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Abstract
Recent years have seen the proliferation of new wireless data applications that have fueled the demand for communication systems capable
of delivering very high quality-of-service (QoS) in terms of data rate
and reliability. At the same time, due to the surge in the number of
wireless devices, the spectrum available for communication has become
scarcer, and the level of interference has increased significantly. The
design of systems satisfying stringent QoS requirements is therefore a
particularly challenging task that requires an accurate understanding
of the ultimate performance of communication over wireless channels.
In this thesis, we establish information-theoretic limits on rate and
reliability in wireless communication, and we provide guidelines to
design systems that achieve these limits.
Rate and reliability are two essential properties of communication
systems that are subject to tension: increasing data rate typically results
in larger error probability and, conversely, a reduction in error probability often comes at the price of sacrificing data rate. The balance
that a system is able to strike between rate and reliability provides
a comprehensive view of its performance. Unfortunately, a precise
characterization of the rate-reliability tradeoff is difficult in general.
In fading channels, however, the diversity-multiplexing (DM) tradeoff
framework proposed by Zheng and Tse (2003) has proved to be very
helpful in understanding the interplay between rate and reliability in
the high signal-to-noise ratio (SNR) regime. The analysis conducted in
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this thesis adopts this framework and uses the notions of diversity and
multiplexing to capture, respectively, the reliability and data rate of the
system.
In many situations of practical relevance, the wireless channel exhibits time and frequency selectivity arising from temporal variations in
the environment and multipath propagation. A direct characterization of
the DM tradeoff in this class of channels, referred to as selective-fading
channels, is in general difficult because the corresponding mutual information is a sum of correlated random variables. This thesis presents a
technique that bypasses this difficulty and establishes the optimal DM
tradeoff of selective-fading channels in both the point-to-point case and
the multiple-access (MA) case. The essence of our approach is to study
the “Jensen channel” that is associated with the original channel and
that has the same behavior in the regime of high SNR relevant to the
DM tradeoff framework.
In the point-to-point case, we obtain a code design criterion that
guarantees optimal performance in the sense of the DM tradeoff and that
ties in nicely with several code design criteria reported in prior work.
The systematic construction of optimal codes is nontrivial when the
transmitter is equipped with multiple antennas. We show, however, that
the design problem can be separated into two simpler and independent
problems: the design of an inner code, also referred to as precoder,
adapted to the selectivity characteristics of the channel, and the design
of an outer code which, quite remarkably, is independent of the channel
characteristics.
Our investigation of selective-fading MA channels yields a detailed
characterization of the limitations that multiuser interference puts on
optimal performance. In particular, we find an interesting conceptual
relation between the DM tradeoff framework and the notion of dominant error event, which was first introduced in additive white Gaussian
noise (AWGN) channels by Gallager (1985). Studying the dominant
error event as a function of the users’ rates reveals the existence of
operational regimes in which multiuser interference has only a negli-
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gible impact on error performance. As in the point-to-point case, we
obtain a set of code design criteria that guarantees optimal performance
to all users. The construction of optimal codes is nontrivial and requires the users to jointly design their codes. We finally examine a code
construction which satisfies our criteria for the two-user flat-fading
channel.
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Résumé
La plupart des nouvelles applications sans fil exigent des systèmes de
communication assurant une haute qualité de service (QoS) mesurée
en termes de débit et de fiabilité. Cependant, l’augmentation rapide
du nombre de ces systèmes se heurte à la difficulté de trouver des
fréquences disponibles dans les bandes spectrales réglementaires. Des
utilisateurs de plus en plus nombreux doivent se partager des bandes
spectrales dont la largeur n’augmente pas et les systèmes de communication sous-jacents sont confrontés à une élévation du niveau
d’interférence. Dès lors, la conception de systèmes de communication
sans fil offrant une QoS élevée nécessite une compréhension approfondie des limites fondamentales qui régissent leur performance. Cette
thèse vise tout d’abord à établir certaines de ces limites en utilisant la
théorie de l’information. Elle présente aussi des critères permettant la
construction de codes capables d’atteindre une performance optimale.
Le débit de transmission et la fiabilité sont deux paramètres essentiels
et antagonistes d’un système de communication: une augmentation
du débit entraine généralement plus d’erreurs et, inversement, une
amélioration de la fiabilité se traduit souvent par une diminution du
débit. La performance d’un système se caractérise intégralement par le
compromis qu’il est capable de réaliser entre débit et fiabilité. Mais il
est souvent difficile de déterminer ce compromis avec précision. Dans
le cas des canaux à évanouissements, le cadre théorique du compromis
diversité-multiplexage (DM) introduit par Zheng and Tse (2003) permet
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de quantifier l’antagonisme entre débit et fiabilité lorsque le rapport
signal sur bruit (SNR) est élevé. L’analyse développée dans cette thèse
s’inscrit dans ce cadre et utilise en particulier les notions de diversité et
de multiplexage pour rendre compte respectivement de la fiabilité et du
débit du système.
Dans la pratique, le canal sans fil est souvent sélectif en fréquence et
en temps en raison de variations temporelles de l’environnement et de
la propagation par trajets multiples. En général, le compromis DM des
canaux sélectifs est difficile à déterminer car l’information mutuelle
correspondante est une somme de variables aléatoires corrélées. Cette
thèse introduit une méthode qui contourne cette difficulté et qui permet
d’établir le compromis DM optimal pour les canaux sélectifs pointà-point et à accès multiple (MA). Notre approche consiste à étudier
le “canal de Jensen” qui est associé au canal sans fil original et qui se
comporte de façon similaire dans le régime de grand SNR, c’est-à-dire
dans le régime qui est pertinent du point de vue du compromis DM.
Dans le cas des canaux point-à-point, nous obtenons un critère pour
la construction de codes optimaux dans le sense du compromis DM. De
plus, nous montrons que notre critère est cohérent avec d’autres critères
énoncés dans des travaux antérieurs. La construction systématique de
codes optimaux devient un problème complexe lorsque le transmetteur
est équipé de multiples antennes. Cependant, nos résultats démontrent
qu’une telle tâche peut être décomposée en deux opérations plus simples et indépendantes: d’une part, la construction d’un code interne, ou
“précodeur”, développé en fonction des statistiques du canal, et d’autre
part, la conception d’un code externe qui est indépendant du canal.
Notre étude des canaux sélectifs à MA fournit une caractérisation
détaillée de la manière dont l’interférence entre utilisateurs affecte
la performance optimale. En particulier, nous trouvons une relation
conceptuelle intéressante entre le compromis DM et la notion d’erreur
dominante introduite dans le cadre des canaux à bruit additif gaussien
par Gallager (1985). Nos résultats révèlent qu’en fonction des débits
des utilisateurs, l’interférence peut parfois n’avoir qu’une influence
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négligeable sur la probabilité d’erreur. Comme dans le cas des liens
point-à-point, nous obtenons un ensemble de critères pour construire
des codes distribués qui atteignent la performance optimale. Nous
examinons finalement un exemple de code distribué qui satisfait nos
critères dans le cas d’un canal non-sélectif avec deux utilisateurs.
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C HAPTER

1

Introduction

1.1. MOTIVATION
UTURE WIRELESS data applications call for communication
systems capable of delivering very high quality-of-service (QoS)
in terms of data rate and reliability. Since bandwidth is every
day scarcer and more expensive, system designers are additionally
facing the challenge of optimizing spectrum efficiency. Several results
established in the field of communication and information theory in
recent years suggest promising approaches to develop systems that
meet these requirements. In particular, the use of multiple antennas at
both ends of the wireless link leads to sizable improvements in terms
of system reliability (Tarokh et al., 1998) and data rate (Telatar, 1999)
without requiring additional bandwidth.
In comparing and optimizing the performance of systems that exploit these newly available gains, a precise understanding of how they
interplay is necessary. Experience shows that lowering the rate of a
transmission improves the chances of correct reception. In practical
systems, for instance, control information, which is critical for proper
system operation, is usually sent at very low rate to prevent its loss.
While the existence of a tension between error performance and data
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1 INTRODUCTION
rate is intuitively clear, a precise characterization thereof is particularly
intricate.
A common approach to study the rate-reliability tradeoff is the theory of error exponents (Gallager, 1968). However, computing the corresponding reliability function requires solving a difficult optimization problem and, in general, closed-form solutions are not available.
The diversity-multiplexing (DM) tradeoff framework (Zheng and Tse,
2003), which is conjectured to have an intimate connection with the
theory of error exponents, constitutes an elegant approach to study the
rate-reliability tradeoff in fading channels. By analyzing the system performance in terms of the outage probability and exploiting the near-zero
behavior of the fading distribution, one can obtain a characterization of
the tradeoff in the high-SNR regime. The DM tradeoff framework has
proved to be very useful not only to obtain theoretical performance limits but also to construct optimal codes (Yao and Wornell, 2003; Belfiore
et al., 2005; Dayal and Varanasi, 2005; Tavildar and Viswanath, 2006;
Elia et al., 2006).
In most situations of practical relevance, the wireless channel exhibits time and frequency selectivity arising from temporal variations in
the environment and multipath propagation, respectively. Interestingly,
time and frequency selectivity are capable of improving performance
in terms of outage probability (Bölcskei et al., 2002a). However, the
DM tradeoff corresponding to this class of channels remains unknown.
The main difficulty stems from the fact that the mutual information of
selective-fading channels is a sum of correlated random variables, and
the corresponding outage probability is therefore difficult to compute.
The present thesis bridges this gap by establishing the optimal DM
tradeoff of selective-fading multiple-antenna channels. Our approach
consists in analyzing the “Jensen channel” associated with the original
channel and showing that both channels have the same asymptotic
behavior in SNR. We also obtain a code design criterion that guarantees DM tradeoff optimality and which ties in nicely with other criteria
established in the space-time coding literature. The systematic construc-
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1.2 OUTLINE
tion of optimal codes is nontrivial when the transmitter is equipped
with multiple antennas. We show, however, that the design problem can
be separated into two simpler and independent problems: the design
of an inner code, also referred to as precoder, adapted to the selectivity characteristics of the channel, and the design of an outer code
which, quite remarkably, is independent of the channel characteristics. Our technique is also pertinent to the analysis of selective-fading
multiple-access (MA) channels where an additional factor, the multiuser interference, comes into play. In addition to establishing the
optimal DM tradeoff in MA channels, we find a set of code design
criteria for the construction of optimal distributed space-time codes,
and we prove that the construction proposed by Badr and Belfiore
(2008b) is optimal with respect to our criteria. Besides the cases of
point-to-point and MA selective-fading channels analyzed in this thesis,
the concept of Jensen channel has also been instrumental in studying
performance limits of relay channels and in obtaining corresponding
optimal code constructions (Akçaba et al., 2007). Therefore, the Jensen
channel constitutes an important conceptual tool in the DM tradeoff
framework.

1.2. OUTLI N E
This thesis is organized as follows.
The selective-fading channel (Chapter 2)
This chapter presents the channel model underlying our analysis of
selective-fading channels. The channel is modeled as a linear timevarying (LTV) system which is mathematically described by an underspread operator (Kozek, 1997), and which satisfies the standard
wide-sense stationary uncorrelated scattering (WSSUS) assumption
(Bello, 1963). Thanks to its underspread character, the continuous chan-
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nel model is approximately diagonalized by Weyl-Heinsenberg bases
(Kozek, 1997). Invoking this property, one can obtain a discrete representation of the input-output relation. Throughout the thesis we shall
make use of that representation.

The diversity-multiplexing tradeoff framework (Chapter 3)
The DM tradeoff framework (Zheng and Tse, 2003) is an elegant and
effective tool to characterize the tradeoff between rate and reliability
in fading channels. This chapter lays down the foundations of our
analysis by presenting the fundamental concepts of the framework.
Furthermore, we review known DM tradeoff results in the case of flatfading channels, and we also discuss the extension of the framework to
the case of flat-fading MA channels (Tse et al., 2004).

Performance limits in selective-fading channels (Chapter 4)
This chapter presents a technique to characterize the optimal DM tradeoff of selective-fading multiple-input multiple-output (MIMO) channels
(Coronel and Bölcskei, 2007). In contrast to the flat-fading case, the mutual information corresponding to a selective-fading channel is difficult
to analyze as the channel exhibits memory both in time and frequency.
The technique presented here overcomes this difficulty by analyzing
the “Jensen channel” which is associated with the original channel and
happens to have the same behavior as the latter in the scale of interest
in the DM tradeoff framework. Furthermore, our approach yields a
code design criterion that guarantees optimality with respect to the DM
tradeoff. We shall compare this criterion with other criteria reported
in prior work, and examine the implications of channel selectivity on
code design.

