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Abstract

We consider Laurent polynomial (LP) matrices defined on th#é circle of the complex plane.
QR decomposition of an LP matrix (s) yields QR factor€Q(s) andR(s) that, in general, are neither LP
nor rational matrices. In this paper, we present an inMertibapping that transform@(s) and R(s)
into LP matrices. Furthermore, we show that, given QR factdrsufficiently many samples i (s),
it is possible to obtain QR factors of additional samplesAqf) through application of this mapping
followed by interpolation and inversion of the mapping. Theults of this paper find applications in the
context of signal processing for multiple-input multigetput (MIMO) wireless communication systems

that employ orthogonal frequency-division multiplexintggDM).

Index Terms

Interpolation, Laurent polynomial matrices, QR decomposj sampling.

. INTRODUCTION

We consider Laurent polynomial (LP) matrices defined on thé& aircle of the complex plane.
QR decomposition of an LP matriX (s) yields QR factor9(s) andR(s) that, in general, are neither LP
nor rational matrices. In this paper, we present an indertibapping that transformQ(s) andR.(s) into
LP matrices. The significance of this result lies in the faeit it enables interpolation-based computation
of QR factors of samples oA (s). Specifically, given QR factors of sufficiently many sampbésA (s),

QR factors of additional samples &(s) can be obtained through application of the mapping followed

by interpolation and inversion of the mapping.
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The results presented in this paper find applications inipiedtnput multiple-output (MIMO) wireless
communication systems [1] that employ orthogonal freqyetdicision multiplexing (OFDM) [2]. A
number of MIMO-OFDM receive algorithms, including sucdesscancelation detection [3], [4] and
sphere decoding [5], [6], as well as the MIMO-OFDM transmieqoding schemes presented in [7],
require QR decomposition or regularized QR decompositaefined formally in Section II-B, of a
sequence of matrices obtained by oversampling a polynama#ix on the unit circle. Specific algorithms
for efficient interpolation-based QR decomposition andiutagzed QR decomposition in MIMO-OFDM
systems that make use of the main result in this paper aretegbim [8]. Moreover, it is shown in [8]
that interpolation-based QR decomposition can yield §iicarit computational complexity savings over
per-sample QR decomposition.

Finally, we mention that the results presented in this paperelated to interpolation-based inversion
of polynomial matrices, as proposed in [9], [10] and appiiedhe context of MIMO-OFDM systems
in [11].

[I. PRELIMINARIES
A. Notation

CP*M denotes the set of complex-valuétix M matrices.d £ {s € C : |s| = 1} indicates the
unit circle. Throughout the paper, we use the following @ntions. First, ifke < ki, Zﬁ"’:,ﬁ ar =0,
regardless ofy,. Second, sequences of integers of the farmk; + 1, ..., ks simplify to the sequence
k1, ko if ko = k1 + 1, to the single valué:; if ko = k1, and to the empty sequencekif < ki. A AT
A" rank(A), andrange(A) denote the entrywise conjugate, the transpose, the cdejtigaspose, the
rank, and the range space, respectively, of the ma\ri{A], ,,, indicates the entry in thgth row and

mth column ofA. AP+P2 and A,,, ,,, stand for the submatrix given by the rows p; +1,...,p2 of A

and the submatrix given by the columns;,m; + 1,...,msy of A, respectively. Furthermore, we set
AL, & (A my)PP2andAlL & (A, m,) ™. A Px M matrix A is said to be upper triangular if all

entries below its main diagon@lA], , : £ =1,2,...,min(P, M)} are equal to zeralet(A) andadj(A)
denote the determinant and the adjoint of a square matyisespectivelydiag(aq, as, ..., ays) indicates
the M x M diagonal matrix with the scalaft,, as itsmth main diagonal elemenl,; stands for the
M x M identity matrix and0 denotes the all-zeros matrix of appropriate dimensionsur@o vectors
and row vectors are represented by lower-case bold symhdibylower-case bold underlined symbols,
respectively. Finally, orthogonality and norm of compledued column vectora;,a, are induced by

the inner producti’a,.
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B. QR Decomposition

Throughout this section, we consider a matdx= [a; as --- ap] € CP*M with P > M, where
ay, denotes theéth column of A (k =1,2,...,M). In the remainder of the paper, we use the following
definition of QR decomposition, that allows us to state osults for general rank oA and independently
of the QR decomposition algorithm used.

