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Quantization of Filter Bank Frame Expansions
Through Moving Horizon Optimization
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Abstract—This paper describes a novel approach to quantiza-
tion in oversampled filter banks. The new technique is based on
moving horizon optimization, does not rely on an additive white
noise quantization model and allows stability to be explicitly en-
forced in the associated nonlinear feedback loop. Moreover, the
quantization structure proposed here includes and linear pre-
dictive subband quantizers as a special case and, in general, out-
performs them.

Index Terms—Filter banks, frame expansions, oversampling,
quantization.

I. INTRODUCTION

F ILTERBANKS (FBs) are widespread in many prac-
tical applications, mainly in relation to subband signal

processing and coding of audio and image signals; see, e.g.,
[1]–[7]. Fig. 1 depicts a FB with -channels and decimation
factor in each channel, where . The FB is said to
be critically sampled if and oversampled if .
The main purpose of a critically sampled FB is to compress
a discrete-time input signal into sequences , such that the
number of bits used to quantize the subband signals is small,
whilst providing “good” reconstruction quality, i.e., while
achieving . For that purpose, a series connection of an
analysis FB, an abstract quantizer (or coder) and a synthesis
FB is employed.

As can be seen in Fig. 1, a FB first decomposes the dis-
crete-time input signal into subband sequences through
analysis filtering and downsampling. The abstract quantizer
then processes the resulting subband sequences (in a linear or
nonlinear fashion) and quantizes them, giving rise to the output
sequences . Finally, the synthesis FB upsamples and filters the
sequences to provide an estimate of .

Reconstruction errors in a FB basically arise from three
sources [3]: aliasing and imaging (as a consequence of sam-
pling rate conversions), phase and amplitude distortion (due
to the filters employed), and quantization effects. The effects
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Fig. 1. -channel filter bank with decimation factor .

of aliasing, imaging, phase and amplitude distortion can be
dealt with by proper design of the analysis and the synthesis
filters; see, e.g., [3]–[5]. On the other hand, quantization, in
general, incurs a loss of information, and, therefore, precludes

from being equal to . Quantization effects are nonlinear
(and nonsmooth) in nature. Nonetheless, often linear analysis
and design methodologies can usefully be employed; see, e.g.,
[8]–[11]. Of course, these techniques are only approximate
and one can expect linear design approaches to be, in general,
outperformed by nonlinear ones.

While source coding applications typically employ critically
sampled FBs, oversampled FBs implement redundant signal ex-
pansions in and have inherent noise reducing properties
rendering them attractive for applications requiring low-resolu-
tion quantizers. In the context of analog-to-digital (A/D) con-
version, the practical advantages of using low-resolution quan-
tizers at the cost of increased (sampling) rate are indicated by
the popular techniques [12], [13]. The use of low-resolu-
tion quantizers increases circuit speed and reduces circuit com-
plexity; 1-bit codewords, for example, eliminate the need for
word framing.

In [8], oversampling noise shaping subband quan-
tizers have been introduced as an extension of oversampled
noise shaping A/D converters. The approach in [8] has two
shortcomings:

1) a linear model for quantization is used, i.e., quantization is
modeled as introducing additive white noise independent
of the signal, and

2) stability of the feedback loop cannot be guaranteed.
In the present paper, we address these two issues by intro-

ducing a novel quantization method for oversampled FBs. The
approach uses an exact nonlinear model of quantization and al-
lows one to enforce stability. The new scheme is based on ideas
from finite-set constrained predictive control; see, e.g., [14]. On
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a conceptual level, it extends previous work on scalar A/D con-
version [15], [16]. (See also related work on discrete coefficient
filter design [17] and on channel equalization [18]) to the vector
case.

In our approach [which we term a Moving Horizon Subband
Quantizer (MHSBQ)], at each time instant, the quantized values
are chosen to minimize the energy of a filtered version of the
reconstruction error over a (corresponding) finite horizon, to-
gether with a “final state weighting” term. The MHSBQ looks
ahead at a finite number of “future” samples and effectively per-
forms vector quantization (VQ) over the multiple time instants
contained in the horizon. Thus, the MHSBQ amounts to (a spe-
cial type of) space-time VQ of the subband signals over mul-
tiple time instants.

The main design parameters in the MHSBQ are the horizon
length and the final state weighting term. We show that in the
special (and simplest) case of the horizon being equal to one
and no final state weighting, the MHSBQ reduces to the linear
feedback quantizers of [8]. Larger horizons lead to performance
improvements. Another advantage of the approach proposed in
this paper, when compared to [8], is that stability issues are ad-
dressed explicitly. More precisely, we show that, in many sit-
uations, the final state weighting term of the MHSBQ can be
chosen such that idle tones are suppressed, i.e., we can guar-
antee that, with a zero input signal, the output signal will decay
to zero. Interestingly, these cases are associated with situations
where the reconstruction error over a finite horizon together with
the final state weighting term essentially amounts to the infinite
horizon reconstruction mean-square-error (MSE).