4
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Optimal code construction (Chapter 5)
We examine the problem of constructing DM tradeoff optimal codes,
and we show that the overall code design problem can be separated in
two simpler and independent tasks: the design of an inner code, also
referred to as “precoder”, adapted to the channel selectivity characteristics and an outer code independent of the channel statistics. The
inner code can be obtained in a systematic fashion as a function of the
channel statistics and the design criterion for the outer code is standard.
Multiple-access channels (Chapter 6)
In assessing the performance limits of communication over MA channels, an additional effect, unknown in point-to-point channels, has to
be taken into account: multiuser interference. This chapter extends the
techniques developed in the point-to-point case and establishes the
ultimate performance in selective-fading MA MIMO channels (Coronel et al., 2008). Analogously to the point-to-point case presented in
Chapter 4, we obtain a set of code design criteria that can be used to
jointly design the users’ codebooks. Moreover, we find a conceptual relation between the DM tradeoff framework and the notion of dominant
error event which was originally introduced by Gallager (1985). The
analysis of the dominant error events reveals operational regimes where
multiuser interference has a negligible effect on the error performance.
We shall conclude this chapter by showing that the distributed code
construction presented recently by Badr and Belfiore (2008b) satisfies
our code design criteria, and it is hence optimal with respect to the DM
tradeoff.

Finally, Chapter 7 concludes this thesis.
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2

The Selective-Fading Channel
of the wireless channel is required to design efficient communication systems. Since wireless propagation occurs via electromagnetic radiation from
transmitter to receiver, it is in theory possible to solve Maxwell’s equations to find the electromagnetic field at the receive antenna. This
approach should take into account the reflections due to multiple scatterers and the obstructions caused by objects located in the line-of-sight
between transmitter and receiver. For systems operating at carrier frequencies ranging between 1 and 10 GHz, the wavelength of electromagnetic radiation lies between 3 and 30 cm. Hence, a direct computation
of the electromagnetic field at the receiver would require a precise
characterization of the propagation environment within centimeters.
Solving the electromagnetic field equations is therefore an unrealistic
approach to obtain a description of the channel.
Motivated by the fact that a precise characterization of the propagation environment is intricate in most cases of practical interest, wireless
channels are modeled as stochastic processes. The engineering appeal
of this approach is clear: communication systems designed on the basis
of a random channel model can be expected to work reasonably well in
a large variety of environments. More generally, the design of robust
and efficient systems calls for a channel model capable of capturing
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2 THE SELECTIVE - FADING CHANNEL
with sufficient accuracy the transformations undergone by the signal
during propagation while at the same time remaining mathematically
tractable.
In this thesis, we assume that the wireless channel is a random
Gaussian linear time-varying (LTV) system which satisfies the widesense stationary uncorrelated scattering (WSSUS) assumption (Bello,
1963). This model is valid for a fairly general class of channels, and
it provides an accurate description of the propagation effects while
retaining mathematical tractability.
The continuous nature of the input-ouput relation pertaining to this
model renders difficult an analysis based on standard communication
and information theoretic tools. We shall therefore assume that the
LTV channel is underspread, i.e., the product of maximum delay and
maximum Doppler shift is small, in which case one can get a discretized
representation of the channel’s input-output relation (Kozek, 1997).
The underspread LTV channel is a useful model to analyze coding and
modulation schemes (Bölcskei et al., 2002b; Matz et al., 2007) and
to study information-theoretic performance limits (Durisi et al., 2008;
Schuster et al., 2008).
In this chapter, we describe in more detail the underspread WSSUS
channel model and the corresponding discretized input-output relation.
We start by examining the single-input single-ouput (SISO) selectivefading channel, and we will subsequently present the general principles
underlying the system models employed later in the thesis for pointto-point multiple-input multiple-output (MIMO) systems and multipleaccess (MA) MIMO systems.

8

2.1 THE UNDERSPREAD FADING CHANNEL

2.1. TH E U N DERSPR EAD FADI NG C HAN N EL
A wireless channel can be described in terms of a linear operator H
that maps a scalar input signal x(t), which is assumed to be a square
integrable function, into an output signal r(t) that belongs to the range
space of H. The corresponding (noise-free) input-output relation is
given by r(t) = (Hx)(t). As mentioned in the outset, it is convenient
to model the channel as a stochastic process and, hence, we assume
that H is a random operator. The noise-free input-output relation of the
LTV channel can be written as
Z
r(t) = (Hx)(t) = KH (t, t0 )x(t0 )dt0
(2.1)
t0

where the kernel KH (t, t0 ) can be interpreted as the channel response at
time t to a Dirac impulse at time t0 . The time-varying impulse response
is given by HH (t, τ ) = KH (t, t − τ ), and the corresponding inputoutput relation follows as (Bello, 1963)
Z
r(t) = HH (t, τ )x(t − τ )dτ.
(2.2)
τ

We shall use in the sequel two additional system functions; first, the
time-varying transfer function of the channel given by
Z
LH (t, f ) = HH (t, τ )e−j2πf τ dτ
(2.3)
τ

and the channel’s delay-Doppler spreading function
Z
SH (τ, ν) = HH (t, τ )e−j2πνt dt.

(2.4)

t

For every channel realization, HH (t, τ ) is assumed to be square integrable so that (2.3) and (2.4) are well defined. The above Fourier
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HH (t, τ )
Fτ →f

Ft→ν

SH (τ, ν)

LH (t, f )
F−1
f →τ Ft→ν

Fig. 2.1: Summary of Fourier relations between system functions

relations are summarized in Figure 2.1. An alternative representation
of the input-output relation (2.2) in terms of the spreading function is
Z Z
r(t) =
SH (τ, ν)x(t − τ )ej2πνt dτ dν
(2.5)
τ

ν

which essentially says that the output signal is a superposition of replicas of the input signal weighted by SH (τ, ν), and shifted in time and
frequency by the delay τ and the Doppler shift ν, respectively.

2.1.1. Stochastic model
We assume that LH (t, f ) is a zero-mean jointly proper Gaussian (JPG)
random process in t and f , hence completely characterized by its
correlation function. Furthermore, we assume that the channel process
is wide-sense stationary in time t and uncorrelated in delay τ , i.e., the
so-called WSSUS assumption (Bello, 1963), so that LH (t, f ) is widesense stationary in time t and frequency f , or, equivalently, SH (τ, ν) is
uncorrelated in delay τ and Doppler ν, i.e.,
E{LH (t, f )L∗H (t0 , f 0 )} = RH (t − t0 , f − f 0 )
E{SH (τ, ν)SH∗ (τ 0 , ν 0 )}
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0

(2.6)
0

= CH (τ, ν) δ(τ − τ ) δ(ν − ν )

(2.7)

2.1 THE UNDERSPREAD FADING CHANNEL
where the scattering function CH (τ, ν) and the time-frequency correlation function RH (t, f ) are related by the two-dimensional Fourier
relation
Z Z
CH (τ, ν) =
RH (t, f )e−j2π(νt−τ f ) dt df.
(2.8)
t

f

Since RH (t, f ) is stationary in both t and f , the scattering function
is nonnegative and real-valued for all τ and ν. It can therefore be
interpreted as the spectrum of the channel process.

2.1.2. The underspread assumption
Because the transmitter, receiver, and the objects in the scattering
environment have finite velocities, the maximum Doppler shift ν0
experienced by the transmitted signal is finite. Similarly, we presume
that multipath propagation incurs a finite delay that is at most τ0 . For
simplicity, we assume, without loss of generality, that the scattering
function is compactly supported on the rectangle [0, τ0 ] × [0, ν0 ], i.e.,
CH (τ, ν) = 0 for (τ, ν) ∈
/ [0, τ0 ] × [0, ν0 ].
Note that the spreading function SH (τ, ν) is also supported in this
rectangle with probability 1 (w.p. 1). The channel spread is given by the
quantity ∆H = ν0 τ0 . The underspread assumption, which implies that
the total channel spread satisfies ∆H < 1 (Kozek, 1997), is relevant
as most mobile radio channels are (highly) underspread. Moreover,
underspread channels have a set of approximate eigenfunctions that
yield a discretized input-output relation as discussed next.

2.1.3. Approximate diagonalization
We build our developments on the fact that underspread channels
are approximately diagonalized by orthogonal Weyl-Heisenberg bases
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(Kozek, 1997) which are obtained by time-frequency shifting a prototyping pulse g(t) as
gm,k (t) = g(t − mT )ej2πkF t
where

Z
hgm,k , gn,p i =

∗
gm,k (t)gn,p
(t)dt = δm,n δk,p .

(2.9)

t

In order to satisfy the orthogonality requirement on the basis {gm,k (t)},
the grid parameters T and F are assumed to satisfy T F ≥ 1 (Kozek,
1997; Kozek and Molisch, 1998). Note that large values of the product
T F allow a better time-frequency localization of the prototyping pulse
g(t), but result in a loss of signal space dimension in comparison to the
case T F = 1.
Since the spreading function SH (τ, ν) is strictly limited in delay
τ and Doppler ν, by virtue of the Fourier relation between LH (t, f )
and SH (τ, ν), the time-varying transfer function LH (t, f ) is exactly
characterized by its samples LH (mT, kF ) taken on a regular grid
satisfying the Nyquist conditions T ≤ ν10 and F ≤ τ10 . With this choice
of grid parameters, it has been shown (Kozek, 1997) that the kernel
KH (t, t0 ) admits the following approximate eigenvalue decomposition
KH (t, t0 ) =

∞
X

∞
X

m=−∞ k=−∞

∗
LH (mT, kF ) gm,k (t)gm,k
(t0 ).

(2.10)

The error associated with the approximate decomposition (2.10), which
is characterized for example in (Durisi et al., 2008), will be neglected
in our developments. We stress, however, that the choice of prototyping
function g(t) is crucial in obtaining (2.10) : g(t) should depend on the
shape of the scattering function CH (τ, ν) and be well localized in time
and frequency (Kozek, 1997; Kozek and Molisch, 1998; Matz et al.,
2007; Durisi et al., 2008).
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2.1.4. Canonical signaling scheme
The above approximate diagonalization does not require channel information at the transmitter nor at the receiver. In particular, the transmit
signal can be constructed as a linear combination of the basis functions
{gm,k (t)} as
∞
K−1
X
X
x(t) =
x̃m,k gm,k (t)
(2.11)
m=−∞ k=0

where x̃m,k is the information bearing data symbol corresponding to
the time-frequency slot (m, k). Since the prototyping function g(t) is
well-localized in frequency by construction and practically realizable
signals are band limited, we have assumed that the input signal has an
effective bandwidth W = KF .
The receiver computes the inner products ym,k = hy, gm,k i, where
y(t) = r(t) + z(t) and z(t) is additive white Gaussian noise with
∗ 0
0
E{z(t)z
√ (t )} = δ(t − t ). Introducing the normalization xm,k =
x̃m,k / SNR, with SNR denoting the average signal-to-noise ratio
(SNR), the overall input-output relation is hence given by
ym,k = hH x, gm,k i + hz, gm,k i
| {z }
zm,k

=

√

SNR

X

xn,p hH gn,p , gm,k i + zm,k

(2.12)

n,p

=

√

SNR LH (mT, kF ) xm,k + zm,k

(2.13)

where (2.12) is a direct consequence of the input signal structure in
(2.11), and (2.13) follows from the approximate diagonalization (2.10)
and the orthonormality of the set {gm,k (t)}. The projections of the
noise process onto the Weyl-Heisenberg basis are independent and
identically distributed
across m and k, i.e., zm,k ∼ CN (0, 1), for all

∗
m and k, and E zm,k zn,p
= δm,n δk,p .
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In essence, this scheme corresponds to transmitting and receiving
on the channel’s approximate eigenfunctions and, hence, it yields an
approximate diagonalization of the channel. The canonical signaling
scheme in (2.11) can be interpreted in terms of a pulse-shaped orthogonal frequency-division multiplexing (OFDM) system, where the
data symbols x̃m,k are modulated onto a set of orthogonal signals
(Durisi et al., 2008). According to this interpretation, the error resulting in approximating KH (t, t0 ) as in (2.10) corresponds to intersymbol
interference (ISI) and intercarrier interference (ICI). Thus, (2.13) can be
thought of as the input-output relation corresponding to a pulse-shaped
OFDM system in which the ISI and ICI terms are neglected. Minimizing the interference terms, and, hence, the error in the approximation
(2.10), can by accomplished by appropriate design of the prototyping
pulse g(t) and a proper choice of the grid parameters T and F (Kozek
and Molisch, 1998; Durisi et al., 2008). Throughout this thesis, we
shall assume that g(t), T , and F are chosen so that the approximation
error in (2.10) can be neglected.

