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ABSTRACT
The extension of multiple-input multiple-output (MIMO)
sphere decoding from the narrowband case to wideband
systems based on orthogonal frequency division multiplex-
ing (OFDM) requires the computation of a QR decompo-
sition for each of the data-carrying OFDM tones. Since
the number of data-carrying tones ranges from 48 (as in
the IEEE 802.11a/g standards) to 6817 (as in the DVB-
T standard), the corresponding computational complexity
will in general be significant. This paper presents two
algorithms for interpolation-based QR decomposition in
MIMO-OFDM systems. An in-depth computational com-
plexity analysis shows that the proposed algorithms, for a
sufficiently high number of data-carrying tones and small
channel order, exhibit significantly smaller complexity than
brute-force per-tone QR decomposition.

1. INTRODUCTION

The use of orthogonal frequency-division multiplexing
(OFDM) drastically reduces receiver complexity in wide-
band multiple-input multiple-output (MIMO) wireless sys-
tems by decoupling a frequency-selective fading MIMO
channel into a set of parallel flat-fading MIMO channels.
Nevertheless, MIMO-OFDM receivers still pose significant
challenges in terms of computational complexity since
processing has to be performed on a per-tone basis with
the number of data-carrying tones ranging from 48 (IEEE
802.11a/g) to 6817 (DVB-T). Linear MIMO-OFDM re-
ceivers require matrix inversion, whereas successive can-
cellation (SC) methods [1] and sphere decoding [2] require
QR decomposition, in both cases on a per-tone basis.

Contributions: Interpolation-based methods for effi-
cient matrix inversion in MIMO-OFDM receivers have
recently been introduced in [3]. In this paper, we present
two algorithms for efficient interpolation-based QR decom-
position in MIMO-OFDM systems. A detailed complexity
analysis shows that the proposed algorithms can yield
significant savings in computational load when compared
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to brute-force per-tone QR decomposition. The savings are
more pronounced for a higher number of data-carrying
tones and small channel order.

Organization of the paper:In Section 2, we introduce
the MIMO-OFDM channel and signal model, provide
some mathematical background on Laurent polynomials
and the QR decomposition, and state the problem con-
sidered. In Section 3, we introduce a general method
for interpolation-based QR decomposition of polynomial
matrices. In Section 4, we discuss the application of this
method to MIMO-OFDM systems and present two corre-
sponding algorithms. Section 5 analyzes the computational
complexity of the algorithms introduced in Section 4; in
particular, we demonstrate significant complexity savings
over brute-force per-tone QR decomposition. We conclude
in Section 6.

Notation: C
P×M is the set of complex-valuedP×M

matrices.U indicates the unit circle.|A| stands for the
cardinality of the setA. AT, AH, and rank(A) denote
the transpose, the conjugate transpose, and the rank of the
matrix A, respectively.[A]p,m indicates the entry in the
pth row andmth column ofA. Ap1,p2 andAm1,m2

denote
the submatrix given by the rowsp1, p1+1, . . . , p2 of A and
the submatrix given by the columnsm1, m1 + 1, . . . , m2

of A, respectively. Furthermore, we defineAp1,p2

m1,m2
=

(Am1,m2
)p1,p2 . Finally, IM stands for theM×M identity

matrix.

2. SIGNAL MODEL AND PROBLEM STATEMENT

2.1. Channel and signal model

We consider a MIMO system withMT transmit andMR

receive antennas. Throughout the paper, we focus on the
caseMR ≥ MT . The impulse response of the frequency-
selective MIMO channel is given by the tapsGl ∈
C

MR×MT (l = 0, 1, . . . , L) with the corresponding matrix-
valued transfer function

H
(

ej2πθ
)

=

L
∑

l=0

Gle
−j2πlθ, 0 ≤ θ < 1. (1)



In a MIMO-OFDM system withN tones and a cyclic
prefix of lengthLCP ≥ L samples, the equivalent input-
output relation for thenth tone is given by

dn = H
(

sn

)

cn + wn, n = 0, 1, . . . , N − 1

with the transmit signal vector cn =
[cn,1 cn,2 · · · cn,MT

]T, the receive signal vector
dn = [dn,1 dn,2 · · · dn,MR

]T, the additive complex-
valued noise vectorwn, and sn = ej2πn/N. Here, cn,m

stands for the complex-valued data symbol transmitted by
the mth antenna on thenth tone anddn,m is the signal
observed at themth receive antenna on thenth tone.