Before proceeding, we note that the subject of scalar
quantization of redundant (i.e., oversampled) representations
using exact quantization models and explicitly addressing
stability issues has recently become a very active area of
research in the applied mathematics community; see, e.g.,
[19]. For representative references the interested reader is
referred to [20]–[24]. The approach proposed in the present
paper encompasses scalar and subband quantization as a
special case and appears to be an entirely new concept in the
context of quantization of overcomplete representations. Our
stability notion complements those used in [20]–[23]. Whilst in
[20]–[23] stability refers to boundedness of signals, our results
are concerned with the stronger notion of signals, not only
being bounded, but also decaying to zero. In particular, the
MHSBQ guarantees absence of idle tones. This is not implied
by the results in [20] for scalar quantization. Nevertheless,
our results do not resolve the stability problem completely,
since they apply only to a specific class of input signals .

We finally note, that for the scalar -based approaches in
[20]–[24], it is often possible to compute the reconstruction
MSE (or bounds thereon) explicitly as a function of the over-
sampling factor, see also [25]. Obtaining such explicit results
seems to be difficult for the MHSBQ approach presented in this
paper and is an important open problem.

The remainder of this paper is organized as follows: In
Section II, we review basic concepts related to (oversampled)
FBs. Section III presents the proposed MHSBQ. Corresponding
design parameters and properties are investigated in Sections IV

and V. Section VI documents a simulation study. We conclude
in Section VII.

Notation: We adopt vector-space notation to denote
signals. For example, in Fig. 1, denotes the signal

. We use upper case bold-face
letters for matrices and lower case bold-face letters for vectors
and vector-signals; denotes the all zeros vector. Unless
explicitly specified, the dimension of vectors follows from the
context. We use to denote the identity matrix and
define to be the all zeros matrix. Transposition
of a matrix is denoted via the superscript ; the superscript

stands for complex conjugation; the superscript denotes
conjugate transposition; stands for the quadratic form

, where is any vector and is a symmetric positive
semidefinite matrix; . Finally, we will use the
following definition of a VQ.

Definition 1 (Euclidean VQ): Consider a finite set of column
vectors , where , , and where

, . A nearest neighbor VQ is defined as a mapping
which assigns to each vector the

closest element of (as measured by the Euclidean distance),
i.e., if and only if belongs to the region

Note that, in the special case when , the VQ defined
above reduces to a scalar quantizer with a scalar output set. In
the present paper, we shall, however, be interested in the more
general case where .

II. BACKGROUND ON (OVERSAMPLED) FILTERBANKS

In this section, we give a brief overview of several funda-
mental aspects of (oversampled) FBs. More thorough treatments
can be found, e.g., in [2]–[5], [26], and [27].

A. Basic Aspects

Referring to Fig. 1, the discrete-time input signal is simul-
taneously filtered by the analysis filters

(1)

The signals are downsampled [1] by a factor of , i.e., only
every th sample is retained. The resulting subband sequences

are then quantized leading to the sequences . At each
time instant , we have

(2)

where each of the sets , , contains a finite
(not necessarily the same) number of elements. The reconstruc-
tion error clearly depends on how the sequences are
chosen inside the abstract quantizer . The main focus of this
paper is the design of for given sets .1 A key feature of our
approach (which will be presented in Section III) is that we are
effectively performing VQ across subchannels and across time.
At each time instant , the quantized values in

1Of course, joint design of and the would be interesting, but is beyond
the scope of the present paper.
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Fig. 2. Oversampled FB in polyphase form.

(2) are jointly designed such as to optimize the quantizer per-
formance. Thus, our strategy is more general than those which
simply choose each value separately, i.e., on a subchannel
by subchannel basis, via scalar quantizers.

In the synthesis FB, the quantized sequences are upsam-
pled [1] by a factor of resulting in the sequences . The
filters

(3)

then perform an interpolation/smoothing function, which finally
results in the estimate .

We define the oversampling factor of the FB as

(4)

B. Polyphase Representation

The oversampled FB of Fig. 1 is a multirate system, which
can be represented conveniently in terms of the polyphase de-
scription as outlined below; see, e.g., [2], [3], and [27].

We begin by defining the vector sequences

...

...

...

...

...
...

(5)

where

(6)

are the polyphase components of and , respectively. Note that
the vectors defined in (5) are updated only every sampling
instants of .

By using the so-called noble identities, see, e.g., [3], direct
algebraic manipulation yields that the FB of Fig. 1 can be char-
acterized via:2

(7)

2Here, and in some expressions to follow, should be interpreted as the for-
ward shift operator. For example, in (7) is the output sequence of the LTI
system with input sequence .

Here, is the analysis polyphase matrix, while
is the synthesis polyphase matrix, defined as

and

respectively, with the polyphase filters

The resulting equivalent scheme is depicted in Fig. 2 showing
the polyphase description of a multi-input multi-output (MIMO)
single-rate system, which operates on the downsampled signals.

C. Perfect Reconstruction

In the absence of quantization, perfect reconstruction, i.e.,
, is obtained by ensuring

(8)

FBs which satisfy (8) are termed perfect reconstruction FBs
[3]. Note that choosing as any left-inverse of will
result in a perfect reconstruction FB [27]. (Note that the left-
inverse of is nonunique only in the oversampled case,
where . When , (8) requires ; in
which case needs to be invertible.) In particular, if quan-
tization effects are modeled as additive white Gaussian noise,
then choosing as the para-pseudoinverse of , i.e.,

,3 will minimize the reconstruction
MSE [8]. Other approaches to the design of taking into
account quantization effects can be found, for example, in [9],
[10], and [28].