Definition 1: We call any factorizatio’A = QR, for which the matrice€) € C”*™ andR ¢ CM*M
satisfy the following conditions, R decompositionf A with QR factorsQ andR:

1) the nonzero columns @@ are orthonormal

2) R is upper triangular with real-valued nonnegative entrirdte main diagonal

3) R=QYA
Practical algorithms for QR decomposition are either basedsram-Schmidt (GS) orthonormalization

or on unitary transformations (UT). We next briefly reviewttbalasses of algorithms. GS-based QR de-

composition is summarized as follows. For= 1,2,..., M, the kth column of Q, denoted byq, is
determined by
k—1
ye2ap— Y aflapq; 1)
=1
with
Yk 0
a= {7 @
07 Yi = 0

whereas theith row of R, denoted byr,, is given by
r, = qi A. 3)

UT-based QR decomposition ok is performed by left-multiplyingA by the product®y --- @0,
of P x P unitary matrices®,,, where the sequence of matric€s, ®,,..., 0y and the parametdy
are not unique and are chosen such that fhe M matrix O --- ©20; A is upper triangular with
real-valued nonnegative entries on its main diagonal. Tlwrices ®, are typically either Givens
rotation matrices [12] or Householder reflection matricg®][ With R £ (O --- ©,0;A)" and
Q £ ((Op:-0201)"); ), we obtain thatQ? A = R and, since@y ---©20; is unitary, that
Q7Q =1Iy.

We note that sincg/; = 0 is equivalent toa; = 0 andy;, = 0 is equivalent torank(A; ;_1) =
rank(Aq ) (k=2,3,..., M) [13], GS-based QR decomposition sét5— rank(A) columns ofQ and

the correspondind/ — rank(A) rows of R to zero. In contrast, UT-based QR decomposition yields a
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matrix Q such thatQ” Q = I,,, regardless of the value ofink(A), and setsM — rank(A) entries on
the main diagonal oR to zero [12]. Hence, forank(A) < M, different QR decomposition algorithms
will, in general, produce different QR factors. The casek(A) = M is considered next.

Proposition 1: If rank(A) = M, Conditions 1 and 2 of Definition 1 simplify, respectively, t

1) Q"Q=1u

2) R is upper triangular withR]x , > 0,k =1,2,..., M
whereas Condition 3 is redundant. Moreov&rhas unique QR factors.

Proof: SinceA = QR impliesrank(A) < min{rank(Q), rank(R)}, it follows fromrank(A) = M
thatrank(Q) = rank(R) = M. Now, rank(Q) = M implies that theP x M matrix Q can not contain
all-zero columns, and hence Condition 1 is equivaler(t)t’éQ = I,;. Moreover,rank(R) = M implies
det(R) # 0 and, sinceR is upper triangular, we havéet(R) = []r_,[R]xx Hence, Condition 2
becomegR|;. . > 0,k = 1,2,..., M. Condition 3 is redundant sinck = QR, together withQ?Q =
I, implies Q7 A = R. The uniqueness df andR is proven in [13, Sec. 2.6]. ]
We note that for full-rankA, the uniqueness of and R implies thatA = QR can be calledhe
QR decomposition ofA with the QR factorsQ and R. Throughout the paper, whenevar is not
guaranteed to have full rank, we simply speakadR decomposition oA with QR factorsQ andR.

Finally, we introduce the concept of regularized QR decasitjpm, relevant, e.g., in MIMO-OFDM
detectors with minimum mean-square error (MMSE) reguddian [1]. We note that our main results
will be derived for QR decomposition only, whereas the gtitiorward extensions to regularized QR de-
composition will be briefly discussed in Section IlI-D.

Definition 2: The regularized QR decompositioof A with the real-valuedregularization parame-
ter « > 0, is the unique factorizatio’A = QR, where theregularized QR factoraQ ¢ CP*M
andR € CM*M are obtained as followsA = QR is the unique QR decomposition of the full-rank

(P + M) x M augmented matriA = [A7 oI,,]%, andQ £ QL7

C. Laurent Polynomials and Interpolation

Definition 3: Given a matrix-valued functiol\ : ¢/ — CP*M and integerd/, V, > 0, the notation
A(s) ~ (V1, V%) indicates that there exist coefficient matricks € CP*M v = —V;, -V +1,..., V4,

such that

A(s)= > Ay, sell. (4)
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If A(s) ~ (V1,Va), thenA(s) is aLaurent polynomialLP) matrix with maximum degre®; + V5.
In the following, we briefly list the following statements igh follow directly from Definition 3. First,
A(s) ~ (V1,Vs) implies A(s) ~ (V{,VJ) for any V{ > V4, Vy > V;,. Moreover, since fos € U we have
s* = s7L A(s) ~ (Vi1,Vk) implies AH (s) ~ (V5, V7). Finally, given LP matricesA;(s) ~ (Vi1, Vi2)
and As(s) ~ (Va1, Vag), if Ai(s) and Ay(s) have the same dimensions, théA,(s) + Aa(s)) ~
(max(V11, Va1), max(Vi2, Vag)), whereas if the dimensions @&, (s) and Az (s) are such that the product
A1(s)As(s) is defined, them(s)Az(s) ~ (Vi1 + Va1, Via + Vag).