2.2. SYSTEM MODEL
The system models employed throughout the thesis are based on the
approximate diagonalization of underspread WSSUS channels by WeylHeisenberg bases presented above. A precise description of the models
corresponding to the point-point and MA cases is given at the beginning
of Chapter 4 and Chapter 6, respectively. However, we shall next
examine in further detail some aspects that are common to both cases
due to their common underlying structure.
Time-frequency slot mapping and input-output relations
We assume that communication takes place over M time slots and K
frequency slots so that, for the sake of notation, we use the bijective
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mapping M, defined as
M:

[0 : M − 1] × [0 : K − 1]

−→

(m, k) 7−→

[0 : N − 1]
n = mK + k

(2.14)

to index any time-frequency slot (m, k) in (2.13) by n = M(m, k).
Moreover, we extend the input-output relation (2.13) to a MIMO channel with MT transmit and MR receive antennas, assuming for simplicity
that the scalar subchannels of the MT × MR MIMO channel have statistically independent kernels with identical statistics, i.e., identical
scattering functions. Consequently, all subchannels are approximately
diagonalized by the same Weyl-Heisenberg basis so that, based on
(2.13) and the mapping in (2.14), we get
r
SNR
yn =
Hn xn + zn , n = 0, 1, . . . , N − 1
(2.15)
MT
where SNR is the average signal-to-noise ratio at each receive antenna,
yn , xn and zn denote, respectively, the corresponding MR × 1 receive
signal vector, MT × 1 transmit signal vector and MR × 1 JPG noise
vector satisfying zn ∼ CN (0, IMR ). The channel matrices are given
(i,j)
by Hn (i, j) = LH (mT, kF ) (i = 1, 2, . . . , MR , j = 1, 2, . . . , MT ),
where the superscript (i, j) designates the time-varying transfer function corresponding to the subchannel between transmit antenna j and
receive antenna i.
In the MA case, we shall assume that channels corresponding to
different users are statistically independent with identical statistics.
Hence, by the same line of reasoning as before, the corresponding
input-output relation follows as
r
U −1
SNR X
yn =
Hu,n xu,n + zn , n = 0, 1, . . . , N − 1 (2.16)
MT u=0
where xu,n is the transmit signal vector for user u ∈ U = {1, 2, . . . , U }
and the corresponding channel matrix Hu,n has entries Hu,n (i, j) =
LH (i,j,u) (mT, kF ).
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Statistics of the discrete fading process
Because the scalar subchannels are assumed to be JPG processes having
statistically independent kernels with identical statistics, the channel
matrices are spatially uncorrelated and the correlation across slots is
related to the time-frequency correlation function (2.6) as
E{Hn (i, j)(Hn0 (i, j))∗ } = RH ((m − m0 )T, (k − k 0 )F ),
i = 1, 2, . . . , MR , j = 1, 2, . . . , MT

(2.17)

where n = M(m, k) and n0 = M(m0 , k 0 ), with n, n0 = 0, 1, . . . , N −
1, are two time-frequency slots. In the MA case, we have
E{Hu,n (i, j)(Hu0 ,n0 (i, j))∗ } = RH ((m−m0 )T, (k−k 0 )F )δ(u−u0 ),
i = 1, 2, . . . , MR , j = 1, 2, . . . , MT

(2.18)

where u and u0 are two arbitrary users. For later reference, we define
the N × N covariance matrix RH as
RH (n, n0 ) = RH ((m − m0 )T, (k − k 0 )F ).

(2.19)

Clearly, RH follows from the time-frequency correlation function
RH (t, f ), the mapping (2.14), and the relation (2.17). Hence, in general, RH is a two-level Toeplitz matrix, i.e., a Toeplitz-block-Toeplitz
matrix.
The two-dimensional power spectral density of the process is given
by
S(ξ, µ) =

∞
X

∞
X

RH (mT, kF ) e−j2π(mµ−kξ) ,

m=−∞ k=−∞

0 ≤ ξ, µ < 1. (2.20)
The power spectral density S(ξ, µ) can be related to the scattering
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function as follows
∞
X

∞
X

S(ξ, µ) =

e−j2π(mµ−kξ) ×

m=−∞ k=−∞

Z Z
ν

Z Z
=

τ

CH (τ, ν)
ν

∞
X

µ

ej2πmT (ν− T ) ×

m=−∞

τ

1
=
TF

CH (τ, ν) ej2π(νmT −τ kF ) dτ dν (2.21)

∞
X

Z Z
ν

τ

ξ

e−j2πkF (τ − F ) dτ dν

k=−∞
∞
X



µ−m
CH (τ, ν)
δ ν−
T
m=−∞


×




ξ−k
δ τ−
dτ dν
F
k=−∞


∞
∞
1 X X
ξ−k µ−m
=
,
CH
T F m=−∞
F
T
∞
X

(2.22)

(2.23)

k=−∞

where we have used (2.8) to get (2.21), and (2.22) is a consequence
of Poisson’s sum formula. The variance of each channel coefficient
satisfies
Z Z
2
σH
=
CH (τ, ν) dτ dν.
(2.24)
τ

ν

We conclude this chapter with the following remarks. First, we emphasize that the input-ouput relations in (2.15) and (2.16) presume
that the time-varying transfer functions are characterized by the same
scattering function CH (τ, ν). An important implication of this assumption is that the channel’s correlation across time-frequency slots is
described by the same covariance matrix RH given in (2.19) for all
spatial subchannels and all users.
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Second, we note that the input-ouput relations obtained here encompass many simple channel models in addition to the WSSUS model
(see the discussion on linear frequency-invariant (LFI) and linear timeinvariant (LTI) channels in Appendix A). The results developed in
the sequel do therefore apply to these models provided one takes into
account the corresponding structural differences when pertinent. We
shall explicitly consider the most important instances of theses models
in our exposition.

18

C HAPTER

3

The Diversity-Multiplexing Tradeoff
are two essential characteristics of
communication systems that have been widely studied by information theorists. Shannon proved that channel capacity is
the maximum rate at which reliable communication is achievable: for
any rate below capacity there exist encoders and decoders that achieve
arbitrarily small error probabilities and, conversely, error probability is
bounded away from zero for any rate above capacity (Shannon, 1948).
Approaching error-free performance at rates below capacity requires
the use of complex coding schemes with large block lengths. The theory
of error exponents developed by Gallager (1968) provides tools to
characterize the maximum decay, or error exponent, of error probability
with block length. The error exponent is a decreasing function of the
rate, which is to say, rate and reliability are subject to a fundamental
tradeoff: an increase in rate comes at the expense of error performance
and vice versa. Unfortunately, a precise characterization of how rate
and probability of error interplay is a difficult task in general.
The diversity-multiplexing (DM) tradeoff framework introduced by
Zheng and Tse (2003) has proved to be an efficient tool to elegantly
capture the rate-reliability tradeoff in fading channels. In contrast to the
error exponent approach, this new framework develops an asymptotic
analysis in signal-to-noise ratio (SNR) in lieu of block length.

R

ATE AND RELIABILITY
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In this chapter, we review the fundamentals of the DM tradeoff
framework as it constitutes the conceptual foundation for the results
presented in this thesis. We start by discussing the framework for
point-to-point flat-fading channels (Zheng and Tse, 2003), and we shall
subsequently address its extension to flat-fading multiple-access (MA)
channels (Tse et al., 2004). Note that the concepts developed below will
be generalized to the selective-fading case in Chapter 4 and Chapter 6.

3.1. PR ELIMI NAR I ES
In flat-fading multiple-input multiple-output (MIMO) channels, the
MR × MT channel matrix H0 remains fixed so that the input-ouput
relation over a block of N slots is obtained from (2.15) as
r
SNR
H0 X + Z
(3.1)
Y=
MT
where X = [x0 x1 · · · xN −1 ] denotes the MT × N input codeword
and Y = [y0 y1 · · · yN −1 ] is the MR × N received matrix. The
MR × N additive noise matrix Z satisfies Z(i, j) ∼ CN (0, 1), ∀i, j.
We are interested in the situation where the receiver has channel state
information (CSI), but the transmitter has only access to the fading
law. The DM tradeoff framework examines system performance for
fixed block length when both the data rate and the error probability
are allowed to scale with SNR. In this context, rate and reliability are
respectively captured by the somewhat coarser notions of multiplexing
and diversity.

3.1.1. Rate and multiplexing
Assuming a code that spans infinitely many independent realizations of
the channel with input-output relation (3.1), the maximum rate that can
be reliably transmitted with CSI at the receiver is given by the ergodic
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capacity (Telatar, 1999)



SNR
H0 HH
.
C(SNR) = E log det I +
0
MT

(3.2)

Asymptotically in SNR, it can be shown that (3.2) statisfies (Foschini,
1996)
C(SNR) = min(MT , MR ) log SNR + O(1)
(3.3)
where the factor m , min(MT , MR ), known as the (maximum) multiplexing gain, represents the number of parallel data pipes that are
available for data transmission in a given bandwidth and at a certain
transmit power. At high SNR, the multiplexing gain constitutes the
maximal increase in data rate that can be obtained by increasing the
SNR. For instance, by increasing SNR by 3 dB, m additional bits (per
second per Hertz) can be reliably conveyed through the channel.

3.1.2. Reliability and diversity
The drops in signal power that characterize fading channels result in
high detection error probabilities. Diversity techniques can improve error performance by providing the receiver with multiple independentlyfaded replicas of the same transmit signal. The probability of having all
replicas experiencing a deep fade simultaneously is then drastically reduced. Indeed, assuming d i.i.d. Rayleigh fading branches, the average
error probability can be shown to satisfy


P(error) = O SNR−d .
(3.4)
Time and frequency diversity can be realized using standard forward
error correcting codes in conjunction with interleaving (Proakis, 2001;
Biglieri, 2005). Antenna diversity can be exploited at the receiver
(Jakes, 1974) and/or at the transmitter, for example, by appropriately
coding across transmit antennas (Alamouti, 1998; Tarokh et al., 1998,
1999; Guey et al., 1999; Bölcskei and Paulraj, 2000), or by converting
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spatial diversity into time or frequency diversity and using then standard
coding techniques (Hiroike et al., 1992; Wittneben, 1993; Seshadri and
Winters, 1994; Kuo and Fitz, 1997).
Two systems satisfying (3.4) may have drastically different error
performance at fixed SNR, e.g., because they use codes with different
gains. Asymptotically in SNR, however, the error performance turns
out to be completely determined by the exponent d. Since we focus on
the high-SNR regime, we shall use the SNR exponent d as a measure
of reliability.

3.1.3. System definitions
The central concept invoked in the DM tradeoff framework to study the
interrelation between rate and reliability is that of family of codes. A
family of codes Cr is a sequence of codebooks Cr (SNR) parametrized
by SNR. At a given SNR, the corresponding codebook Cr (SNR) contains SNRN r codewords, implying that the data rate scales with SNR as
R(SNR) = r log SNR, where r is the multiplexing rate. More formally,
we have the following definition.
Definition 3.1. A family of codes Cr operates at multiplexing rate
r ∈ [0, m] if the rate R(SNR) corresponding to the codebook Cr (SNR)
satisfies
R(SNR)
lim
= r.
(3.5)
SNR→∞ log SNR
The multiplexing rate r is a fraction of the maximum multiplexing
gain min(MT , MR ) obtained in (3.3), which is to say that the family of
codes Cr achieves a non-vanishing fraction of the ergodic capacity (3.2)
as SNR increases. We also note that the multiplexing rate corresponding
to a family of codes with fixed rate equals zero because, however large
the latter may be, the limit in (3.5) for such a family is zero.
The concept of family of codes enables us to characterize the ratereliability tradeoff by relating the diversity achieved by Cr , i.e., the
reliability associated to Cr which is measured by the SNR exponent
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of the corresponding error probability, to its multiplexing rate r. This
analysis gives rise to the DM tradeoff, which is formally defined as
follows.
Definition 3.2. The DM tradeoff realized by Cr is given by the function
d(Cr ) = − lim

SNR→∞

log Pe (Cr )
log SNR

(3.6)

where Pe (Cr ) is the error probability obtained through maximumlikelihood (ML) detection. Moreover, the optimal DM tradeoff curve
d?(r) = sup d(Cr )
Cr

(3.7)

quantifies the maximum achievable diversity gain over all families of
codes that operate at multiplexing rate r.
In contrast to the traditional concept of diversity gain which is used
to characterize the high-SNR performance of a single codebook, the
DM tradeoff d(Cr ) is a performance measure associated with the entire family of codes Cr . Both the data rate and the error probability
corresponding to Cr scale with SNR, and the function d(Cr ) captures
their tradeoff in the high-SNR limit. As we shall see in the next section,
there exists a fundamental limit to the optimal DM tradeoff d?(r) that
is dictated by the fading channel.
Throughout the rest of this thesis, two functions f (x) and g(x) are
.
said to be exponentially equal, denoted by f (x) = g(x), if and only if
log f (x)
log g(x)
= lim
.
x→∞ log x
x→∞ log x
lim

(3.8)

˙ and ≥,
˙ is defined analogously.
Exponential inequality, denoted by ≤

3.2. PER FORMANC E LIMITS
In the situation where coding is performed over a single realization of
the fading channel with input-output relation (3.1), the ergodic capacity
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has no operational meaning. Indeed, there is a nonzero probability
to encounter a channel realization that does not support the rate of
communication, however small it may be. In this case, we resort to
the outage capacity formulation (Ozarow et al., 1994; Telatar, 1999) to
determine the maximum rate at which reliable communication can be
supported for some prescribed probability of outage. We shall see that
outage capacity constitutes a fundamental performance limit not only
for large block lengths but also asymptotically in SNR.