D. Quantization Aspects

Quantization commonly induces a loss of information when
transforming the sequence into the sequence . As a conse-
quence, the reconstructed sequence will differ from , in gen-
eral, i.e., the reconstruction error, which we define as

(9)

will be nonzero. Note that, given (5) and (6), the sequence
can alternatively be characterized via

...
...

(10)

3Here, is the para-conjugate of .
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Fig. 3. Noise-shaping quantizer.

As stated in [3], the effect of quantization of the subband se-
quences is very difficult to analyze exactly. The usual paradigm
adopted models the quantizer by a linear gain-plus-noise model,
as in the case of standard A/D conversion; see, e.g., [29]. This
model is simple and may, in some cases, yield useful results, see
also [30]. Nevertheless, it fails to predict nonlinear effects, such
as the appearance of idle tones or chaotic output sequences; see,
e.g., [31].

A simple subband quantization method is described in [3] and
[32]. It uses one scalar quantizer for each subband, i.e., it sets

(11)

where we have used the notation introduced in Definition 1, with
and . Based upon the linear quantization para-

digm aforementioned, the number of bits assigned to each quan-
tizer can be determined according to the energy content of each
subband sequence in an optimal manner. This type of method-
ology is widespread, especially in audio coding applications;
see, e.g., [6] and [33].

E. Linear Feedback Subband Quantization

Oversampled FBs provide redundant expansions of the input
signal , see [26] and [27]. In [8] it was shown how this re-
dundancy can be exploited to reduce quantization errors in
through the use of linear feedback quantization methods, i.e.,
the noise-shaping quantizer depicted in Fig. 3 and the signal pre-
dictive quantizer in Fig. 4. As can be seen in those figures, linear
feedback quantizers incorporate feedback loops which contain a
linear MIMO filter of dimension . These quantizers
essentially correspond to MIMO versions of -converters and
noise-shaping quantizers; see, e.g., [12] and [13].4

The architecture in [8] (see Figs. 3 and 4) amounts to sub-
channel by subchannel quantization, i.e.

(12)

where the set is defined via

(13)

4Compare also to parallel -Converter structures as described, for example,
in [34].

Fig. 4. Signal predictive quantizer.

see (2). Based on the linear quantization model one can then
design an optimal, in the sense of minimizing the reconstruction
MSE, filter , see [8], [11].

In the next section, we propose a novel quantization method
for oversampled FBs. As will be apparent, the new scheme em-
beds linear feedback quantization in a broader framework and
contains noise shaping and signal predictive subband quantizers
as special cases. The method does not rely on an additive white
quantization noise model and allows one to enforce stability of
the feedback loop.

III. MOVING HORIZON SUBBAND QUANTIZATION

The main aim of the abstract quantizer in Fig. 1 is to
make the reconstruction error [defined in (9)] small by appro-
priate selection of , for fixed and given . In what follows, we
will use methods stemming from the Model Predictive Control
framework, see, e.g., [35] and [36], to design a subband quan-
tizer, which minimizes a weighted measure of the reconstruc-
tion error. On a conceptual level, the proposed method extends
our previous work on (scalar) signal quantization documented in
[15] and [16] to oversampled FBs or, equivalently, to nonsquare
MIMO systems. The quantization scheme to be presented will
be seen to also outperform the linear feedback subband quan-
tizers of [8].

A. Frequency-Selective Subband Quantization

The subband quantization problem outlined above can be em-
bedded into the more general problem of minimizing the filtered
distortion sequence

(14)

subject to the vector sequence , see (5), taking values in the
set defined in (13). In (14), is of dimension and

is a causal filter of dimension , where .
As an example of this setting, consider a perfect reconstruc-

tion FB, see (8), and choose and .
In this case, corresponds to the reconstruction error de-
fined in (9).

More generally, the two filters and allow the de-
signer to consider a (frequency-) weighted reconstruction error.

Authorized licensed use limited to: ETH BIBLIOTHEK ZURICH. Downloaded on February 11, 2010 at 12:11 from IEEE Xplore.  Restrictions apply. 



QUEVEDO et al.: QUANTIZATION OF FILTER BANK FRAME EXPANSIONS 507

Indeed, if is minimized (in some appropriate sense), then
will approximate the sequence

(15)

and in (14) weights the signal in a frequency-
selective manner. More details on how to choose and

are provided later in Section IV-B. For now, we focus on
the problem of minimizing for fixed filters and .

For the ensuing discussion, it is convenient to use a state-
space description and to characterize via

(16)

where is the order of the chosen filter , ,
, , and where is nonzero.