In the following, we consider an LR(s) ~ (V4,Vs2) of maximum degred” £ V; + V5. Borrowing
terminology from signal analysis, we call the valueak) at a given points, € U/ the samplea(sy).
If more thanV" + 1 samples ofa(s) are known, we say that(s) is oversampledThe LPa(s) can be
interpolated from its samples &t + 1 distinct points inl{. Interpolation of LP matrices is performed

entrywise.

[Il. QR DECOMPOSITION OFLP MATRICES
A. Additional Properties of QR Decomposition

We next set the stage for the formulation of our main resultpbgsenting additional properties of
QR decomposition of a matriA € C"*M with P > M, that are directly implied by Definition 1.

Proposition 2: Let A = QR be a QR decomposition oA. Then, for a giverk € {1,2,..., M},
A= QLkR}:’g is a QR decomposition oA .

Proof: FromA = QR we obtainA, ; = (QR)yx = Q1 xRy + Q+1,mR{ ", which simplifies
to A1, = Qi xR}, since the upper triangularity @& implies thatR 7" = 0. Q,; andR’} satisfy
Conditions 1 and 2 of Definition 1 since all columnsQ@f ; are also columns of and sinceR}:’,z is a
principal submatrix ofR, respectively. FinallyR = Q7 A implies R}:i = (QHA)}:Q = Qf/ A1 and
hence Condition 3 of Definition 1 is satisfied. [ |

Proposition 3: Let A = QR be a QR decomposition cA. Then, forM > 1 and for a givenk €
{2,3,... .M}, Ap oy — Qua—iRyh T = QuuRy); is a QR decomposition oAy, 1 — Que—1 Ry 5"

Proof: FromA = Q, ;_ R" 14+ Q. R*M we obtainAy 5y = QLk_lR,lf”’jvleer,MRﬁ:% and
henceA, »; — Ql,k_lR,lf:’jw_l - Qk,MRﬁ%. Qi andRﬁ% satisfy Conditions 1 and 2 of Definition 1
since all columns 0fQ; ,; are also columns of) and sinceRﬁ:% is a principal submatrix oR,

respectively. MoreoveR = Q7 A impliesR;"}7 = (Q7A);")7 = Qi) Ay s UsingQff Q1 -1 = 0,

which follows from the fact that the nonzero columns @fare orthonormal, we can writR, "} =
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QA — QL Quii Ry = QL (A — Qui—1Ry 5 ). Hence, Condition 3 of Definition 1
is satisfied. [ |
In order to characterize QR factors Af in the general caseank(A) < M, we introduce the following
concept.

Definition 4: The ordered column ranlof A is the number

K 0, rank(A; 1) =0

max{k € {1,2,..., M} : rank(A; ;) = k}, else.

We note thatK’ = 0 is equivalent toa; = 0, and thatK < M is equivalent toA being rank-deficient.
With the terminology and the results presented so far, weraam characterize QR factors & as
follows:

Proposition 4: QR factorsQ andR of a matrix A of ordered column rank’ > 0 satisfy the following
properties:

1) QY Qur = Ik

2) Rlpr>0fork=1,2,....K

3) Qi .k andRYX are unique

4) range(Qy 1) = range(A ) for k=1,2,... | K

5) if K <M, [R]g41,5+1=0

Proof: Since Q; x and R}:ﬁ are QR factors ofA; g, as stated in Proposition 2, and since

rank(A; g) = K, Properties 1 and 2, as well as the uniquenesof¢ stated in Property 3, are
obtained directly by applying Proposition 1 to the full-kamatrix A; ;. The uniqueness @ !X stated
in Property 3 is implied by the uniqueness @ x and by R"* = Q{/; A, which follows from
Condition 3 of Definition 1. Fok = 1,2, ..., K, range(Q; ;) = range(A; ;) is a trivial consequence of
Ay = QuiRy7} and ofrank(Ry'}) = k, which follows from the fact thaR,'} is upper triangular with
nonzero entries on its main diagonal. This proves Property &£ < M, Condition 3 of Definition 1
implies [R]x+1,5+1 = 9 ax+1. If aks1 = 0, [R]g41,k41 = 0 follows trivially. If qx41 # 0,
Condition 1 of Definition 1 implies thatx1 is orthogonal torange(Q; ), whereas the definition
of K implies thatay 1 € range(A; k). Sincerange(Q, x) = range(A; k), we obtaianHaKH =
[R]k+1,x+1 = 0, which proves Property 5. [ ]
We emphasize that fak > 0, the uniqueness @, x andR'¥ has two significant consequences. First,
the GS orthonormalization procedure (1)—(3), evaluatedife- 1,2, ..., K, determines the submatrices