3.2.1. Outage probability
We assume that the receiver has perfect CSI but the transmitter has
only access to the fading law. An outage event occurs when the mutual
information associated with the channel realization H0 is below the
target data rate R, i.e.,
1
I(X; Y | H0 ) < R.
N

(3.9)

The corresponding outage probability follows from optimizing the
mutual information over the input distribution f(X) as


1
Pout (R) = inf P
I(X; Y|H0 ) < R .
(3.10)
N
f(X)
The optimal distribution is Gaussian with vec(X) ∼ CN (0, Q). While
Telatar (1999) conjectures that the optimal input covariance Q is diagonal and the available power is evenly split over some or all transmit
antennas depending on the SNR and R, no general proof is available.
In the high-SNR regime, however, Zheng and Tse (2003) show that
a covariance matrix satisfying Q = I incurs no loss of optimality;
consequently, we can write




SNR
.
Pout (R) = P log det I +
H0 HH
<
R
.
(3.11)
0
MT
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The outage event can be related to the “level of singularity” of the
channel matrix. To this end, define the singularity levels (in descending
order)
log λk (H0 HH
0 )
, k = 1, 2, . . . , m,
(3.12)
µk = −
log SNR
where the eigenvalues of the channel matrix λk (H0 HH
0 ) are arranged
in ascending order. With this notation, it has been shown in (Zheng
and Tse, 2003, Th. 4) that the outage probability at rate R(SNR) =
r log SNR satisfies the following exponential equality:
.
Pout (r log SNR) = P(Or )

(3.13)

where the outage event Or is given by

Or =

µ ∈ Rm
+ : µ1 ≥ µ2 ≥ . . . ≥ µm ,

m
X

[1−µk ]+ < r


(3.14)

k=1

with µ = [µ1 µ2 . . . µm ]. The definition (3.14) provides a parameterization of the outage event Or in terms of the singularity levels of the
channel matrix. We shall see in the sequel that the outage probability
(3.13) can be explicitly evaluated. First, we present a result that confers
to P(Or ) a central role in the analysis of the high-SNR performance
limits of communication.

3.2.2. Performance bound
The outage probability constitutes the ultimate performance in the
high-SNR regime. Next, we state this fundamental result.
Theorem 3.1 (Zheng and Tse (2003)). For any family of codes Cr , the
error probability Pe (Cr ) satisfies
˙ P(Or ).
Pe (Cr ) ≥

(3.15)
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Proof. Fix a codebook Cr (SNR) with SNRN r codewords, and assume
that the transmit codeword X is uniformly drawn from Cr (SNR) independently of the channel realization H0 . By Fano’s inequality (Cover
and Thomas, 1991, Thm. 2.10.1), the probability of a detection error
Er (conditional on the channel realization) satisfies
1 + P(Er | H0 ) log |Cr (SNR)| ≥ H(X | Y, H0 )

(3.16)

where H(·) denotes the entropy function. Since X is independent
of H0 and uniformly drawn from Cr (SNR), we have H(X | H0 ) =
N r log SNR and, hence, adding the mutual information IC (X; Y|H0 )
to both sides of (3.16) and performing some additional manipulations
yields
P(Er | H0 ) ≥ 1 −

IC (X; Y|H0 )
1
−
.
N r log SNR
N r log SNR

(3.17)

For  > 0, define the set
Or () = {H0 : IC (X; Y|H0 ) ≤ N r(1 − ) log SNR}
and note that for any channel realization in Or (), it follows from
(3.17) that
P(Er | H0 ∈ Or ()) ≥  −

1
.
N r log SNR

(3.18)

Averaging the error probability over the channel distribution yields
Pe (Cr ) = E{P(Er | H0 )}


≥ E P(Er | H0 ) H0 ∈ Or ()


1
P(Or ())
≥ −
N r log SNR

˙ P Or(1−)
≥
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(3.19)
(3.20)
(3.21)
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where (3.20) follows from using (3.18) in (3.19), and (3.21) is a consequence of taking the exponential limit in SNR and invoking the
optimality (in the sense of the outage probability) of i.i.d. Gaussian
codebooks in this regime. The claim follows by taking  arbitrarily
close to zero.
Since the outage probability P(Or ) constitutes a lower bound to the
error probability of any family of codes, the best DM tradeoff curve
must satisfy
d?(r) ≤ dO (r)
(3.22)
where the outage curve dO (r) is defined as
dO (r) , − lim

SNR→∞

log P(Or )
.
log SNR

(3.23)

It is well known that the outage probability is the ultimate performance for infinite block length: for a given channel realization, any
rate below mutual information can be conveyed with vanishing error
probability as the block length tends to infinity. Theorem 3.1 says that
outage probability is also the ultimate performance for finite block
lengths, bringing thus the question of whether there exist families of
codes that can achieve that performance asymptotically in SNR (instead
of block length). In the case of flat-fading, Zheng and Tse (2003) have
shown the existence of such codes as we detail next.

3.2.3. Achievability
The outage bound of Theorem 3.1 is actually achievable in the flatfading case. Next, we summarize this result by Zheng and Tse (2003).
Theorem 3.2 (Zheng and Tse (2003)). In the flat-fading channel, the
optimal DM tradeoff among all family of codes Cr with block length
N ≥ MT + MR − 1 satisfies
d?(r) = dO (r),

∀r ∈ [0, m].

(3.24)
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This result says that there exist good families of codes Cr that achieve
the outage bound. The error probability of such schemes is exponentially equal to the outage probability, which essentially means that the
typical way an error occurs is to encounter a channel realization that is
in outage. While the existence of codes that approach the outage bound
in the limit of infinite block length is well established, the fact that this
performance bound is achievable asymptotically in SNR but with finite
block lengths is remarkable.
The proof of Theorem 3.2 consists in averaging the error probability
over the ensemble of Gaussian codes, and noting that for sufficiently
large block lengths, i.e., larger than MT + MR − 1, the SNR exponent
of the error probability is not larger than that of the outage probability.
Although this result establishes the existence of optimal codes, it does
not give any indication on how to construct them. Sparked by this result,
a number of DM tradeoff optimal encoding and decoding schemes have
been found during the past few years. In particular, the non-vanishing
determinant criterion (Belfiore and Rekaya, 2003; Yao and Wornell,
2003) on codeword difference matrices has been shown to constitute a
sufficient condition for DM tradeoff optimality in flat-fading MIMO
channels with two transmit and two or more receive antennas (Yao
and Wornell, 2003); this criterion has led to the construction of spacetime codes based on constellation rotation (Yao and Wornell, 2003;
Dayal and Varanasi, 2005) and cyclic division algebras (Belfiore et al.,
2005). In (El Gamal et al., 2004), lattice-based space-time codes have
been shown to be DM tradeoff optimal. The DM tradeoff optimality of
approximately universal space-time codes was established in (Tavildar
and Viswanath, 2006).

28

3.3 EVALUATION OF THE OUTAGE PROBABILITY

3.3. EVALUATION OF TH E OUTAGE
PROBAB I LITY
In flat fading, the distribution of the Hermitian matrix H0 HH
0 is known
as the Wishart distribution, and the joint density of its eigenvalues λk =
λk (H0 HH
0 ), k = 1, 2, . . . , m, is given by (James, 1964; Muirhead,
1982; Edelman, 1989)
!
m
m
Y
Y
X
M−m
2
fλ (λ1 , λ2 , . . . , λm ) = K
λk
(λk − λj ) exp −
λk ,
k=1

j<k

k=1

(3.25)
where 0 ≤ λ1 ≤ λ2 ≤ . . . ≤ λm , M , max(MT , MR ) and K is a
normalizing constant. Using (3.25), we shall see next how to evaluate
the outage probability (3.13).
The parameterization of the outage event (3.14) shows that some
eigenvalues of H0 HH
0 must decay with SNR for an outage to occur at
multiplexing rate r > 0, or, equivalently, some singularities µk ’s must
be positive, in which case the channel matrix is near singular. Motivated
by this observation, we approximate the joint eigenvalue distribution
(3.25) in the vicinity of zero. First, using the standard approximation
of the exponential function around zero, we write
e−λk = 1 + o(λk ) .

(3.26)

Then, the eigenvalue ordering yields λk − λj < λk for all j < k, and
hence, we get


Y
Y

2(k−1)
(λk − λj )2 =
o λ2k = o λk
.
(3.27)
j<k

j<k

Inserting (3.26) and (3.27) into (3.25) yields
fλ (λ1 , λ2 , . . . , λm ) = K

m
Y
k=1

(1 + o(λk )) o λ2k−2+M−m
k
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m
Y

=

k=1


.
o λ2k−2+M−m
k

(3.28)

From (3.12), the eigenvalues are related to the singularity levels according to λk = SNR−µk , k = 1, 2, . . . , m. Using this variable change in
(3.28) yields the following asymptotic expression for (3.25):
m
. Y
fµ (µ1 , µ2 , . . . , µm ) =
SNR−(2k−1+M−m)µk
k=1

= SNR−

Pm

k=1 (2k−1+M−m)µk

.

(3.29)

We can now use this approximation of the distribution of µ around
zero∗ to compute P(Or ). First, the outage probability is trivially lower
bounded as
Z
P(Or ) = fµ (µ1 , µ2 , . . . , µm ) dµ
Or

≥ sup fµ (µ1 , µ2 , . . . , µm ).

(3.30)

µ∈Or

On the other hand, we have the natural upper bound


Z
P(Or ) ≤  dµ sup fµ (µ1 , µ2 , . . . , µm ).
Or

(3.31)

µ∈Or

Note that the measure of Or is independent of SNR. Therefore, combining (3.30) and (3.31), and taking the limit in SNR yields
.
P(Or ) = sup fµ (µ1 , µ2 , . . . , µm )
µ∈Or

Pm
.
= SNR− inf µ∈Or k=1 (2k−1+M−m)µk

(3.32)

∗ Note that the substitution λ
µ
k =  k yields an expression similar to (3.29):
Pm
fµ (µ1 , µ2 , . . . , µm ) ≈  k=1 (2k−1+M−m)µk for  → 0. In our framework, we
set  = SNR−1 to obtain a parameterization w.r.t. SNR.
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where last step follows from (3.29). This simple reasoning suggests
that the outage probability can be asymptotically approximated in
terms of the realization of µ in the set Or which is most likely to occur.
Using large deviation techniques, both the approximation (3.29) and the
asymptotic probability (3.32) have been rigorously derived by Zheng
and Tse (2003). We summarize hereafter this result for later reference.
Theorem 3.3 (Zheng and Tse (2003)). For the flat-fading channel, the
outage probability satisfies
.
P(Or ) = SNR−dO (r)
where
dO (r) = inf

µ∈Or

m
X

(2k − 1 + M − m)µk .

(3.33)

(3.34)

k=1

Moreover, the solution to (3.34) is given by the piecewise linear curve
connecting the points (r, dO (r)) for r = 0, 1, . . . , m, and
dO (r) = (M − r)(m − r).

(3.35)

There are many different realizations of the singularity vector µ in
the outage set Or , but Theorem 3.3 says that the outage probability is
dominated (exponentially in SNR) by the probability corresponding to
Pm
the µ which minimizes the SNR exponent k=1 (2k − 1 + M − m)µk .
We shall refer to the minimizing µ as the dominant outage event µ? .
The solution (3.35) to the above optimization problem can be obtained as follows. Assume that the multiplexing rate r is an integer
within [0, m]. Then, µ? can be shown to satisfy (Zheng and Tse, 2003)
µ?k = 1,

k = 1, 2, . . . , m − r,

µ?k

k = m − r + 1, m − r + 2, . . . , m,

= 0,

(3.36)

which is to say that m − r eigenvalues decay with SNR as SNR−1 and
r eigenvalues are constant w.r.t. SNR. Intuitively, the typical way an
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outage occurs at multiplexing rate r is to have r constant eigenvalues
while the remaining ones decay to zero with SNR. The SNR exponent
corresponding to µ? is now given by
m−r
X

(2k − 1 + M − m) = (M − r)(m − r)

k=1

which corresponds to (3.35). In the case of a non integer multiplexing
rate, say r0 = r + δ with 0 < δ < 1, µ? can be shown to satisfy
µ?m−r = 1 − δ and the remaining entries are still given by (3.36). In
other words, for an additional δ in multiplexing rate, the (m − r)th
eigenvalue of the channel corresponding to the dominant outage event
is adjusted by δ. Hence, the exponent dO (r) varies linearly between
integer values of multiplexing rate.

3.3.1. Geometric interpretation
Equation (3.35) has a nice geometric interpretation in terms of the rank
of the random channel matrix H0 . Let w.l.o.g. m = MT and define the
set

Mr = H0 ∈ CM×m : rank(H0 ) = r .
Any matrix in Mr has r independent columns with M entries and the
remaining m − r columns are linear combinations thereof. Hence, such
a matrix can be specified by rM + r(m − r) = Mm − (M − r)(m − r)
parameters, which can be thought of as the dimensionality∗ of Mr . Put
differently, the matrix H0 will be close to Mr when the components of
H0 lying in the (M−r)(m−r) dimensions orthogonal to Mr are close
to zero. Since (M − r)(m − r) = dO (r) and the entries of H0 are i.i.d.
CN (0, 1), the probability of having dO (r) entries in H0 of magnitude
SNR−1 (i.e., close to zero for large SNR) is given by SNR−dO (r) . Thus,
the outage probability SNR−dO (r) can be interpreted as the probability
that the random channel matrix is close to Mr .
∗ M has a well-defined dimensionality. See Tse and Viswanath (2005) for more
r
details.

