is presented in [8].

We conclude by mentioning that the key ideas reported in thispaper were shown in [15] to carry over

to LU decomposition of LP matrices.
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