Q; x and R of the matricesQ and R produced byany QR decomposition algorithm. Second, the
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nonuniqueness of) and R in the case of rank-deficiemk, demonstrated in Section II-B, is restricted
to the submatrice® sc11 s and RE+FLM,
Finally, we note that Property 5 of Proposition 4 is valid fiee cas€< = 0 as well. In fact, Condition 3

of Definition 1 impliesR]; 1 = ql’a;. SinceK = 0 impliesa; = 0, we immediately obtaifR]; ; = 0.

B. Mapping ofQ(s) and R(s) to LP Matrices

In the remainder of Section lll, we considerfax M LP matrix A(s) ~ (V1,V2), s € U, with
P > M. DespiteA(s) being an LP matrix, QR factor®(s) andR(s) of A(s) will, in general, neither
be LP nor rational matrices. To see this, consider the casmenhank(A(s)) = M for all s € U.

It follows from the results in Sections II-B and IlI-A th&)(s) and R(s) are unique and determined
through (1)—(3). The division and the square root operaitio(®), in general, prever®(s), and hence
alsoR(s) = Q(s)A(s), from being LP or rational matrices. As shown next, therestsxa simple
mapping that transform&(s) andR(s) into corresponding LP matriceQ(s) andR(s) by essentially
eliminating, through a series of multiplications, the dighs and square root operations incurred when
expressingQ(s) andR(s) as functions ofA(s) according to (1)—(3). In Section IV, we will describe
how this mapping enables interpolation-based QR decortiposif samples ofA (s).

For a givensy € U, the mappingM : CP*M x CM*M _, cPxM . cM*M produces the matrices
(Q(s0), R(s0)) from the matrice$Q(so), R(s0)), according to the definition below. The functio¥s)
andR(s) are formally obtained by applying to (Q(s), R(s)) pointwise for alls € &. We note that in
order to keep the notation compact, in the following we orné tlependence of all involved quantities

on sg. We start by defining the auxiliary variablés, as

Ap 2 AR, k=1,2,....M (5)
with Ay £ 1. Next, we introduce the vectors
A = Apq [R]k’qu, k=1,2,...,.M (6)
It = Ap_1 [R]y o, k=1,2,....M 7)

and define the mappingt : (Q,R) — (QR) by Q 2 [q1 § --- qu] andR 2 [&] # ... 17
We emphasize that the factofs, [R]k,k, k=1,2,...,M,in (6) and (7), are functions of the entries
Rlw v, ' =1,2,...,k, on the main diagonal of the matrR, which in turn is a function of.

Now, we consider the ordered column rafifkkof A, and note that Property 2 in Proposition 4 implies

that, if K > 0, Ax_1 [R],f’,‘C >0 for k=1,2,..., K, as seen by unfolding the recursion in (5). Hence,
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for K > 0andk =1,2,..., K, we can computey;, andr;, from q, andr,, respectively, according to

Q= (Dp—1 Rl ;) " (8)
), = (Ar-1 R ) 7', 9)

whereAy_; [R], , is obtained from the entries on the main diagonaRohs

Rk, k=1
A1 [R]y = (10)

\/[R]k—l,k—l[ﬁ]k,k, k=23,...,K.
If K =M, i.e., forfull-rankA, we haveA;_; [R], , # 0 forall k =1,2,..., M, and the mapping is