32

3.3 EVALUATION OF THE OUTAGE PROBABILITY
Mm

dO (r)

(M − 1)(m − 1)

(M − k)(m − k)
M−m+1
0

1

k

m−1

m

r
Fig. 3.1: Outage curve dO (r) corresponding to a flat-fading MIMO channel
with m = min(MT , MR ) and M = max(MT , MR ).

3.3.2. Visualization of the tradeoff
Figure 3.1 illustrates the optimal DM tradeoff dO (r). The best error
performance is obtained for multiplexing rate r = 0, i.e., dO (0) =
Mm, which basically says that maximum diversity gain can only to be
achieved at fixed rates. On the other hand, at maximum multiplexing
rate m, the system operates close to the ergodic capacity (3.2), and the
optimal diversity is given by dO (m) = 0, implying that an increase
in SNR does not improve error performance. Between these extreme
points, the outage curve dO (r) is a strictly decreasing function of the
multiplexing rate r: an increase in data rate comes at the expense of
diversity and vice versa.
The relation between outage probability, rate, and SNR is illustrated
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Fig. 3.2: Outage probability asymptotes for a flat-fading MIMO channel
with MT = 4 and MR = 4. The asymptotes correspond to multiplexing
rates separated by multiples of 0.25 and range from r = 0 to r = 3.75.

in Figure 3.2 for a system with MT = 4 and MR = 4. The asymptote
corresponding to multiplexing rate r = 0 has the maximum diversity
gain, i.e., outage probability decreases by 10−16 per decade; every
increase in SNR is only used to improve reliability while keeping
the data rate fixed. In contrast, when the multiplexing rate equals the
maximum multiplexing gain m = 4, an additional 3dB in SNR yields
an increase of 4 bps/Hz in data rate but leaves the outage probability
unchanged. More generally, every curve in Figure 3.2 corresponds to
the asymptotic performance achieved by an optimal family of codes
Cr with corresponding multiplexing rate. For any of the asymptotes at
intermediate multiplexing rates 0 < r < m, an increase in SNR yields
simultaneously an increase in data rate and an improvement in error
performance. Both gains are balanced according to the DM tradeoff.
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3. 4 . MU LTI PLE - ACC ESS C HAN N EL
The DM tradeoff framework can be extended to analyze fundamental
performance limits of communication over MA channels (Tse et al.,
2004). In this section, we prepare the ground for our study of MA
selective-fading channels in Chapter 6 by reviewing prior work.
We start by extending the input-output relation (3.1) to MA channels
as follows:
r
U
SNR X
Y=
Hu,0 Xu + Z
(3.37)
MT u=1
where the output matrix Y and the noise matrix Z are defined analogously to those in (3.1), but now the input consists of U codewords
Xu = [xu,0 xu,1 · · · xu,N −1 ], one for each user. For the sake of
notation, we set
HS,0 = [Hu1 ,0 Hu2 ,0 · · · Hu|S| ,0 ]
XS = [XTu1 XTu2 · · · XTu|S| ]T
for any S = {u1 , u2 , . . . , u|S| } with S ⊆ U = {1, 2, . . . , U }. As in
the point-to-point case, we focus on the case where the receiver has
perfect CSI for all users, but the transmitters have only access to the
fading law.

3.4.1. Achievable rate regions
In contrast to the point-to-point case where the maximum rate of reliable communication is determined by a single quantity, any rate
tuple (R1 , R2 , . . . , RU ) that is achievable, i.e., for which there exist
sequences of codes, one for each user, with vanishing error probabilities
as block length increases, belongs to the so-called capacity region.
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Capacity region
The first characterizations of the capacity region were reported for the
MA additive white Gaussian noise (AWGN) channel in the early 1970’s
(Ahlswede, 1971; Liao, 1972; Wyner, 1974). Assuming momentarily
that the channel matrix HU ,0 is deterministic, the capacity region
corresponding to the MA channel in (3.37) is given by the following
theorem.
Theorem 3.4 (Cover and Thomas (1991)). The capacity region of the
U -user MA channel is the closure of the convex hull of the rate tuples
(R1 , R2 , . . . , RU ) satisfying
R(S) =

X

Ru ≤

u∈S

1
I(XS ; Y | XS̄ ),
N

∀S ⊆ U

(3.38)

for some product distribution f1 (X1 ) · f2 (X2 ) · · · · · fU (XU ).
Equation (3.38) gives rise to 2U − 1 constraints, one for every subset
of U, and maximizing the corresponding mutual information over the
input product distribution yields the boundaries of the capacity region.
For a given set of users S ⊆ U, the largest boundary on R(S) is obtained with Gaussian codebooks. In particular, let xu,n be i.i.d. across
slots n and independent across users u ∈ S with xu,n ∼ CN (0, Qu ),
where Qu is subject to the constraint Tr (Qu ) ≤ MT . Then, the optimization problem reduces to
max

fu (Xu ),u∈S

1
I(XS ; Y | XS̄ ) =
N

max

Qu 0,u∈S
Tr(Qu )≤MT

SNR X
log det I +
Hu,0 Qu HH
u,0
MT

!
. (3.39)

u∈S

We note, however, that choosing {Qu } so as to maximize the mutual
information corresponding to the set S does not necessarily maximize
the boundaries corresponding to the remaining sets of users. In general,
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R2
1
I(X2 ; Y|X1 )
N

R1 + R2 =

1
I(X1 , X2 ; Y)
N

A
B

1
I(X1 ; Y|X2 )
N

R1

Fig. 3.3: Two achievable rate regions for the 2-user MA channel corresponding to different input distributions. Any rate tuple on the segment
AB can be achieved by time-sharing.

there is no unique input distribution that optimizes all boundaries. The
capacity region in Theorem 3.4 is therefore given by the convex hull
of all the achievable rate regions obtained from admissible (w.r.t. an
individual power constraint) input distributions. Taking the convex hull
of all such regions is natural since convex combinations of rate tuples
can be achieved by time-sharing. Figure 3.3 illustrates two possible
rate regions for the 2-user MA channel arising from different input
distributions. Rate tuples on the segment between the corner points
A and B are achievable by time-sharing. In particular, if (R1 , R2 )
is the rate tuple at A and (R10 , R20 ) is that at B, then any rate tuple
(λR1 + (1 − λ)R10 , λR2 + (1 − λ)R20 ) for λ ∈ [0, 1] is achievable by
operating λ percent of the time at A and the rest at B.
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Ergodic capacity region
When coding is performed across infinitely many realizations of the
channel with input-ouput relation (3.37), the set of achievable rates
tuples (R1 , R2 , . . . , RU ) is given by the ergodic capacity region with
boundaries
(
!)
SNR X
H
R(S) ≤
max E log det I +
Hu,0 Qu Hu,0
Qu 0,u∈S
MT
Tr(Qu )≤MT

u∈S

(3.40)
for S ⊆ U. The solution can be found by recalling the point-to-point
case treated in Section 3.1.1 for which the optimal input covariance
is given by Q = I. Put differently, the optimal strategy is to transmit
independent signals across antennas. With such signal structure, the fact
that the users cannot cooperate in the MA case becomes immaterial, and
we can hence conclude that picking Qu = I for every u ∈ U is optimal
(Telatar, 1999; Tse and Viswanath, 2005). Noteworthily, a unique input
product distribution simultaneously maximizes all constraints. Upon
inserting the optimal covariance matrices into (3.40), we obtain the
following characterization of the ergodic capacity region in the highSNR regime (Foschini, 1996)
R(S) ≤ min(MR , |S|MT ) log SNR + O(1) , S ⊆ U.

(3.41)

3.4.2. Multiple-access system definitions
Paralleling Section 3.1.3, we invoke also in the MA case the concept
of family of codes whereby user u employs a sequence of codebooks
Cru (SNR), one for each SNR. The corresponding data rate scales with
SNR as Ru (SNR) = ru log SNR, where ru ∈ [0, m] is the multiplexing rate. The family of codes Cru is assumed to have block length N so
that, at any given SNR, Cru (SNR) contains SNRN ru codewords Xu .
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Since there are multiple users, the overall family of codes is given by
Cr = Cr1 × Cr2 × · · · × CrU
where r = (r1 , r2 , . . . , rU ) denotes the multiplexing rate tuple. At a
given SNR, the corresponding codebook Cr (SNR) contains SNRN r(U )
PU
codewords with r(U) = u=1 ru . Invoking the high-SNR characterization of the ergodic capacity boundaries in (3.41), the sum of the
multiplexing rates corresponding to the users in S ⊆ U satisfies
X
r(S) ,
ru ≤ min(MR , |S|MT ).
u∈S

The DM tradeoff realized by Cr is characterized by the function
d(Cr ) = − lim

SNR→∞

log Pe (Cr )
log SNR

(3.42)

where Pe (Cr ) is the total error probability (that is, the probability for
the receiver to make a detection error for at least one user) obtained
through ML detection. The optimal DM tradeoff curve
d?(r) = sup d(Cr )
Cr

(3.43)

where the supremum is taken over all possible families of codes Cr ,
quantifies the maximum achievable diversity gain as a function of the
multiplexing rate tuple r.

3.4.3. Outage formulation
Since we are interested in characterizing ultimate performance limits
over a single realization of the channel with input-output relation (3.37),
we shall use the concept of outage capacity (Ozarow et al., 1994; Telatar,
1999; Tse et al., 2004) as we did previously in the point-to-point case.
Conditional on a realization of the fading channel matrix HU ,0 , the
set of rates that are achievable over the channel (3.37) for perfect CSI
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at the receiver only are characterized by Theorem 3.4. As in the pointto-point case, it can be shown that one can restrict the input to be i.i.d.
Gaussian without loss of optimality (Tse et al., 2004). Hence, the set
of achievable rate tuples conditional on the channel realization HU ,0
satisfies the boundary constraints
!
SNR X
H
R(S) ≤ log det I +
Hu,0 Hu,0 , ∀S ⊆ U.
(3.44)
MT
u∈S

If a given rate tuple (R1 , R2 , . . . , RU ) lies outside the region defined
by (3.44), we say that the channel is in outage w.r.t. this rate tuple and
denote the corresponding outage probability by Pout (R1 , R2 , . . . , RU ).
Letting the users’ rates scale with SNR as Ru (SNR) = ru log SNR, for
all u, the outage probability satisfies
.
Pout (r1 log SNR, r2 log SNR, . . . , rU log SNR) = P(Or ) (3.45)
where Or shall be referred to as the outage event corresponding to the
multiplexing rate tuple r. Before characterizing Or more precisely, we
note that, as in the point-to-point case, the outage probability constitutes
a fundamental performance bound on any family of codes.
Theorem 3.5 (Tse et al. (2004)). Assuming an ML receiver, the detection error probability of any family of codes Cr satisfies
d?(r) ≤ − lim

SNR→∞

log P(Or )
log SNR

(3.46)

This result suggests that, irrespectively of the family of codes Cr
employed for communication, detection errors are very likely to occur
whenever the channel is in outage with respect to the multiplexing rate
tuple r.
Exploiting the structure of the rate region in (3.44), the outage probability is naturally decomposed as follows


[
P(Or ) = P
OS 
(3.47)
S⊆U
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where the S-outage event OS can be rigorously defined in terms of the
singularity levels of the channel matrices {Hu,0 } just like the outage
event corresponding to the point-to-point case was defined in (3.14).
For our purposes, it is sufficient to note that the S-outage probability
satisfies
!
!
SNR X
.
H
P(OS ) = P log det I +
Hu,0 Hu,0 < R(S) (3.48)
MT
u∈S

.
= SNR−dS (r(S))

(3.49)

where last step follows upon observing that (3.48) is equivalent to the
outage probability of a point-to-point flat-fading channel with |S|MT
transmit and MR receive antennas and, hence, invoking Theorem 3.3,
the corresponding tradeoff curve is the piecewise linear function determined by
dS(r) = (MR − r)(|S|MT − r),
r = 0, 1, . . . , min(MR , |S|MT ). (3.50)
We conclude our review of the DM tradeoff in flat-fading MA channels
with the following result which characterizes the multiplexing rate
region, denoted by R(d), where all the users are guaranteed a certain
level of diversity d.
Theorem 3.6 (Tse et al. (2004)). If the block length satisfies N ≥
|S|MT + MR − 1, then there exist families of codes Cr for which the
multiplexing rate region is given by
n
o
R(d) = r : r(S) ≤ rS (d), ∀S ⊆ U
(3.51)
where rS (d) denotes the inverse of the function dS(r).
Theorem 3.6 says that the outage bound (3.46) is achievable. The
proof technique, analogous to that employed in the point-to-point case,
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establishes the existence of optimal codes in the Gaussian ensemble
of codes. Recent work (Nam and El Gamal, 2007; Badr and Belfiore,
2008b) provides explicit code constructions that achieve the optimal
tradeoff.