In practice, a small subset of theN tones is typically set
aside for pilot symbols and virtual tones at the band edges,
which help reduce out-of-band interference and relax the
pulse-shaping filter requirements. We collect the indices
corresponding to theD tones carrying payload data into
the setD ⊆ {0, 1, . . . , N − 1}. Typical OFDM systems
haveD ≥ 3LCP.

2.2. Laurent polynomials and interpolation

Given a matrix-valued functionA : U → C
P×M, A(s) ∼

(V1, V2), with integersV1, V2 ≥ 0, denotes that there exist
coefficient matricesCl ∈ C

P×M such that

A(s) =

V2
∑

l=−V1

Cls
l, s ∈ U .

In the following, we say thatA(s) is a Laurent poly-
nomial (LP) matrix of degreeV = V1 + V2. Under
these assumptions,A(s) is uniquely determined by its
values A(bi) at V + 1 distinct base pointsbi ∈ U
(i = 0, 1, . . . , V ). Therefore,A(s) can be interpolated
according to

[A]p,m(s) =
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s−V1+1

...
sV2
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[A]p,m(b1)
...

[A]p,m(bV )











(2)

for p = 1, 2, . . . , P , m = 1, 2, . . . , M , ands ∈ U , where
B is the (V + 1) × (V + 1) matrix [B]i,k = bk−1−V1

i−1

(i, k = 1, 2, . . . , V + 1). We finally note that settings =
ej2πθ in (1) shows thatH(s) ∼ (L, 0), i.e.,H(s) is an LP
matrix of degreeL.

2.3. QR decomposition

We consider a matrixA ∈ C
P×M with P ≥ M and

rank(A) = M , partitioned into its columns according
to A = [a1 a2 · · · aM ]. The QR decomposition ofA
is given by the unique factorizationA = QR, where
Q ∈ C

P×M satisfiesQHQ = IM and R ∈ C
M×M

is upper triangular with real-valued positive entries on

the main diagonal. We note that the uniqueness ofQ

andR [4] is of fundamental importance for our analysis.
In the following, in order to set the stage for Section 3, we
shall briefly review the QR decomposition on the basis of
Gram-Schmidt orthogonalization [5].

The kth column ofQ, denoted byqk, is determined by

yk = ak −
k−1
∑

i=1

qH
i akqi, k = 1, 2, . . . , M (3)

(with y1 = a1) and

qk =
yk

√

yH
k yk

, k = 1, 2, . . . , M. (4)

The kth row of R, denoted byrT
k , is given by

rT
k = qH

k A, k = 1, 2, . . . , M. (5)

2.4. Problem statement

We assume that the receiver has knowledge ofH(sn) for
n ∈ E ⊂ {0, 1, . . . , N − 1} with |E| ≥ L + 1. A MIMO-
OFDM sphere decoder or SC receiver requires knowledge
of the QR decomposition

H
(

sn

)

= Q
(

sn

)

R
(

sn

)

(6)

for all data-carrying tonesn ∈ D. A straightforward
approach to the problem at hand is to interpolateH(sn) to
obtainH(sn), n ∈ D and then perform the QR decomposi-
tion (6) on a per-tone basis. This approach will henceforth
be called brute-force per-tone QR decomposition. The
questions considered in this paper are as follows:

1) Can we formulate an algorithm that allows to obtain
Q(sn) andR(sn) for n ∈ D from Q(sn) andR(sn)
specified atB < D base points?

2) Would an algorithm of this kind yield savings in
terms of computational complexity over brute-force
per-tone QR decomposition?