invertible. In the caséC < M, Property 5 in Proposition 4 states thRt . ., -, = 0, which combined
with (5)—(7) implies thatA; = 0, qx = 0, andr, = 0 for k = K + 1, K + 2,..., M. Hence, the
mapping M is not invertible for K < M, since the information contained @1 and RE+1M
can not be extracted fro@ 1 = 0 and RE+1M = 0. Nevertheless, we can recov&y 1y
and REFLM as follows. For0 < K < M, settingk = K + 1 in Proposition 3 shows tha®x 1 1
and R 1}'}7 can be obtained by QR decomposition Af1 a — Qi xRy ;. Then, REFLM s
obtained asR 1M = RV RETI with R = 0 because of the upper triangularity
of R. For K = 0, sinceQ and R are all-zero matricesQx 41,0 = Q and Ry {}); = R must be
obtained by performing QR decomposition @n In the remainder of the paper, we denoteibyerse
mappingM ' : (Q,R) — (Q,R) the procedureformulated in the following steps:
1) If K >0, for k =1,2,..., K, compute the scaling factdr\;,_, [R],f’k)‘1 using (10) and scale
qr andr, according to (8) and (9), respectively.
2) If 0 < K < M, computeQpg 11, andR?ﬁ:% by performing QR decomposition A i1 1 —
Q1xRyY . @nd construcR LM = [o RICHH].
3) If K =0, computeQ andR by performing QR decomposition oA.

We note that the nonuniqueness of QR decomposition in treef€as M has the following consequence.
Given QR factor€); andR; of A, the application of the mappin§yt to (Q1, R;) followed by application
of the inverse mapping~—! yields matrice€Q, andR, that may not be equal 1@, andR,, respectively.
However,Q, andR, are QR factors ofA in the sense of Definition 1.

We are now ready to present the main result of this paper.

"Note that forK < M, the inverse mapping/1~* requires explicit knowledge oA x y1,1;.
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Theorem 1:Given A : U — CP*M with P > M, such thatA(s) ~ (1, V2) with maximum degree
V = Vi + Vs, The functionsA,(s), ax(s), andr,(s), obtained by applying the mappingt as in (5)—(7)
to QR factorsQ(s) andR(s) of A(s) for all s € U, satisfy the following properties:

1) Ag(s) ~ (kV,kV)

2) Qi(s) ~ (E=1DV +V,(k—1)V +V3)

3) £x(s) ~ (KV,kV).
The results stated in Theorem 1 show that desgites) andr,(s) being neither LP nor rational, the
multiplication with Aj_; (s)[R(s)]xx (which is also neither LP nor rational) in (6) and (7) yieldsétions
ax(s) andr,(s), respectively, that are LPk(= 1,2,..., M). Finally, we emphasize that Theorem 1
applies to any QR factors satisfying Definition 1 and is themee not affected by the nonunigueness of

QR decomposition arising in the rank-deficient case.

C. Proof of Theorem 1

The proof consists of three steps, summarized as followStdp 1, we focus on a givey € U/ and aim
at writing Ay (so), ax(so), andt,(so) as functions ofA(sg) for all (K(sp), k) € K £{0,1,..., M} x
{1,2,..., M}, where K(sg) denotes the ordered column rank Af(sg). Step 1 is split into Steps la
and 1b, in which the two disjoint subsety = {(K",k') € K : 0 < K' < M,1 < k' < K'} and
Ko & {(K'K) e K:0< K < M\K'+1 <k < M} (with K1 U Ky = K) are considered,
respectively. In Step 1a, we note that {dt (so), k) € K1, Qq x(s,)(s0) andRVX (%) (54) are unique and
can be obtained by evaluating (1)-(3) for= 1,2, ..., K(so). By unfolding the recursions in (1)—(3) and
in (5)—(7), we writeA(so), ax(so), andt;(so) as functions ofA (sg) for (K(so), k) € K;. In Step 1b,
we show that the expressions i (so), qx(so), andr,(so), derived in Step 1a fo(K (so), k) € K1,
are also valid fof K (so), k) € K2 and hence, as a consequencélefJ ICy = KC, for all (K (so), k) € K.

In Step 2, we note that the derivations in Step 1 carry ovelltegac U, and generalize the expressions
obtained in Step 1 to expressions ¥ (s), qx(s), andr,(s) that hold fork = 1,2,..., M and for all

s € U. Making use ofA (s) ~ (V1, V2), in Step 3 it is finally shown thah,(s), qx(s), andr,(s) satisfy
Properties 1-3 in the statement of Theorem 1.

Step la:Throughout Steps la and 1b, in order to simplify the notatiem drop the dependence of
all quantities onsy. In Step la, we assume th@k’, k) € Ky and, unless stated otherwise, all equations
and statements involving are valid for allk = 1,2,..., K.