3.5. B EYON D FLAT FADI NG
The framework presented in this chapter allows to efficiently characterize the tradeoff between rate and reliability in MIMO fading channels,
and the outage bound, both in the point-to-point and multiple-access
cases, constitutes the ultimate performance limit for systems with fixed
block lengths. However, the proof techniques used in (Zheng and Tse,
2003) to evaluate the outage probability and to establish the existence
of optimal codes are not directly applicable to the more general class
of selective-fading channels. More precisely, characterizing dO (r) for
the selective-fading case seems analytically intractable with the main
difficulty stemming from the fact that one has to deal with the sum of
correlated terms in the expression for the mutual information. It turns
out, however, that one can find lower and upper bounds on I(SNR)
which are exponentially tight (and, hence, preserve the DM tradeoff
behavior) and analytically tractable. In the next chapter, we present a
technique that formalizes this idea. We note that the ideas at the heart of
our technique have also proved to be useful in examining performance
limits for the relay channel (Akçaba et al., 2007).
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4

Performance Limits in
Selective-Fading Channels
HE DIVERSITY- MULTIPLEXING (DM) tradeoff framework presented in Chapter 3 allows to efficiently characterize the ratereliability tradeoff over multiple-input multiple-output (MIMO)
flat-fading channels. The essence of the approach is to study the interrelation between the data rate and the error probability of a family
of codes parametrized by SNR. As the SNR increases, a precise characterization of the tradeoff emerges. The outage probability, which
constitutes the ultimate limit on the performance of a family of codes,
depends on the distribution of the fading channel. For this reason, the
results on the DM tradeoff summarized in Chapter 3 do only hold in
the flat-fading case.
In environments that are subject to temporal variations and/or multipath propagation, the flat-fading channel model fails to capture the
channel’s inherent memory in frequency and time. In this case, the
wireless channel is more accurately described in terms of the selectivefading channel model presented in Chapter 2. Since real world wireless
communication systems operate over channels that are selective both in
frequency and in time, identifying the corresponding performance limits is pertinent. However, a characterization of the optimal DM tradeoff

T

43

4 PERFORMANCE LIMITS IN SELECTIVE - FADING CHANNELS
of this class of channels along with a code design criterion capable of
guaranteeing optimal performance remain to be found.
In this chapter, we present a technique that solves this problem by
providing exponentially tight upper and lower bounds on the outage
probability of coherent selective-fading MIMO channels. The idea underlying our approach is to analyze the “Jensen channel” associated
with a given selective-fading MIMO channel. While the original problem seems analytically intractable due to the mutual information being
a sum of correlated random variables, the Jensen channel is equivalent
to the original channel in the sense of the DM tradeoff and lends itself
nicely to analytical treatment. In addition, our technique provides an
explicit code design criterion to guarantee DM tradeoff optimality in
selective-fading MIMO channels. Our criterion ties in perfectly well
with other criteria reported in prior work.
The rest of this chapter is organized as follows. Building on the
selective-fading channel model examined in Chapter 2, we first introduce the system model that we shall adopt throughout the chapter.
Section 4.2 presents a rigorous formulation of the problem at hand in
terms of the DM tradeoff framework. In Section 4.3, we introduce the
“Jensen channel”, which is the principal tool employed to derive the
optimal tradeoff, and other related concepts such as the Jensen outage
event and the corresponding probability. We will then be able to derive
the optimal DM tradeoff in Section 4.4 by providing a code design
criterion that guarantees the error probability to be exponentially tight
to the Jensen outage probability. Section 4.5 concludes this chapter by
discussing the relation of our code design criterion with prior work.

4 .1. SIGNAL AN D C HAN N EL MODEL
The system model presented below is based on the considerations made
in Chapter 2. We consider a point-to-point channel with MT transmit
and MR receive antennas. The corresponding input-ouput relation is
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given by
r
yn =

SNR
Hn xn + zn ,
MT

n = 0, 1, . . . , N − 1

(4.1)

where the index n = M(m, k) denotes a time, frequency, or timefrequency slot according to the mapping defined in (2.14), and SNR denotes the average signal-to-noise ratio at each receive antenna. The vectors yn , xn , and zn denote, respectively, the MR × 1 receive signal vector, the MT ×1 transmit signal vector, and the MR ×1
 zero-mean jointly
proper Gaussian (JPG) noise vector satisfying E zn zH
= δn,n0 I.
n0
We also define the matrix Y = [y0 y1 · · · yN −1 ], and assume that
at any SNR level the codebook Cr (SNR) contains SNRN r codewords
X = [x0 x1 · · · xN −1 ] that satisfy the power constraint
2

kXkF ≤ N MT , ∀ X ∈ Cr (SNR).

(4.2)

This constraint implies that the codewords of any (with respect to (w.r.t.)
√
SNR) codebook Cr (SNR) lie inside a sphere of radius N MT in
CMT ×N centered at the origin. Because the sphere radius is constant
w.r.t. SNR so are the entries of Cr (SNR). Yet the codeword difference
matrix E = X − X0 , where X, X0 ∈ Cr (SNR), does in general depend
on SNR because the number of codewords packed within the sphere
increases as |Cr (SNR)| = SNRN r for the rate R(SNR) = r log SNR
to be sustained.
In the case N = 1 and MT = 1, for example, an admissible Cr
would be a family of quadrature amplitude modulation (QAM) constellations with |Cr (SNR)| = SNRr points satisfying the constraint
x2 ≤ 1. Note that the minimum distance in such a family of codes
.
scales as∗ d2min = SNR−r , i.e., the area of the unit disk divided by the
number of constellation points in Cr (SNR).
∗ A discussion of the DM tradeoff properties of QAM constellations for the scalar
Rayleigh fading channel can be found in (Tse and Viswanath, 2005, Section 9.1.2)
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We assume that the channel is spatially uncorrelated, but correlated
across slots. Specifically, we let
E{Hn (i, j)(Hn0 (i0 , j 0 ))∗ } = RH (n, n0 ) δi,i0 δj,j 0 ,
i, i0 = 1, 2, . . . , MR , j, j 0 = 1, 2, . . . , MT
n, n0 = 0, 1, . . . , N − 1. (4.3)
The covariance matrix RH , for which we define ρ , rank(RH ), follows from the time-frequency correlation function in (2.17). Finally,
we stack the channel matrices across slots according to
H = [H0 H1 · · · HN −1 ].
With this notation, we have

E vec(H)(vec(H))H = RH ⊗ IMT MR .

(4.4)

(4.5)

We note that the input-output relation (4.1) can also be used to describe communication over linear time-invariant and linear frequencyinvariant channels. We refer the reader to Appendix A for a justification
of this statement. Unless explicitly indicated otherwise, we shall assume that the fading channel underlying (4.1) belongs to the class of
channels which are approximately diagonalized by a suitably chosen
Weyl-Heisenberg basis as explained in Chapter 2.

4 .2. PROB LEM FORMU LATION
We consider the situation where the receiver has perfect channel state
information (CSI) while the transmitter does not have CSI but knows
the channel law. Given a target outage probability, the transmitter can
determine the maximum rate that is supported by the channel and
optimize the family of codes Cr accordingly. In the high-SNR regime,
the relation between outage probability and data rate for selectivefading MIMO channels is obtained as follows.
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Optimal input distribution
We assume without loss of optimality a Gaussian input distribution so
that the input codeword X satisfies vec(X) ∼ CN (0, Q) with average∗
power constraint Tr (Q) ≤ N MT . Then, the outage probability follows
by optimizing over the input covariance as




SNR
1
log det I +
Pout (R) =
inf
P
DH Q DH
<
R
H
Q0
N
MT
Tr(Q)≤N MT

(4.6)
where DH =
The optimal covariance matrix can be
explicitly obtained using the following arguments.
First, any Q that is admissible under the power constraint yields
a lower bound to the maximum mutual information. In particular, by
picking Q = I, we get the following upper bound to the outage probability:
N −1
diag{Hn }n=0 .

!


N −1
1 X
SNR
H
Pout (R) ≤ P
log det I +
Hn Hn < R .
N n=0
MT

(4.7)

On the other hand, due to the power constraint, Q must satisfy the
positive semidefinite ordering Q  N MT I. Since the function f (A) =
log det(I + A) is increasing over the cone of positive semidefinite
matrices (S. Boyd and L. Vandenberghe, 2004), we obtain the lower
bound
!
N −1

1 X
H
Pout (R) ≥ P
log det I + SNR N Hn Hn < R . (4.8)
N n=0
The bounds in (4.7) and (4.8) are equal up to a factor that is independent
∗ This average power constraint, which is a relaxation of the per-codeword constraint
(4.2), serves only the purpose of establishing a bound on performance. It will later
become manifest that the bound we obtain is still achievable if we restrict our attention
to the subset of codes satisfying (4.2).
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of SNR and, therefore, in the high SNR limit we have

lim


 P
N −1
log P N1 n=0 log det I +

SNR
MT



<R
Hn HH
n

log SNR
log Pout (R)
= lim
SNR→∞ log SNR

 P

N −1
<
R
log P N1 n=0 log det I + SNR N Hn HH
n
= lim
.
SNR→∞
log SNR
SNR→∞

We can thus conclude that an i.i.d. (across space and slots) Gaussian
input distribution achieves the optimal outage performance in the scale
of interest and, consequently, the outage probability satisfies the exponential equality
.
Pout (R) = P(I(SNR) < R)
(4.9)
where
I(SNR) =



N −1
SNR
1 X
log det I +
Hn HH
.
n
N n=0
MT

(4.10)

Maximum multiplexing rate
The multiplexing rate r is at most m = min(MT , MR ) as the following
argument shows. By the same line of reasoning as in flat fading (Telatar,
1999), we know that for selective fading a uniform input power allocation is optimal in the sense of the ergodic capacity (Bölcskei et al.,
2002a; Tse and Viswanath, 2005). We therefore have
( N −1

)
1 X
SNR
H
C(SNR) = E
log det I +
Hn Hn
N n=0
MT



SNR
H
= E log det I +
Hm Hm
(4.11)
MT
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where m can be taken to be any slot as the fading process is stationary.
It follows from our discussion in Section 3.1.1 that (4.11) satisfies
C(SNR) = m log SNR + O(1)
which, recalling Definition 3.1, means that the multiplexing rate r
cannot exceed m. In general, the multiplexing rate satisfies r ∈ [0, m].
Outage event
As in the point-to-point case, the outage event can be characterized
in terms of the “level of singularity” of the channel matrices. To this
end, let the eigenvalues of the channel matrix corresponding to slot n
(n = 0, 1, . . . , N − 1) be given in increasing order by
λk (Hn HH
n ),

k = 1, 2, . . . , m

(4.12)

and define the singularity levels (in descending order across index k)
µk (n) = −

log λk (Hn HH
n)
,
log SNR

k = 1, 2, . . . , m.

(4.13)

The mutual information in (4.10) can now be written as


N −1 m
1 XX
SNR
H
I(SNR) =
log 1 +
λk (Hn Hn )
N n=0
MT
k=1
!
N −1
m 
Y
1 X
SNR
SNR−µk (n)
=
log
1+
N n=0
MT

(4.14)

k=1

where last equality follows from the variable change (4.13). At high
SNR, we have


+
SNR
.
1+
SNR−µk (n) = SNR[1−µk (n)]
MT

49

4 PERFORMANCE LIMITS IN SELECTIVE - FADING CHANNELS
which, upon inserting into (4.14), yields
I(SNR) =

N −1 m
1 XX
[1 − µk (n)]+
N n=0

!
log SNR + O(1) .

(4.15)

k=1

The dependence of the outage probability (4.9) on the singularity levels
can now be made explicit. Using (4.15) in (4.9) and letting the data rate
scale with SNR as R(SNR) = r log SNR, we get
.
Pout (r log SNR) = P(Or )

(4.16)

where the outage event∗ Or is given by

Or =

µ(n) ∈ Rm
+ , n = 0, 1, . . . , N − 1 :

N −1 m
1 XX
+
[1 − µk (n)] < r . (4.17)
N n=0
k=1

with µ(n) , [µ1 (n) µ2 (n) . . . µm (n)]. The outage probability (4.16)
constitutes a lower bound to the error probability of any family of
codes† Cr , which is to say that the optimal DM tradeoff satisfies
d?(r) ≤ dO (r)

(4.18)

where we recall that
dO (r) = − lim

SNR→∞

log P(Or )
.
log SNR

(4.19)

The outage event (4.17) depends upon the singularity levels corresponding to the individual channel matrices. In order to directly compute the
∗ We note that (4.17) is a generalization of (3.14) to the case of selective-fading
channels, and it can be proved using the same arguments as in the proof of (3.14) given
by (Zheng and Tse, 2003).
† The proof for this statement is omitted as it proceeds along the lines of the proof of
Theorem 3.1.
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outage probability, one would need to know the joint distribution of the
singularity levels. Unfortunately, the latter is in general unknown for
selective-fading channels. In the next sections, we develop a technique
that bypasses this difficulty.