3. QR DECOMPOSITION THROUGH
INTERPOLATION

We consider an LP matrixA(s) ∈ C
P×M , s ∈ U ,

with P ≥ M , rank(A(s)) = M ∀ s ∈ U and the
QR decompositionA(s) = Q(s)R(s).

The division and the square root operation in (4) imply
that Q(s) is in general not an LP matrix. Consequently,
R(s) will in general not be an LP matrix either. At
first sight it therefore seems that question 1) in Sec-
tion 2.4 cannot be answered affirmatively. However, we



shall next show that there exists an invertible mapping from
(Q(s),R(s)) to corresponding LP matrices(Q̃(s), R̃(s)).
Based on this mapping, we present two algorithms for
interpolation-based QR decomposition, both of which can
have smaller complexity than brute-force per-tone QR de-
composition. Consequently, both questions in Section 2.4
can be answered affirmatively. Before proceeding, we note
that the approach proposed in [6] for efficient QR decom-
position in narrowband MIMO channels produces LP ex-
pressions when applied to polynomial matrices. However,
the degrees of the resulting LPs (and consequently, the
number of base points needed for interpolation) are large
even for small values ofP andM , rendering this approach
ill-suited for the problem at hand.

In the remainder of this section, in order to simplify the
notation, we drop the dependence of all quantities ons.
Furthermore, all equations and statements containing the
variablek are valid fork = 1, 2, . . . , M , unless specified
otherwise. We start by defining the auxiliary variables∆k

as ∆k = ∆k−1[R]2k,k with ∆0 = 1. Next, we introduce
the quantities

q̃k = ∆k−1 [R]k,k qk (7)

r̃T
k = ∆k−1 [R]k,k rT

k (8)

and define the mappingM : (Q,R) 7→ (Q̃, R̃) by Q̃ =
[q̃1 q̃2 · · · q̃M ] and R̃ = [r̃1 r̃2 · · · r̃M ]T. It follows
trivially that Q̃ has orthogonal columns and̃R is upper
triangular with[R̃]k,k = ∆k. The inverse mappingM−1 :
(Q̃, R̃) 7→ (Q,R) is given by

qk =
(

∆k−1 [R]k,k

)−1

q̃k (9)

rT
k =

(

∆k−1 [R]k,k

)−1

r̃T
k (10)

where∆k−1 [R]k,k can be obtained from̃R as

∆k−1 [R]k,k =

√

[R̃]k−1,k−1[R̃]k,k

with [R]1,1 = [R̃]
1/2

1,1 . The following theorem constitutes
the basis for the two interpolation-based QR decomposition
algorithms introduced in the next section.

Theorem 1:A ∼ (V, 0) implies the following:

1) ∆k ∼ (kV, kV ) .

2) q̃k ∼ (kV, (k − 1)V ) .

3) r̃T
k ∼ (kV, kV ) .

The proof of Theorem 1 is omitted due to lack of space
and can be found in [7].

4. APPLICATION TO MIMO-OFDM

The formulation of the MIMO-OFDM QR decomposition
algorithms described in this section is general in the sense
that any method that yields the uniqueQ andR factors,
as defined in Section 2.3, can be used.

We start by summarizing the brute-force approach de-
scribed in Section 2.4.

Algorithm I: Brute-force per-tone QR decompo-
sition

1) InterpolateH(sn), n ∈ E to obtainH(sn),
n ∈ D.

2) For eachn ∈ D, perform QR decomposi-
tion onH(sn) to obtainQ(sn) andR(sn).

It is obvious that performing QR decomposition on a
per-tone basis will in general result in a huge compu-
tational burden. However, since typicallyD ≫ L, the
OFDM system essentially highly oversamples the MIMO
channel’s transfer function, so thatH(sn) is changing
slowly acrossn. This observation, combined with the
results in Section 3, constitutes the basis for the following
two interpolation-based algorithms, which compute the
QR decomposition at a small number of tones and obtain
the remainingQ andR factors through interpolation.