We start by listing preparatory results. We recall from ®ectll-A that the submatrice®; x andRV%
are unique and that, consequently, and r;, are determined by (1)—(3). Fromy, # 0, implied by
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Property 1 in Proposition 4, and from (2) we deduce that4 0. Then, from (1) and (2) we obtain
k—1

yiye =yiar— > alap\/ylyeal @i = yfay (11)
=1
asqlq; =0fori=1,2,...,k — 1. Consequently, we can wrif]; », using (2) and (3), as
H
Y. ak
Rlesr = aia, = —A—— = \/yyi 12)

\/YE Yk

thus implying [R]; rqir = y, and hence, by (6),
ar = Ag—1Yk- (13)

Furthermore, using (5) and (12), we can wilig = A,_;yi’y; or alternatively, in recursion-free form,

k
=1
Next, we note that (1) implies
k—1
k
Yk =ag+ Z Oé,(- 'a; (15)
i=1
with unique coefficientSaEk),i = 1,2,...,k — 1, sincey; = a; and since fork > 1, we have

rank(A;,_1) = k — 1 and, as stated in Property 4 of Propositionaage(Q; x—1) = range(Aq x_1).
Next, we consider the relation betwega, as, ..., a;} and{y1,ys,...,yx}. Inserting (2) into (1) yields

k=1 _ g
yi=ay— Y Hky,
— ..
i—1 yiyi

Hence, using (11), we obtain
K —1

H
Y
ap =yp + E i

i=1 vi J?

K’ Ha
=S Yy K =12k (16)
We next note that (16) can be rewritten, fdr= 1,2, ..., k, in vector-matrix form as
[a; ay - a)=[y1 y2 - yi] Vi (7)
with the k& x k matrix
[ yia, yfa,  ylap ]
yiyi  yi'wyi yiy
0 yias . yiaw
Vi L yi'y2 yi'y2
0 0 ... Y
L yiye
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11

satisfyingdet(Vy) = 1 because of; # 0 and of (11). Next, we can writ&/;, asV, = DglUk with

the k x k nonsingular matrice®;, £ diag(yi’y1,yiy2, ...,y yx) and
yitay yflay - yflay
0 yiay -+ yiay
U2l 77 2 (18)
|0 0 - yia |

We next express\; as a function ofA; . From (11), (14), and (18), we obtain

k
Ay = [[ v ai = det(Uy). (19)
i=1

Furthermore, (2), (3), and (12) imply

yha; =\/ylypapa; = Rl p Rl

which evaluates to zero far < i < k' < k because of the upper triangularity Bf. Hence,U; can be

written as
yvia, yfa, .-+ ylla,
H H H
yyar yyas - yjag
U= | 7 7 T (20)
_yllfal yfag yl‘?ak_

By combining (19) and (20), we obtain

yi ALk a Ay
TA all A
A = det(Up) = det | V2 7 | = et | 2T (21)
| Vi ALk | A |
= det(A{L A1) (22)

where the third equality in (21) can be shown by inductiond®s. We start by noting that; = ay,
which implies that in the first row o, y; can be replaced by;. For £’ > 1, assuming that we have
already replace@,y2,...,yr—1 by a1, as,..., a5 _1, respectively, we can replage. by a, since, as

a consequence of (15), théth row of U, can be written as

k'—1

YEAL = af A+ Y (of) (af A).
i=1
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12

Hence, replacing” A, ;. by allA; , amounts to subtracting a linear combination of the fifst 1 rows
of Uy from the k’th row of Uy. This operation does not affect the valuedef (U} ) [13].
Similarly to what we have done fak;,, we will next show thaty;, can be expressed in terms Af; ;.

only. We start by noting that, sinc¥, is nonsingular, we can rewrite (17) as

[Y1 y2 - Yk]:[al az - ak}VlZl- (23)

Next, from V;, = D, 'U;, we obtain that

Vit <UDy = D
and hence, by (19), that
NIRRT v
(k) (k)
1Y IV e
00 e
adj(Ux)

where adj(Uy) is upper triangular sinc&J;, is upper triangular, antﬂ’,(ff?n denotes the cofactor diy
relative to the matrix entryUg],, ., (n = 1,2,...,k; m =n,n+1,...,k) [13]. Note that in order to
handle the casé = 1 correctly, for whichadj(U;) = Fﬁ det(U;) = Uy = Ay, and Ut = 1/A,
we definel“ﬂ £ 1. From (23) and (24) it follows that

k k
I g (k) 1 (k)
Ye = —Yir Yk g INVa; = E T;Va,
A7F P i T A = i

and therefore, by (13), we get

k
- k
a =Y Tja (25)
i=1
which evaluates ta@y; = a; for £ = 1. Next, fork > 1 we denote byA, ;; the matrix obtained by
removing theith column fromA, ;, and we expresﬁékg as a function ofay, ay, ..., a; according to
YA
(k) k+i Y3 A kti H
Fk,i = (—1) det . = (—1) det(ALk,‘—lAl,k\i)
L yi?_1A17k\z’ ]
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where the last equality is derived analogously to (21) ar®).(Zhus, (25) can be written as

ak7 k - 1
qr = . ' (26)
Zizl(_l)k—ﬂ det(Afk_lALk\,-)ai, k> 1.