Based on (16), we have

(17)

where is the filter state.5

B. Optimization Criterion

Given the setting described above, the subband quantizer can
now be designed with an optimality criterion in mind. More pre-
cisely, we will focus on the energy of the filtered distortion se-
quence . For that purpose, at every time instant , we propose
to minimize the following measure of defined over a finite
and fixed horizon

(18)

where is a given positive semidefinite matrix and

...
(19)

contains the decision variables (quantized values). The con-
straint set underlying the cost function (18) is defined in
(13); primed variables refer to “potential values” of the filtered
distortion and the final state , which would result if
the quantizer outputs were
set equal to the corresponding values in . In accordance
with (17), these potential trajectories are formed as

(20)

with .
The initial condition in (20) is

5The state-space description adopted encompasses all causal rational- and
FIR-filters with a nonzero direct feedthrough term. If is chosen to be
a rational filter, then corresponds to its number of poles, i.e., to the number of
roots of the denominator polynomials in the Smith-McMillan form of . If

is chosen to be an FIR-filter, then is the impulse response length;
see, e.g., [37].

which is uniquely determined from past values of and
of . To be more precise, due to (15), the sequence

gives rise to the sequence
. The vector sequence can

then be calculated via the recursion, see (17)

(21)

initialized with .
Minimization of in (18) at time instant gives rise to the

optimizer

(22)

Clearly, (22) amounts to (a special type of) space-time VQ of
the subband signals over the multiple time instants contained
in the horizon window. Indeed, the solution of the opti-
mization problem contains values which, in principle, could be
used in the sequence (see Fig. 2) at instants

, see (19). To obtain better performance, in Section III-C,
we will present an alternative strategy, where minimizations are
carried out at every time instant, thus, providing a sequence of
optimizers . The sequence is then obtained
by setting each , equal to the first element of
[which is of dimension and contains values for all sub-
channels for instant , see (19)].

Remark 1 (Decision Delay): An important feature of (22) is
that is obtained through “looking ahead” at the signal
up until time instant . Thus, the quantizer incurs a
decision delay of time steps (or, equivalently, samples
of ) plus the time required to compute the optimizer in (22).

Before proceeding, we emphasize that a key aspect of our ap-
proach is the inclusion of the final state weighting term

in . As is known from the systems and control litera-
ture, see, for example, [36], final state weighting can, at times,
be used as a mechanism to approximate infinite horizon behavior
via a finite-horizon cost function. In fact, the following result
shows that (in the case of stable filters ), through proper
choice of the matrix , we can, indeed, approximate the min-
imization of the energy of over an infinite horizon through
the use of the finite-horizon cost function (18).

Lemma 1 (Infinite Horizons): Suppose that is a stable
filter, i.e., all eigenvalues of in (16) lie strictly inside the unit
circle, and that is equal to for every . If
the matrix in (18) satisfies the Lyapunov Equation

(23)

we have

(24)

Proof: The proof uses basic properties of linear systems,
as described, for example, in [38]. We first note that, since (16)
is a minimal realization of the stable system , we have that

is positive definite and the Lyapunov Equation (23) has a
unique solution; see, e.g., [37].

On the other hand, it follows directly from (20) that, if
, , then: (see the equation at the

bottom of the next page). Direct substitution confirms that
, indeed, satisfies (23). Thus,
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. The result (24) now
follows from (18).

We note that the quantized nature of will generally pre-
clude from being equal to for every
and (24) is, therefore, only approximate. Nevertheless, as will
become clear in Section IV-C, choosing as the unique solu-
tion of the Lyapunov Equation (23) helps to ensure idle tone
suppression.

C. Moving Horizon Optimization

The basic idea of this paper is to use the moving horizon prin-
ciple as described, for example, in [36]. In this paradigm, at
every time instant the finite horizon cost function in (18)
is minimized over a corresponding horizon. The output of the
abstract quantizer is set to

(25)

where the vector

(26)

is obtained from the solution of (22).
In our approach, is then used in (17) to deliver the

successor state according to

(27)

In the next time instant, is used to minimize the cost
function , yielding ,
see (26). This procedure is repeated ad-infinitum. As illustrated
in Fig. 5, for a horizon of , the time window used in the
minimization of slides forward as increases. The past is
propagated forward in time via the state sequence .6

Fig. 6 schematizes the proposed subband quantizer. We will
term it a MHSBQ. Clearly, the MHSBQ is a time-varying sub-
band quantization scheme.

Remark 2 (Relationship to Model Predictive Control): The
MHSBQ can be regarded as a particular MIMO Model Predic-
tive Controller, see, e.g., [35] and [36], with plant , con-
trolled input and reference signal . A special fea-
ture of the particular situation at hand is that is restricted to
satisfy the quantization constraint (12). This puts the subband
quantization problem into the finite set constrained predictive
control framework developed recently in [14].

6Note that due to the Markov-property (17), the effect of
on is summarized by the state .

Fig. 5. Moving horizon optimization .

Fig. 6. The MHSBQ.

IV. DESIGN PARAMETERS

In this section, we will provide some details on the role of the
MHSBQ design parameters , , and .

A. Optimization Horizon

Given (18), it is easy to see that, in general, larger values for
the optimization horizon provide better performance since
more information about the associated filtered distortion is taken
into account when choosing the quantized subband sequences.
In addition, one can expect that, for large enough , the effect
of on for will be negligible and, conse-
quently, the MHSBQ will give the same performance as if an in-
finite horizon were used. (Note that, as shown in Section III-B,
the final state weighting term can be used to emulate infinite
horizon behavior for finite .)

Authorized licensed use limited to: ETH BIBLIOTHEK ZURICH. Downloaded on February 11, 2010 at 12:11 from IEEE Xplore.  Restrictions apply. 



QUEVEDO et al.: QUANTIZATION OF FILTER BANK FRAME EXPANSIONS 509

On the other hand, as already mentioned in Remark 1,
choosing large horizons incurs large decision delays. Solving
the combinatorial program needed to obtain in (22) for
recursive filters , results in exponential complexity in

.7,8 If is FIR, then the optimization can be carried
out following a Viterbi Algorithm-like approach [41], and has
computational complexity which is only linear in , see also
[18].