The setsBk ⊆ D, with Bk−1 ⊂ Bk and |Bk| =
Bk = 2kL + 1 (k = 1, 2, . . . , MT ), contain the indices
corresponding to the (arbitrarily chosen) tones used as base
points for interpolation. For completeness, we setB0 = ∅.

The first interpolation-based algorithm performs a single
interpolation step and is summarized as follows:

Algorithm II: Single interpolation step

1) InterpolateH(sn), n ∈ E to obtainH(sn),
n ∈ BMT

.

2) For eachn ∈ BMT
, perform QR decom-

position on H(sn) to obtain Q(sn) and
R(sn).

3) For each n ∈ BMT
, apply M :

(Q(sn),R(sn)) 7→ (Q̃(sn), R̃(sn)).

4) InterpolateQ̃(sn) andR̃(sn), n ∈ BMT
to

obtainQ̃(sn) andR̃(sn), n ∈ D\BMT
.

5) For eachn ∈ D\BMT
, apply M−1 :

(Q̃(sn), R̃(sn)) 7→ (Q(sn),R(sn)).

Based on the observation thatq̃k(s) and r̃T
k (s) can be

interpolated from their values atBk base points, as implied
by Theorem 1, we propose a modification of Algorithm II.
In the following, the mappingM and its inverseM−1

are defined on submatrices ofQ(sn) andR(sn) according
to (7)–(10). The proposed modification of Algorithm II is



based on multiple interpolation steps and can be summa-
rized as follows:

Algorithm III: Multiple interpolation steps

1) Setk ← 1.

2) InterpolateHk,MT
(sn), n ∈ E to obtain

Hk,MT
(sn), n ∈ Bk\Bk−1.

3) If k = 1, go to step 5. Other-
wise, for each n ∈ Bk\Bk−1, apply
M−1 : (Q̃1,k−1(sn), R̃1,k−1(sn)) 7→
(Q1,k−1(sn),R1,k−1(sn)).

4) For eachn ∈ Bk\Bk−1, overwriteH(sn)
by H(sn)−Q1,k−1(sn)R1,k−1(sn).

5) For eachn ∈ Bk\Bk−1, perform QR de-
composition on Hk,MT

(sn) to obtain
Qk,MT

(sn) andR
k,MT

k,MT
(sn).

6) For each n ∈ Bk\Bk−1, apply
M : (Qk,MT

(sn),Rk,MT (sn)) 7→
(Q̃k,MT

(sn), R̃k,MT (sn)).

7) Interpolateq̃k(sn) and r̃T
k (sn), n ∈ Bk to

obtain q̃k(sn) and r̃T
k (sn), n ∈ D\Bk.

8) If k = MT , proceed to the next step.
Otherwise, setk ← k + 1 and go back to
step 2.

9) For eachn ∈ D\BMT
, apply M−1 :

(Q̃(sn), R̃(sn)) 7→ (Q(sn),R(sn)).

5. COMPLEXITY ANALYSIS

5.1. Complexity metric

In the very large scale integration (VLSI) implementation
of algorithms, a wide range of trade-offs between chip
area and processing delay can be realized [8]. Parallel
processing reduces delay at the expense of chip area,
whereas resource sharing reduces chip area at the expense
of a larger delay.

In order to quantify the computational cost of the
algorithms presented in the previous section, we consider
two classes of operations, namely i) multiplications and
ii) divisions and square roots. For the algorithms described
in this paper, nearly all of the class ii) operations can be
carried out in parallel to the class i) operations. Since the
number of class i) operations is significantly larger than
the number of class ii) operations, assuming a moderately
parallel architecture, the overall processing delay is deter-
mined by the class i) operations. The class ii) operations
can be implemented by means of low-area high-delay
architectures that do not affect the overall processing delay.
Since we want our computational cost measure to reflect
the total processing delay, the impact of class ii) operations
can be neglected. Within class i), we distinguish between

full multiplications (i.e., multiplications with two variable
operands) and multiplications of a variable operand with
a constant coefficient (used to implement the interpolation
filters). Following [3], we define the cost as the number of
full multiplications1 and quantify the cost of interpolating a
scalar LP through an equivalent ofcIP full multiplications
per target tone.