Finally, we obtain

I, =qfA (27)

as implied by (3), (6), and (7). The results of Step la are ¢hations (22), (26), and (27), which are
valid for (K, k) € K;.

Step 1b:We next show that (22), (26), and (27) hold fdk, k) € K- as well. Throughout Step 1b
we assume thatk', k) € Ky, and, unless specified otherwise, all equations and statsrimeolvingk are
valid for k = K+1, K +2,..., M. We know from Section Ill-A thafR] k1, x+1 = 0. According to the
definition of M, [R] k1, x+1 = 0impliesA, = 0, q; = 0, andt;, = 0. Itis therefore to be shown that the
RHS of (22) evaluates to zero, and that the RHS expressiof6paind (27) evaluate to all-zero vectors.
We start by noting that sinck > K, A, ; is rank-deficient. Sinceank(A{{kALk) = rank(A; ;) <k,
we obtain thatdet(Akalvk) on the RHS of (22) evaluates to zero. Next, for> max(K,1), the

expression
k

D (=DM det (AL Ay p)a (28)
=1

on the RHS of (26) is a vector whogth component can be written, by inverse Laplace expansigj [1

as
k H H H
. A a; A as --- A a
DD det( Aty A [Aly = det | 7T T TR @)
i=1 [A]p,l [A]p@ T [A]p,k
forall p=1,2,...,P. Now, again fork > max(K, 1), sinceA;  is rank-deficienta;, can be written

as a linear combination -
k=1
(for some coefficient$*), &’ = 1,2, ..., k—1) which implies that, for alp = 1,2, ..., P, the argument

of the determinant on the RHS of (29) has

k-1
A{{k—lak _ Z 30 Afk—@k’
[A]p,k k'=1 [A]p,k’

as its last column. Since this column is a linear combinatibthe firstk — 1 columns, the determinant

on the RHS of (29) is equal to zero for all=1,2,..., P, and hence the expression in (28) is equal
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to an all-zero vector fok > max(K, 1). Moreover, if K = 0 andk = 1, we havea; = 0 on the RHS
of (26). Hence, the RHS of (26) evaluates to an all-zero védoroall (K, k) € K. Thus, (26) simplifies
to qr = 0, which in turn implies that the RHS of (27) evaluates to arzelio vector as well. We have
therefore shown that (22), (26), and (27) hold {éf, k) € K. Finally, sincekC; U Ko = K, the results
of Steps 1a and 1b imply that (22), (26), and (27) are valid(fork) € K.

Step 2: We note that the derivations presented in Steps 1a and lbdiveas, € U/ do not depend
on so and can hence be carried over toslle /. Thus, we can rewrite (22), (26), and (27), respectively,

as
Ar(s) = det (AT (s) A1 k(s)) (30)

- ak(s)ﬂ k=1
ar(s) = _ (31)
S (DR det (A, (s)Aq pi(s)ai(s), k> 1

£ (s) = Gy (s)A(s) (32)

fork=1,2,...,M ands € U.

Step 3: For k = 1,2,..., M, we note thatA(s) ~ (V4,V3), along withV = V; + V5, im-
plies A{{k(s)Al,k(s) ~ (V,V). Now, the determinant on the RHS of (30) can be expressedighro
Laplace expansion as a sum of productskoéntries ofAfk(s)Alvk(s) ~ (V,V). Therefore, we get
Ak(s) ~ (kV,EV) for k = 1,2,...,M. By analogous arguments, far = 2,3,..., M we obtain
det(Afk_l(S)Al,k\z( s)) ~ ((k—=1)V,(k—1)V). The latter result, combined with;(s) ~ (V1,V2)
in (31) yieldsqx(s) ~ ((k — 1)V + V4, (k — 1)V + V3), which holds fork = 1 as well as a trivial con-
sequence of (31) ana (s) ~ (V1, V). Finally, from (32) andqx(s) ~ ((k — 1)V + Vi, (k — 1)V + V%),
using A(s) ~ (V1,V2) andV = Vj + V5, we obtaint, (s) ~ (kV,kV) for k =1,2,..., M. [

D. Extension to Regularized QR Decomposition

In the following, we briefly show how the results of SectiolBl can be extended to the regular-
ized QR decomposition oA (s) ~ (Vi,V2). To this end, we consider the augmented mathiks) =
[AT(s) aI,]" with the QR factorsQ(s) and R(s). From oIy, ~ (0,0) and A(s) ~ (V4,V2) we
get A(s) ~ (V4, V»). Therefore, the results in Section 11I-B (including, in pieular, Theorem 1 and the
definition of M and M~!) can be applied to the QR decompositidris) = Q(s)R(s).