As a consequence, the optimization horizon parameter al-
lows the designer to trade-off performance for on-line computa-
tional effort. Fortunately, as will be demonstrated in simulation
studies (see Sections V-B and VI), excellent performance can
often be achieved with relatively small horizons.

B. Weighting Filters and

As already outlined in Section III-A, the frequency weighting
filter and the prefilter in (14) can be utilized to
(implicitly) specify spectral characteristics of the subband se-
quences and of the resultant reconstruction error .

One possible design choice motivated by the specific problem
considered in this paper is as follows:

(28)

where is the unique integer such that is causal with
nonzero direct feedthrough. In this case, the input to the quan-
tizer in Fig. 6 is given by . Moreover, (7) and (14) yield

(29)

i.e., corresponds to the difference between (possibly delayed
versions of) the reconstructed sequence and the reconstructed
sequence which would be obtained in the absence of quantiza-
tion effects.

Furthermore, if and are chosen to correspond to a
perfect reconstruction FB, see (8), then (29) yields

(30)

Consequently, with (28) and , the MHSBQ
minimizes the energy of via a moving horizon approach.
As already mentioned in Sections III-B and IV-A, the moving
horizon strategy serves as a practical approximation to infinite-
horizon optimal designs. Lemma 1 gives an indication of the
quality of the approximation.9

Certainly, other design choices for and are pos-
sible. For example, one can incorporate psycho-acoustical as-
pects into the subband quantizer, by choosing accord-
ingly. Also, in Section V, we will outline an alternative design

7Computation times to solve (22) are, in general, also exponential in the
number of subband sequences .

8Note that by adapting recent developments in the general VQ framework,
see, e.g., [39], [40], optimization algorithms may be conceived, which have an
average-case complexity which is lower than explicit exhaustive search.

9It is worth mentioning here that in [8] a linear quantization model is used to
find feedback filters in linear feedback subband quantizers such that the variance
of is minimized. In contrast to [8], the design choice (28) is immediate and
does not rest upon a linear quantization model. Furthermore, in Section V we
will show that the MHSBQ generalizes and, in general, outperforms the linear
feedback quantizers in [8].

procedure for and , which will relate the proposed
approach to linear feedback quantization principles and show
that and signal predictive subband quantizers are special
cases of the MHSBQ.

C. Final State Weighting Matrix

A very significant, but largely unsolved, issue which arises
when including a quantizer in a feedback loop is that of sta-
bility. Poor stability properties manifest themselves in the ap-
pearance of nonlinear phenomena such as limit cycles (in partic-
ular, idle tones) and chaotic trajectories, see also [14], [31], [42],
and [43]. In particular, even with zero input, architectures such
as (undithered) scalar and subband -converters and also the
MHSBQ introduced in Section III, may produce nonzero out-
puts (idle tones) that do not decay over time. In general, it cannot
be guaranteed that quantization-induced errors will decay.

We will next show how the final state weighting term in the
cost function (18) can be used to suppress idle tones in the
MHSBQ for any horizon , prefilter and stable weighting
filter . The following result generalizes [16, Theorem 2]
to the MIMO case.

Theorem 1: Suppose that the sequence is such that, for a
finite value , we have

(31)

Then, if is chosen to satisfy the Lyapunov Equation (23), we
have

Proof: The proof is included in the Appendix.
While Theorem 1 is applicable to a very restricted class of

input signals, it does guarantee that idle tones will not occur,
provided . It should be emphasized
that, case studies, such as those included in Section VI, indicate
that setting equal to the stabilizing choice given in (23) tends
to avoid limit cycles even for more general input signals.

Remark 3 (Relationship to Other Stability Results): If
, then the MHSBQ scheme is conceptually equivalent to

the multistep optimal A/D converter presented in [16]. If, in this
scalar case, the optimization horizon is chosen as , then it
was shown in [16] that -converter architectures are obtained.
Thus, -converters are contained within our framework as a
very particular and simple special case. Consequently, it is worth
putting our result into perspective with respect to existing results
on the stability of -converters.10

Theorem 1 concerns all MHSBQs, such that is stable,
solves (23) and the input signal and are such that (31)

is satisfied, in which case we have . (Note
that, in this case, it directly follows that the state sequence
is bounded, since the MHSBQ corresponds to a stable system
driven by bounded input signals, see Fig. 6.) Thus, the result
does not apply to designs where has integrators in one (or

10In Section V-B, we show that for the MHSBQ is equivalent to the
linear feedback subband quantization architectures presented in [8].
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more) of the scalar subchannels.11 It should also be noted that
the condition (31) is rather restrictive and seems to be useful
only for idle tone suppression

Most existing analytical stability results available in the scalar
-converter literature, see, e.g., [20]–[23], only concern spe-

cific designs of the feedback filter, typically those with inte-
grators. The stability notion employed in [20]–[23] amounts
to boundedness of state and converter output trajectories for
bounded inputs. This is useful for establishing the behavior of
the reconstruction MSE as a function of oversampling ratio, but
does not address the issue of idle tones. In summary, Theorem 1,
complements existing results. The class of systems considered
is broader and the stability notion is different.