Cost of QR decomposition:For VLSI implementa-
tions, the method of choice for QR decomposition is based
on Givens rotations [4], [9]. The corresponding cost was
shown in [10] to be given by

cQR =
3

2
M2

T MR +
3

2
M2

RMT −M3
T

−
1

2
M2

T −
1

2
M2

R +
1

2
MR −

1

2
MT . (11)

Cost of mappingM: Noting that q̃1 is equal to the
first column ofH, which is obviously known, and taking
into account that the computation of the scaling factors
∆k−1[R]k,k (k = 2, 3, . . . , MT ) has a cost ofMT −1, we
obtain the overall mapping cost as

cM = MR (MT − 1) +
MT (MT + 1)

2
+ MT − 1.

Cost of inverse mappingM−1: As already men-
tioned, we neglect the cost of divisions and square
root operations. The computation of the scaling factors
∆k−1[R]k,k (k = 2, 3, . . . , MT ) from R̃ has a cost of
MT − 1. The overall cost of the inverse mapping is given
by

cM−1 = MRMT +
MT (MT + 1)

2
+ MT − 2

where we used the fact that computing[R]1,1 does not
require scaling.

5.2. Complexity of algorithms

We state our results as a function of a generalcQR that
depends on the specific method used for the QR decom-
position. The total cost for Algorithm I is given by

cI = DMT MRcIP + DcQR

whereas the total cost for Algorithm II is obtained as [7]

cII = BMT
(MT MRcIP + cQR + cM)

+ (D −BMT
)

(

cM−1

+

(

MT MR +
MT (MT + 1)

2

)

cIP

)

.

1We assign the same cost to all full multiplications, regardless whether
the operands are real-valued or complex-valued. The underlying as-
sumption is that real-valued multiplications are performedon a complex
multiplier anyway.



Due to space limitations, we do not provide the lengthy
expression for the cost of Algorithm III and refer to [7]
instead. A few comments on the relative complexity of the
different algorithms are in order. We start by comparing
Algorithms I and II and note that

cI − cII = (D −BMT
)

(

cQR − cM−1

−
MT (MT + 1)

2
cIP

)

−BMT
cM. (12)

If the interpolation cost satisfies

cIP <
2 (cQR − cM−1)

MT (MT + 1)
(13)

eq. (12) implies the existence of a minimum valueDmin

for D such thatcI > cII for D ≥ Dmin, i.e., Algorithm II
outperforms Algorithm I for a sufficiently high number
of data-carrying tones. For fixedMT , cQR grows faster
than cM−1 as a function ofMR, which implies that the
right-hand side of (13) is an increasing function ofMR.
Since BMT

= 2MT L + 1, increasingL for all other
parameters fixed results in smaller savings of Algorithm II
over Algorithm I, whereas increasingcQR, again for all
other parameters fixed, results in larger savings. Finally,
we mention that a detailed complexity analysis of Al-
gorithm III, provided in [7], shows thatcII − cIII does
not depend onD and that Algorithm III outperforms
Algorithm II for cQR large andcIP small.

5.3. Numerical results

For MR = 6, D = 500, cIP = 2, and cQR as in (11),
Fig. 1 shows the computational cost of Algorithms II
and III as percentage of the cost of Algorithm I. The
savings of Algorithms II and III over Algorithm I are more
pronounced for small values ofMT andL and can be as
high as 65%.

6. CONCLUSIONS

We presented two interpolation-based algorithms for com-
putationally efficient QR decomposition in MIMO-OFDM
systems. Using a computational cost metric relevant for
VLSI implementations, we demonstrated significant com-
plexity savings of the proposed algorithms when compared
to brute-force per-tone QR decomposition. The savings are
more pronounced for larger number of data-carrying tones
and smaller channel order.
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