The following discussion pertains to a single samplésy), so € Y. To keep the notation compact,

as done in Section 1lI-B, we omit the dependence of all inedhquantities onsy. SinceQ = QU7%,
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by Definition 2, applying the mapping1 to the regularized QR factor® and R of A according to
(5)—(7) yields the same results as the application\éfto the QR factordd andR. of the augmented
matrix A = [AT olI,/]" to obtainQ andR followed by extractingQ = Q'*. With this insight, it is
straightforward to restate Theorem 1 for the case of reg@ldrQR decomposition.

Corollary 1: Given A : U — CP*M with P > M, such thatA (s) ~ (V4, V5) with maximum degree
V =V; + V3, and the regularization parameter> 0. The functionsA(s), qx(s), andr,(s), obtained
by applying the mapping\ as in (5)—(7) to the regularized QR factd®{s) andR(s) of A(s) for all
s € U, satisfy the following properties:

1) Ag(s) ~ (KV,kV)

2) ar(s) ~ (k= 1)V 4+, (k=1)V 4+ V3)

3) Ey(s) ~ (kV,kV).

Finally, we mention that, since the augmented makixas full rank, the derivation in Section 11I-B
implies that the mapping\ is invertible and that the regularized QR fact@s= Q" andR of the
matrix A can be obtained fron® = Q¥ andR. using (8)—(10).

IV. DISCUSSION

In this section, we briefly discuss the application of our megsult to interpolation-based QR de-
composition of LP matrices. For simplicity, we restrict selves to QR decomposition, noting that the
extension to regularized QR decomposition is straightfmdy

Theorem 1 implies that the LP matric€qs) andR(s) have maximum degre@M — 1)V and2MV,
respectively. Knowledge dfMV + 1 samples of the LP matriceQ(s) andR(s) is therefore sufficient
for computing the sampleQ(sq) andR(sg) for any sy € U by interpolation. Motivated by this insight,
we can formulate an interpolation-based algorithm thatmaies QR factors oV > 2MV + 1 samples
of A(s) oniU. The algorithm starts by performing QR decomposition2ddV" 4+ 1 samples ofA(s),
and then applies the mapping to the resulting QR factors to obtal/V + 1 corresponding samples
of Q(s) and R(s). QR factorsQ(sy) and R(sq) of every additional sampleé\(sq), so € U, can be
obtained by first computin@(so) andR(so) through interpolation from the AV + 1 known samples
of Q(s) andR(s), and then applying the inverse mappifg " to Q(so) andR(so). This algorithm finds
applications in the context of transmit precoding schenmas detection algorithms for MIMO-OFDM
systems [1], which involve computing QR factors of a seqeeoicmatrices obtained by oversampling
a polynomial matrix on the unit circle. Interpolation-bds@R decomposition was shown in [8], using

a complexity metric relevant for very large scale integnat{VLSI) implementations, to yield (often
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significant) computational complexity savings over pengke QR decomposition, for a wide range of
MIMO-OFDM system parameters.

The fact that the maximum degrees of the LP matri@é¢s) andR(s) produced by the mapping/
are (2M — 1)V and 2MV, respectively, although the matriA (s) has maximum degre®, naturally
raises the question of whether the mappikg is optimal in the sense of producing LP matrices with
the lowest possible maximum degrees. We note that an dliseraapping can be formulated on the
basis of the scaled and decoupled QR decomposition progasgdl]. Specifically, by extending the
results in [14], formulated for a constant mati, to an LP matrixA(s), we obtain a mapping from
Q(s) andR(s) to LP matrices. These LP matrices have significantly highaximum degrees than the
LP matricesQ(s) andR(s).

We note that sinceyx(s) and £, (s) have maximum degreg(k — 1)V and 2kV, respectively, the
number of samples afj (s) andr,(s) needed for interpolation can be reduced, compared to th®agip
described above, froMV +1 to 2kV + 1. An interpolation-based QR decomposition algorithm mgkin
use of this fact is presented in [8].

We conclude by mentioning that the key ideas reported inghjger were shown in [15] to carry over

to LU decomposition of LP matrices.
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