V. RELATIONSHIP TO LINEAR FEEDBACK SUBBAND

QUANTIZERS

As stated in Section III-A, the frequency weighting filter
is of dimension . In Section IV-B we proposed

to choose via (28), in which case . In the present
section, we will focus on designs where and show that
MHSBQs generalize the linear feedback subband quantizers in
[8].

A. Closed Form Solution

The subband quantizer proposed in Section III requires that
one solve the nonconvex finite-set-constrained optimization
problem (22) at every time step (of ). In the particular case of
a square filter of dimension , i.e., of choosing

, see Section III-A, we can extend the results in [16],
to the vector-valued case, in order to interpret the MHSBQ in
terms of a VQ immersed in a feedback loop. For that purpose,
it is convenient to define the matrices12

...

. . .
...

...
. . .

. . .

(32)

In the above definition

see (16). Thus, the columns of are truncated versions of the
impulse response corresponding to .

Furthermore, we introduce the filters

(33)

11Whilst stability cannot be ensured in these cases, simulation studies have
shown that (in the related context of scalar A/D conversion) the moving horizon
optimization approach gives significant performance gains when compared to
standard -conversion approaches [16].

12For further details, the interested reader is referred to [16].

Fig. 7. Implementation of the MHSBQ as a feedback loop, .

where the matrix is obtained from the
factorization

(34)

With this, we obtain the following result.
Lemma 2: Suppose that , where13

and that has realization (16), with ,
then the output of the MHSBQ at any time instant is given by

(35)

where the signal satisfies

(36)

and is a Euclidean VQ (see Definition 1) with image
being given by the set

(37)

which is obtained, term-wise, from via

Proof: The proof of Lemma 2 follows closely that of The-
orem 1 in [16] and is omitted here for the sake of brevity.

The above result leads directly to the closed loop implementa-
tion of the MHSBQ depicted in Fig. 7. It should be emphasized
that, if is not square, then Fig. 7 does not apply.

B. Relationship to Linear Feedback Quantization

The developments in the previous section set the stage for
showing that subband linear feedback quantization methods, as
introduced in [8], are contained in the class of MHSBQs studied
in this paper.

To establish this relationship more formally, consider the spe-
cial (and simple) case of horizon , and a square frequency
weighting filter with and where , see
(16). In this case, the matrices defined in (32) reduce to ,

, and . Thus, the filters and in (33)
are of dimension and are given by

(38)

13 denotes the cardinality of .
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where is obtained from the factorization
. As a consequence, the dynamics of the MHSBQ

in Fig. 7 are governed by

where

(39)

If we furthermore use no terminal state weighting, i.e.,
, then , , and so that the

dynamics of the MHSBQ are described by

with

On the other hand, the noise-shaping quantizer of Fig. 3 is char-
acterized via

where

Thus, the two schemes are algebraically equivalent, if we set

(40)

With respect to the signal predictive quantizer of Fig. 4, direct
algebraic manipulation yields that equivalence is obtained if we
set

We can therefore conclude that the subband MHSBQ is a gen-
eralization of both the noise-shaping quantizer, and the signal
predictive quantizer proposed in [8]. In particular, the MHSBQ
extends the linear feedback subband quantizers in [8] in two
ways.

1) It allows for multistep optimality by choosing .
2) Stability concepts can be directly included into the design

via the final state weighting matrix .
As documented in the sequel, these two aspects can be used

to give enhanced performance of the MHSBQ, when compared
to [8].

Remark 4 (Resultant Design Procedure): It is interesting to
note that the relationships established above suggest a design
procedure for the filters and which can be used in
MHSBQs with any horizon and any final state weighting
matrix . Indeed, given a design for obtained, for ex-
ample, via the technique in [8], the filters and can
be synthesized according to (40). We note, however, that, whilst
this is certainly possible, the MHSBQs so obtained will, in gen-

eral, give worse performance than those which are based on fil-
ters and designed via (28). This will be illustrated
in a simple example in Section V-C.

Remark 5 (Stable Linear Feedback Subband Quantization):
If , and if in (39) is chosen to sat-
isfy (23), then Theorem 1 states that the resultant MHSBQ with
horizon will have no idle tones. This subband quantiza-
tion architecture can be regarded as a stabilized linear feedback
quantizer. Note that for the cardinality of the image set
of the VQ underlying the MHSBQ, namely , is equal to
the sum of the cardinalities of the image sets of the scalar
quantizers used in the linear feedback quantizers in [8], i.e., of

. Thus, idle tone suppression can be
guaranteed at the expense of only a small increase in on-line
computational effort/circuit complexity.

C. Example: Two-Channel Haar FB

As a simple example, adopted from [8], consider a
two-channel oversampled FB with , corresponding
to an oversampling factor of , see (4). The analysis FB is
formed by the Haar filters

and the synthesis FB (corresponding to the para-pseudoinverse
of the analysis FB) is characterized by

This choice corresponds to the polyphase description

and, thus, satisfies the perfect reconstruction condition (8).
We consider four situations: First, we design the MHSBQ

following (28), with

(41)

A state-space description of the filter in (41) is given by
(16) where and

We set as in Theorem 1, i.e., as the solution to (23), which
here simply gives . We also analyze the case of no final
state weighting, i.e., .