4 .3. ANALYSIS TO OL
Jensen’s inequality (Jensen, 1906), perhaps one of the most widely
used inequalities in mathematics and information theory, states that if
the real function ϕ(x) is continuous and convex on some interval, then
P
 P
an xn
an ϕ(xn )
n
ϕ P
≤ nP
(4.20)
a
n n
n an
where the real numbers {xn } do all belong to the interval, and the {an }
are arbitrary positive numbers. This simple inequality underlies the
forthcoming analysis of the DM tradeoff in selective-fading MIMO
channels as it gives rise to the concept of “Jensen channel”.

4.3.1. The Jensen channel
Consider the mutual information in (4.10) and note that the matrixvalued arguments of the function log det(·) are positive definite. We
can hence invoke the concavity of the function log det(·) over the
convex cone of positive definite matrices (e.g. Horn and Johnson, 1993,
7.6.7) to get the following variant of Jensen’s inequality
!
N −1
SNR X
H
Hn Hn .
(4.21)
I(SNR) ≤ log det I +
MT N n=0
The upper bound to I(SNR) can be interpreted as the mutual information of an abstract channel that is associated with the original channel.
This interpretation motivates the following definition.
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Definition 4.1. The Jensen channel is the m × N M matrix given by
(
[H0 H1 · · · HN −1 ],
if MR ≤ MT ,
H=
(4.22)
H
H
H
[H0 H1 · · · HN −1 ], if MR > MT .
A general upper bound to the mutual information can now be written
in terms of the Jensen channel H as


SNR
HHH .
(4.23)
I(SNR) ≤ J(SNR) = log det I +
MT N
The operational significance of the Jensen channel will be established
in Section 4.4. We shall first introduce and characterize analytically the
outage probability corresponding to this channel.

4.3.2. The Jensen outage probability
In the following, we say that a Jensen outage occurs if the Jensen
channel H is in outage w.r.t. the target data rate R, i.e., H belongs to
the set {H : J(SNR) < R}. In analogy to the outage probability, we
define the Jensen outage probability as
PJ (R) , P(J(SNR) < R) .

(4.24)

Since J(SNR) is an upper bound to the mutual information, the set of
channel realizations in Jensen outage is a subset of the realizations that
are in outage. This observation, illustrated in Figure 4.1, yields trivially
PJ (R) ≤ Pout (R).

(4.25)

In the sequel, we will show that both probabilities are in fact exponentially equal, and hence the Jensen outage probability constitutes a
fundamental performance limit in the high-SNR regime. Before establishing this somewhat surprising result, we shall develop an analytical
characterization of the Jensen outage probability.
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{H0 , H1 , . . . , HN −1 }
!

H : I(SNR) < R

!

"

H : J(SNR) < R

"

Fig. 4.1: The set of channel matrices H0 , H1 , . . . , HN −1 in Jensen outage
is a subset of the channel matrices in outage.

High-SNR characterization
Using (4.5), we show in Appendix B that the Jensen channel satisfies
H = Hw (RT /2 ⊗ IM )

(4.26)

RTH ,

where R = RH , if MR ≤ MT , and R =
if MR > MT . The
matrix Hw is the i.i.d. CN (0, 1) matrix with the same dimensions as
H given by
(
[Hw,0 Hw,1 . . . Hw,N −1 ], if MR ≤ MT ,
Hw =
(4.27)
H
H
[HH
w,0 Hw,1 . . . Hw,N −1 ], if MR > MT .
Here, the Hw,n denote i.i.d. CN (0, 1) matrices of dimension MR ×MT .
Consider the eigenvalue decomposition RH = VΘVH , where V is
unitary and Θ is given by
Θ = diag{λ1 (RH ), λ2 (RH ), . . . , λρ (RH ), 0, . . . , 0} .

53

4 PERFORMANCE LIMITS IN SELECTIVE - FADING CHANNELS
Using the fact that Hw U ∼ Hw for any unitary matrix U (Muirhead,
1982), and noting that RH and RTH have the same eigenvalues, we get
HHH ∼ Hw (Θ ⊗ IM )HwH
which, upon inserting into (4.23), yields


SNR
H
J(SNR) ∼ log det I +
Hw (Θ ⊗ IM ) Hw .
MT N
Next, observe that the following positive semidefinite ordering holds
λ1 (RH ) diag{IρM , 0}  Θ ⊗ IM
 λρ (RH ) diag{IρM , 0} .

(4.28)

Since f (A) = log det(I + A) is increasing over the cone of positive
semidefinite matrices (S. Boyd and L. Vandenberghe, 2004), we get the
following bounds on the Jensen outage probability




SNR
H
P log det I + λρ (RH )
Hw Hw < R
MT N
≤ PJ (R)




SNR
H
≤ P log det I + λ1 (RH )
Hw Hw < R
MT N

(4.29)

where Hw = Hw ([1 : m], [1 : ρM]). Letting the data rate scale with
SNR as R(SNR) = r log SNR and taking the exponential limit in SNR
in (4.29), it readily follows that




H
.
PJ (r log SNR) = P log det I + SNR Hw Hw < r log SNR .
(4.30)
Analogously to (4.13), we define the singularity levels
H

αk =−
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log λk (Hw Hw )
,
log SNR

k = 1, 2, . . . , m

(4.31)
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and let α , [α1 α2 . . . αm ]. With this notation, we can deduce from
Theorem 3.3 that the Jensen outage probability satisfies the asymptotic
equality
.
PJ (r log SNR) = P(Jr )
(4.32)
where Jr is the counterpart to the outage event Or defined in (4.17)
and is given by
(
)
m
X
m
+
Jr = α ∈ R+ : α1 ≥ α2 ≥ . . . ≥ αm ,
[1 − αk ] < r .
k=1

It is now natural to define the Jensen DM tradeoff curve as
dJ (r) = − lim

SNR→∞

log P(Jr )
.
log SNR

Based on the exponential equalities (4.30) and (4.32), it follows immediately that dJ (r) is nothing but the DM tradeoff curve of an effective
MIMO channel with ρM transmit and m receive antennas. We can therefore directly apply Theorem 3.3 to infer that the Jensen DM tradeoff
curve is the piecewise linear function connecting the points (r, dJ (r)),
where
dJ (r) = (ρM − r)(m − r), r = 0, 1, . . . , m.
(4.33)
Since, as already noted, PJ (R) ≤ Pout (R), the exponential equalities
(4.16) and (4.32) imply
˙ P(Or )
P(Jr ) ≤

(4.34)

which, in conjunction with (4.18) and the definition in (3.7), eventually
yields
d(Cr ) ≤ d?(r) ≤ dO (r) ≤ dJ (r),

r ∈ [0, m]

(4.35)

for any family of codes Cr . As evidenced by (4.35), the Jensen DM
tradeoff curve dJ (r) provides an upper bound to the best achievable
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DM tradeoff d?(r), which is to say that at high SNR the Jensen outage
probability yields a lower bound on error performance. In contrast with
the outage curve dO (r), however, dJ (r) can be easily computed for
selective-fading MIMO channels.
In addition to its analytical tractability, dJ (r) is also relevant in an
operational sense as it constitutes the best achievable performance
over all possible families of codes. Indeed, the optimal DM tradeoff
curve d?(r) will be obtained in the next section by deriving a sufficient
condition on Cr to guarantee that d(Cr ) = dJ (r) and hence, by (4.35),
that d?(r) = dJ (r). Code constructions that satisfy this condition will
be developed in Chapter 5.

4 . 4 . OPTIMAL DM TRADEOFF
The goal of this section is to demonstrate that dJ (r) constitutes the optimal DM tradeoff in selective-fading MIMO channels. Our approach
consists in deriving a sufficient condition for a family of codes to
achieve d(Cr ) = dJ (r), and hence, by virtue of (4.35), to be DM tradeoff optimal. We shall show that our result is supported by an appealing
geometric interpretation, and we will provide examples of how the
optimal tradeoff curve depends upon the selectivity characteristics of
the fading channel.

4.4.1. Code design criterion
For any given family of codes Cr , we shall refer to the N × N matrix
RTH EH E, where E = X−X0 and X, X0 ∈ Cr (SNR), as the effective
codeword difference matrix. The corresponding eigenvalues
λk = λk (RTH

EH E), k = 1, 2, . . . , ρMT

(4.36)

are in general functions of SNR (for simplicity, this dependency is not
explicit in our notation) and are assumed to satisfy λ1 ≤ λ2 ≤ · · · ≤
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λρMT at every SNR level. Before presenting the main result of this
chapter, the following remarks are now in order.
Remark 1
There are at most ρMT positive eigenvalues in (4.36); the remaining
N − ρMT eigenvalues are identically zero for any effective codeword difference matrix arising from Cr (SNR) and at any SNR level.
This observation simply follows from the inequality rank(A B) ≤
rank(A) rank(B), where A and B are positive semidefinite matrices
of same dimension(Horn and Johnson, 1993, p. 458). Hence, we have
rank RTH EH E ≤ ρMT , for all E = X − X0 , X, X0 ∈ Cr (SNR)
and all SNRs.
Remark 2
Due to the power constraint, all positive eigenvalues are strictly nonincreasing functions of SNR, i.e.
˙ 1, k = 1, 2, . . . , ρMT .
λk (SNR) ≤

(4.37)

This statement can be proved as follows. Since the largest positive
eigenvalue is smaller than the sum of eigenvalues, we get

EH E

2
≤ σH
Tr EH E

λρMT (SNR) ≤ Tr RTH
≤

2
4σH
MT N

(4.38)
(4.39)

2
where (4.38) is a consequence of RH  σH
I and the fact that for
positive semidefinite matrices A, B, and C, if A  B then A C 
B C so that Tr (A C) ≤ Tr (B C). Finally, (4.39) follows
from (4.2) and E = X − X0 . Since (4.39) is exponentially equal to
.
SNR0 = 1, we have (4.37).
We are now ready to present the following Theorem.
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Theorem 4.1. Consider a family of codes Cr with block length N ≥
ρMT that operates over the channel with input-ouput relation (4.1).
Define
m
Y
T
ΞρM
(SNR) ,
min 0
λk .
(4.40)
m
E=X−X
X,X0 ∈Cr (SNR) k=1

If there exists an  > 0 such that
T
˙ SNR−(r−)
ΞρM
(SNR) ≥
m

(4.41)

then the error probability (for maximum-likelihood (ML) decoding)
satisfies
.
Pe (Cr ) = SNR−dJ (r) .
(4.42)
Proof. We start by deriving an upper bound on the average (w.r.t. the
random channel) pairwise error probability (PEP). Under the assumptions of perfect CSI at the receiver and additive white Gaussian noise,
ML decoding amounts to choosing the codeword X ∈ Cr (SNR), with
X = [x0 x1 . . . xN −1 ], that minimizes the quantity
η(X) =

N
−1
X
n=0

r
yn −

SNR
Hn xn
MT

2

.

Assuming that X was transmitted, the probability of the ML decoder
mistakenly deciding in favor of codeword X0 = [x00 x01 . . . x0N −1 ] is
given by
n
o
P(X → X0 ) = E{Hn } P(η(X0 ) < η(X))
(
!)
N −1
SNR X
2
= E{Hn } P
kHn en k + 2ζ < 0
MT n=0
(4.43)
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where
xn − x0n , n = 0, 1, . . . , N − 1, and the random variable
qen =P

N −1
SNR
ζ = MT n=0 Re zH
n Hn en can be shown to satisfy
N −1
SNR X
2
ζ ∼ N 0,
kHn en k
2MT n=0

!
.

Consequently, (4.43) can be written in terms of the Gaussian tail function Q(·) as
 v

u
−1


u SNR NX
2
P(X → X0 ) = E{Hn } Qt
kHn en k 


2MT
n=0

2

which, using the standard approximation Q(x) ≤ e−x /2 , yields
(
!)
N
−1
X
SNR
P(X → X0 ) ≤ E{Hn } exp −
||Hn en ||2
(4.44)
4MT n=0




SNR
= EHw exp −
Tr Hw ΥΥH HH
w
4MT
where

T /2

Υ = (RH

N −1

⊗ IMT ) diag{en }n=0

(4.45)

and Hw denotes an MR × MT N i.i.d. CN (0, 1) matrix. Noting that
ΥH Υ = RTH

EH E

(4.46)

where E = [e0 e1 . . . eN −1 ] is the codeword difference matrix,
and using the fact that the nonzero eigenvalues of ΥH Υ equal the
nonzero eigenvalues of ΥΥH , it follows, by assumption, that ΥΥH
has ρMT nonzero eigenvalues. Then, employing the
 eigenvalue decomposition ΥΥH = UΛUH , where Λ = diag Λ̄, 0 and Λ̄ =
diag{λ1 , λ2 , . . . , λρMT }, we have



Tr Hw ΥΥH HH
∼ Tr Hw ΛHH
w
w

59

4 PERFORMANCE LIMITS IN SELECTIVE - FADING CHANNELS
where equality in distribution follows from Hw U ∼ Hw (Muirhead,
1982). Thus, setting Hw = Hw ([1:MR ], [1:ρMT ]), it clearly follows
that




SNR
H
P(X → X0 ) ≤ EHw exp −
Tr Hw Λ̄Hw
. (4.47)
4MT
Next, we upper bound (4.47) in terms of the Jensen channel H. Recalling (4.26), we have H = Hw (RT /2 ⊗ IM ), where Hw is given in
(4.27), and R = RH if MR ≤ MT and R = RTH if MR > MT . We
treat these two cases separately.
In the case MR ≤ MT , it follows from (4.27) that Hw = Hw , with
Hw = Hw ([1 : MR ], [1 : ρMT ]) and, hence, we have




H
H
Tr Hw Λ̄Hw = Tr Hw Λ̄Hw
≥

MR
X

H

λk (Hw Hw ) λMR +1−k .