In a second setup, we utilize the noise-shaping filter of [8],
namely
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Fig. 8. Reconstruction error variance provided by the Haar FB with MHSBQ
using the filters given in (41) (solid and dotted lines) and in (42) (dashed
and dash-dotted lines). The noise-shaping quantizer of [8] corresponds to the
MHSBQ designed according to (42) with and .

and compute and according to (40)

(42)

A state-space realization of in (42) is (16) with
and

Again, we analyze two cases, namely no final state weighting,
i.e., , and chosen according to (23), which, in this sit-
uation, gives . It is worth noting that the noise-shaping
quantizer of [8] is equivalent to the MHSBQ with design param-
eters , , and and as in (42).

To compare the relative merits of these design choices, we fix
the constraint sets according to , and use,
as input signal , samples of an i.i.d. real-valued
Gaussian process having zero-mean and unit variance. Fig. 8
shows the values of the reconstruction error variance, defined
as 14

(43)

As can be seen from Fig. 8, performance improves in all four
cases as the horizon is increased beyond .15 In par-
ticular, all MHSBQs with chosen as in Theorem 1 and for
horizon , outperform the noise-shaping subband quan-
tizer proposed in [8]. Given that by setting the weighting filter

as in (41) the MHSBQ aims at minimizing the recon-
struction error , see (30), we observe in Fig. 8 that choosing

as in (41) and to solve (23) gives the best results.

14We average over 100 realizations of the input sequence.
15Here and in the sequel, denotes direct quantization as in (11).

Fig. 9. Result of the orthogonalization procedure in [49]: Upper plots show
impulse response (LHS) and magnitude of transfer function (RHS) of initial
filter; lower plots show corresponding orthogonal filter leading to a paraunitary
even-stacked CMFB.

The benefits of choosing as in Theorem 1 are apparent
when is chosen as in (41) and for horizon . In-
terestingly, in this specific example, with as in (42) and

, choosing gives better performance than
using the value of which solves (23).

VI. DESIGN STUDY: COSINE-MODULATED FBS (CMFBS)

CMFBs [44]–[47] have received significant attention as they
can be designed with relative ease (all subband filters corre-
spond to modulated versions of a single prototype filter) and
allow for a computationally efficient implementation (based on
the DCT). In the following, we investigate a six-channel

even-stacked CMFB [47] with oversampling factor 3 (i.e.,
).16 We utilize an FIR prototype filter of the form

(44)

where is even , and which satisfies the linear
phase property, i.e.

(45)

We design the prototype filter by applying the
orthogonalization method proposed in [49] to an initial low-
pass filter (designed with bandwidth ). Fig. 9 shows
the initial filter and the resulting orthogonal filter. As can
be seen, the orthogonalized prototype filter exhibits
time- and frequency-characteristics that are similar to those of
the original (nonorthogonal) filter. It is worth noting that the
impulse response of is negligible for and for

. The resulting analysis FB is paraunitary, see [47]
and [49]. We can, therefore, synthesize a perfect reconstruction

16Even-stacked CMFBs possess the additional property of all subchannel fil-
ters being linear-phase, a property useful, for example, in image coding appli-
cations [48]. Further details on (oversampled) CMFBs can be found in [47].
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Fig. 10. Reconstruction error variance as a function of , solves (23).

FB, see Section II-C, by choosing the synthesis FB to be an
even-stacked CMFB with prototype filter

where

(46)

Simulations were carried out with binary sets
, and the input was chosen

as samples of an i.i.d. real valued Gaussian random
process having zero-mean and variance 4.

The following design choices were considered:
and , see (28); and and

, see (40).17 Moreover, we investigated hori-
zons , final state weighting as in (23) as well
as no final state weighting, i.e., , where is the order
of the filters used in each case. Again, we point out that,
as shown in Section V-B, the noise shaping structure investi-
gated in [8] corresponds to the MHSBQ with design parameters

, , and .
Figs. 10 and 11 contain the sample reconstruction error

variances obtained, see (43). It can be seen that the benefit
of choosing and employing final state
weighting according to (23) is remarkable. With these design
parameters, larger horizons give better performance and also
with a modest value of , say , we obtain excellent
results when compared to the designs where . These
observations are representative of many experiments that we
have performed.

It is interesting to note that, as can be seen in Fig. 11, in
the example at hand, all designs where give worse
performance than direct quantization following (11) (which is
here denoted as ). We can therefore conclude that final

17Here, was chosen as an FIR filter of order 2, designed according to
the procedure proposed in [8].

Fig. 11. Reconstruction error variance as a function of , .

state weighting is crucial to achieve good performance.18 Fi-
nally, comparing the case and solving (23) to the
noise-shaping quantizer in [8] (i.e., and ), we
can see that MHSBQ with final state weighting leads to a reduc-
tion in reconstruction MSE of more than 80%.

VII. CONCLUSION

We proposed a novel method for quantizing filter bank
frame expansions. Our strategy minimizes a filtered distortion
sequence in a moving horizon fashion. The structure described
in this paper includes the linear feedback subband quantizers
proposed in [8] as special cases. More precisely, while linear
feedback quantizers are only one-step optimal, the quantizer
proposed in this paper is multistep optimal. The new approach
leads to enhanced performance, compared to the methods
described in [8], and offers the possibility of guaranteeing the
absence of idle-tones. Open problems include characterizing
the MSE of the MHSBQ as a function of the oversampling
factor, further establishing the relationship to [20]–[24], and
extending the MHSBQ to general frame expansions.

APPENDIX

PROOF OF THEOREM 1

The proof uses the sequence of optimal costs defined as
, , with and

defined in (17) and (22), respectively.
Suppose that, at time , an optimal sequence

...
(47)

18Note that in the present case . Thus, we cannot guarantee absence
of idle tones.
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has been found. Thus, at sample , it follows from (27) that
with given by

(26). Next, consider the related sequence

... (48)

Direct calculation then yields

where we have used (17). Since corresponds to
the optimal choice , we have that

. Hence, using (23), we obtain

(49)

i.e., the sequence is nonincreasing. Since
, it follows that the sequence is convergent,

thus, exists.
As a consequence of (49), we also have

(50)

Since is convergent, it holds that

so that, by using (50), we obtain and,
thus,
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[7] Z. Cvetković and J. D. Johnson, “Nonuniform oversampled filter banks
for audio signal processing,” IEEE Trans. Speech Audio Process., vol.
11, pp. 393–399, Sep. 2003.

[8] H. Bölcskei and F. Hlawatsch, “Noise reduction in oversampled filter
banks using predictive quantization,” IEEE Trans. Inf. Theory, vol. 47,
pp. 155–172, Jan. 2001.

[9] H. Vikalo, B. Hassibi, A. T. Erdogan, and T. Kailath, “On robust signal
reconstruction in noisy filter banks,” Signal Process., vol. 85, no. 1, pp.
1–14, Jan. 2005.

[10] Y. -M. Cheng, B. -S. Chen, and L. -M. Chen, “Minimax deconvo-
lution design of multirate systems with channel noises: A unified
approach,” IEEE Trans. Signal Process., vol. 47, pp. 3145–3149,
Nov. 1999.

[11] A. Makur and M. Arunkumar, “Minimization of quantization noise
amplification in biorthogonal subband coders,” IEEE Trans. Circuits
Syst. I, vol. 51, pp. 2088–2097, Oct. 2004.

[12] S. K. Tewksbury and R. W. Hallock, “Oversampled, linear predictive
and noise-shaping coders of order ,” IEEE Trans. Circuits Syst.,
vol. 25, pp. 436–447, Jul. 1978.

[13] Delta-Sigma Data Converters: Theory, Design and Simulation, S. R.
Norsworthy, R. Schreier, and G. C. Temes, Eds. Piscataway, NJ:
IEEE, 1997.

[14] D. E. Quevedo, G. C. Goodwin, and J. A. De Doná, “Finite constraint
set receding horizon quadratic control,” Int. J. Robust Nonlin. Contr.,
vol. 14, no. 4, pp. 355–377, Mar. 2004.

[15] G. C. Goodwin, D. E. Quevedo, and D. McGrath, “Moving-horizon
optimal quantizer for audio signals,” J. Audio Eng. Soc., vol. 51, no. 3,
pp. 138–149, Mar. 2003.

[16] D. E. Quevedo and G. C. Goodwin, “Multistep optimal analog-to-dig-
ital conversion,” IEEE Trans. Circuits Syst. I, vol. 52, pp. 503–515,
Mar. 2005.

[17] D. E. Quevedo and G. C. Goodwin, “Moving horizon design of dis-
crete coefficient FIR filters,” IEEE Trans. Signal Process., vol. 53, pp.
2262–2267, Jun. 2005.

[18] D. E. Quevedo, G. C. Goodwin, and J. A. De Doná, “Multistep
detector for linear ISI-channels incorporating degrees of belief in
past estimates,” IEEE Trans. Commun., vol. 55, pp. 2092–2103, Nov.
2007.

[19] C. S. Güntürk, T. Nguyen, A. M. Powell, and O. Yilmaz, “Coarsely
Quantized Redundant Representations of Signals, Final Workshop Re-
port,” Int. Res. Station for Math. Innovat. Disc., Banff, 2006.

[20] I. Daubechies and R. DeVore, “Approximating a bandlimited func-
tion using very coarsely quantized data: A family of stable sigma-
delta modulators of arbitrary order,” Ann. Math., vol. 158, no. 2, pp.
679–710, Sep. 2003.

[21] J. J. Benedetto, A. M. Powell, and O. Yilmaz, “Sigma-delta
quantization and finite frames,” IEEE Trans. Inf. Theory, vol. 52, pp.
1990–2005, May 2006.

[22] J. J. Benedetto, A. M. Powell, and O. Yilmaz, “Second-order sigma-
delta quantization of finite frame expansions,” Appl. Comput.
Harmon. Anal., vol. 20, no. 1, pp. 126–148, Jan. 2006.

[23] I. Daubechies, R. DeVore, C. S. Güntürk, and V. A. Vaishampayan,
“A/D conversion with imperfect quantizers,” IEEE Trans. Inf. Theory,
vol. 52, pp. 874–885, Mar. 2006.

[24] C. S. Güntürk and N. T. Thao, “Refined error analysis in second-order
modulation with constant inputs,” IEEE Trans. Inf. Theory, vol.

50, pp. 839–860, May 2004.
[25] M. S. Derpich, E. I. Silva, D. E. Quevedo, and G. C. Goodwin, “On op-

timal perfect reconstruction feedback quantizers,” IEEE Trans. Signal
Process., vol. 56, pp. 3871–3890, Aug. 2008.
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