(4.48)

k=1

where, recalling that λk (A) are the nonzero eigenvalues of the Hermitian matrix A in ascending order, we have used Theorem C.1 to get the
lower bound (4.48).
In the case MR > MT , we use Hw = [Hw,0 Hw,1 · · · Hw,N −1 ] and
the partition Λ̄ = diag Λ̄0 , Λ̄1 , . . . , Λ̄ρ−1 , where Λ̄n has dimension
MT × MT , to write
ρ−1

 X

H
Tr Hw Λ̄Hw =
Tr Hw,n Λ̄n HH
w,n
n=0

≥

ρ−1
X

Tr Hw,n Λ̄0 HH
w,n



(4.49)

n=0

=

ρ−1
X
n=0

= Tr
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1/2
1/2
Tr Λ̄0 HH
w,n Hw,n Λ̄0
1/2
Λ̄0

ρ−1
X
n=0

!
HH
w,n Hw,n

!
1/2
Λ̄0
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H 1/2
1/2
= Tr Λ̄0 Hw Hw Λ̄0
≥

MT
X

H

λk (Hw Hw ) λMT +1−k

(4.50)
(4.51)

k=1

where (4.49) follows from the positive semidefinite ordering Λ̄0  Λ̄n
due to the eigenvalues of Λ̄ being given in ascending order, (4.50)
follows from (4.27) and Hw = Hw ([1 : MT ], [1 : ρMR ]), and (4.51)
is a direct consequence of applying Theorem C.1 in Appendix C to
(4.50).
Combining (4.48) and (4.51), we have in general
m
 X

H
H
λk (Hw Hw ) λm+1−k
Tr Hw Λ̄Hw ≥

=

k=1
m
X

SNR−αk λm+1−k

(4.52)

k=1

where we have used (4.31). Using (4.52) in (4.47), the PEP upper bound
is now given in terms of the singularity levels αk (k = 1, 2, . . . , m)
characterizing the Jensen outage event
(
P(X → X0 ) ≤ Eα

m
1 X
exp −
SNR1−αk λm+1−k
4MT

!)
.

k=1

(4.53)
Next, consider a realization of the random vector α and let Sα = {k :
αk ≤ 1}. We then have
X
k∈Sα

(1 − αk ) =

m
X

[1 − αk ]+

k=1

which, in conjunction with the arithmetic-geometric mean inequality,
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yields
m
X

SNR1−αk λm+1−k

k=1

≥

X

SNR1−αk λm+1−k

k∈Sα

≥ |Sα |

SNR

Pm

+
k=1 [1−αk ]

! |S1

Y

α|

λm+1−k

. (4.54)

k∈Sα

Using (4.54) in (4.53), we get
P(X → X0 )
 
! |S1 |
α


Pm
Y
+
|S
|
α
 .
≤ Eα exp−
SNR k=1 [1−αk ]
λm+1−k


4MT
k∈Sα

(4.55)
The dependence of the PEP upper bound (4.55) on the singularity levels
characterizing the Jensen outage event suggests to split up the overall
error probability according to
Pe (Cr ) = Eα {P(Er )}
= P(Er , α ∈ Jr ) + P(Er , α ∈
/ Jr )
= P(α ∈ Jr ) P(Er |α ∈ Jr )
+ P(α ∈
/ Jr ) P(Er |α ∈
/ Jr )
≤ P(α ∈ Jr )
+ P(α ∈
/ Jr ) P(Er |α ∈
/ Jr ) .

(4.56)

Pm
For any α ∈
/ Jr , we have, by definition, k=1 [1 − αk ]+ ≥ r and
consequently |Sα | ≥ 1, which upon noting that |Cr (SNR)| = SNRN r ,
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yields the following union bound based on the PEP in (4.55)
P(Er |α ∈
/ Jr )



1
≤ SNRN r exp−
4MT

SNRr

! m1 

Y



λm+1−k

(4.57)

k∈Sα

where we used |Sα | ≤ m. Next, we note that the code design criterion
Qm
˙ SNR−(r−) for some  > 0 so that,
in (4.41) implies that k=1 λk ≥
recalling (4.37), we necessarily have
Y
˙ SNR−(r−)
λm+1−k ≥
(4.58)
k∈Sα

for any Sα ⊆ {1, 2, . . . , m}. Inserting (4.58) into (4.57) yields
P(Er , α ∈
/ Jr ) = P(α ∈
/ Jr ) P(Er |α ∈
/ Jr )
| {z }
≤1

˙ SNR
≤

Nr

SNR/m
exp −
4MT

!
.

(4.59)

In contrast to the Jensen outage probability which decays polynomially
with SNR, (4.59) decays exponentially with SNR. Consequently, noting
.
that P(α ∈ Jr ) = P(Jr ) and using (4.59) in (4.56), we get
˙ P(Jr )
Pe (Cr ) ≤

(4.60)

˙ P(Or ). In addition,
for r > 0. Recalling (4.34), we also have P(Jr ) ≤
˙ Pe (Cr ) holds true. Putting
for a specific family of codes Cr , P(Or ) ≤
the pieces together, we obtain that for any r > 0
˙ Pe (Cr ) ≤
˙ P(Jr ) ≤
˙ P(Or )
P(Or ) ≤
which implies

.
Pe (Cr ) = P(Jr )
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and hence, by definition of dJ (r),
.
Pe (Cr ) = SNR−dJ (r) .

(4.61)

Finally, by the continuity of dJ (r), (4.61) also holds for r → 0.
As a direct consequence of Theorem 4.1, a family of codes Cr that
satisfies (4.41) for any (w.r.t. SNR) codebook Cr (SNR) ∈ Cr realizes a
DM tradeoff curve dC (r) = dJ (r) and hence, by (4.35), we obtain
d?(r) = dJ (r).

(4.62)

The optimal DM tradeoff curve for selective-fading MIMO channels
is therefore given by the DM tradeoff curve of the associated Jensen
channel. Put differently, Theorem 4.1 shows that, even though the
channels in Jensen outage form by definition a subset of the channels
in outage, we still have
.
P(Jr ) = P(Or )
which essentially says that the “original” channel has the same highSNR outage behavior as its associated Jensen channel.

4.4.2. Geometric interpretation
In the following, we provide a geometric interpretation of the optimal
DM tradeoff in selective fading. Our presentation assumes an OFDM
system operating over an intersymbol interference (ISI) channel. This
discussion extends the geometric interpretation in the flat-fading case
provided by Zheng and Tse (2003) and briefly summarized in Section 3.3.1.
We start by noting that in an OFDM system, the mutual information (after
 discarding the
 cyclic prefix) is given by I(SNR) =
1
N

N −1

H
log det I + SNR
MT DH DH , where DH = diag{Hn }n=0 . Following the geometric argument in Zheng and Tse (2003), we wish to relate
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the outage probability at multiplexing rate r to the rank of the matrix DH . Unfortunately, the quantity rank(DH ) is difficult to study in
general because the different diagonal blocks are correlated, i.e.,
Hn =

L−1
X

2π

H(l)e−j N ln

l=0

where H(l), l = 0, 1, . . . , L − 1, are the i.i.d. matrix-valued channel
taps with CN (0, 1) entries. In OFDM, however, the matrix DH DH
H
can be readily shown to be unitary equivalent to CH CH
H (see e.g.
Paulraj et al., 2003, Ch. 9), where CH is the following N MR × N MT
block-circulant matrix
 H(0)
0
··· ···
0
H(L−1) ···
H(1) 
.
.. 
.
.
..
..
 H(1) H(0) . .
. 
0

 .

.
.
.
.
.
 ..
.. ..
..
..
. . H(L−1) 
H(1)




..
..
.. ..
 H(L−1)

. .
.
0
.
0
.
CH = 

.. 
..
 0
.
H(L−1)
H(0)
0
. 


 .

.
..
..
..
 ..
.
.
.
.
0
H(1)
. 


 .

..
.. ..
..
..
..
. .
.
.
.
0
0

···

···

0 H(L−1)

···

H(1)

H(0)

For N > L, the structure of CH implies that for any channel realization
rank(CH ) = N rank(Cw )

(4.63)

where we have defined Cw = CH ([1 : LMR ], [1 : MT ])H , if MT ≤
MR , and Cw = CH ([(N − 1)MR + 1 : N MR ], [(N − L)MT + 1 :
N MT ]), if MT > MR . Note that with this definition Cw is a m × LM
matrix with i.i.d. CN (0, 1) entries. In order to characterize rank(CH ),
it suffices to consider rank(Cw ) only and determine the number of
parameters required to specify r linearly independent rows in Cw . This
number is obtained as follows: LMr parameters are required to specify
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r linearly independent rows in Cw . The remaining m − r rows are
then given by linear combinations of the r linearly independent rows.
Specifying these linearly dependent rows requires r parameters per row
and hence (m − r)r parameters in total. The number of parameters
specifying a matrix CH with rank N r is therefore obtained as
LMr + (m − r)r = LMm − (LM − r)(m − r).

(4.64)

Summarizing the results, again invoking the arguments in Zheng and
Tse (2003) and noting that Cw lies in a LMm-dimensional space, we
obtain that rank(CH ) is close to N r when Cw is close to the subspace
of all rank-r matrices. This requires a collapse in the components of
Cw in all the dimensions orthogonal to that subspace; the number of
such dimensions is given by (LM − r)(m − r), which, recalling that
ρ = L, is precisely the SNR exponent given in (4.33).

4.4.3. Selectivity and optimal performance
In this section, we apply the concept of Jensen channel to different
selective-fading channels and obtain the corresponding optimal DM
tradeoff curve.
A. Time-frequency selectivity
For time-frequency selective channels, the covariance matrix RH is
Toeplitz-block-Toeplitz, and its entries are given by the sampled timefrequency correlation
RH (n, n0 ) = RH ((m − m0 )T, (k − k 0 )F )
where the slot index n = 0, 1, . . . , N − 1 is related to the timefrequency couple (m, k) by the mapping n = M(m, k) defined in
(2.14). From standard results on the eigenvalue distribution of Toeplitzblock-Toeplitz matrices (Gray, 2006; Voois, 1996; Tyrtyshnikov, 1996),
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the eigenvalues of RH can be shown to be asymptotically (M, K → ∞)
distributed as∗


1
ξ µ
S(ξ, µ) =
CH
,
, 0 ≤ µ, ξ < 1.
TF
F T
The eigenvalues of RH are well approximated by uniformly sampling
S(ξ, µ) (Gray, 2006; Voois, 1996), i.e.,

λM(m,k) (RH ) = S
for

k m
,
K M


,

m = 0, 1, . . . , M − 1, k = 0, 1, . . . , K − 1.

Now, since the scattering function is compactly supported in the rectangle [0, τ0 ] × [0, ν0 ], we can infer that RH has v · t nonzero eigenvalues,
where
v , bν0 T M c and t , bτ0 F Kc.
Hence, the rank of RH is approximately given by ρ = v · t. From (4.33)
and (4.62), the optimal DM tradeoff curve follows as the piecewise
linear function connecting the points (r, d?(r)) for r = 0, 1, . . . , m,
where
d?(r) = (vt M − r)(m − r).
(4.65)
Interestingly, this expression relates the optimal performance in the
sense of the DM tradeoff to system properties like output signal duration
T M and signal bandwith F K, and also to quantities that depend on
the channel selectivity characteristics such as the Doppler spread ν0
and delay spread τ0 .
B. Circulant covariance matrix
Next, we apply our results on the DM tradeoff to the case of linear timeinvariant (LTI) and linear frequency-invariant (LFI) systems. Under
∗ This

relation was derived in (2.23).

67

4 PERFORMANCE LIMITS IN SELECTIVE - FADING CHANNELS
the assumptions of Appendix A, the channel covariance matrix is
unitarily diagonalizable by the Fourier matrix Ψ. By (A.2), we have
rank(RH ) = L and, after inserting ρ = L into (4.33) and using (4.62),
we get the optimal DM tradeoff curve as the piecewise linear function
connecting the points (r, d?(r)) for r = 0, 1, . . . , m, with∗
d?(r) = (L M − r)(m − r).

(4.66)

This is the optimal DM tradeoff curve for frequency-selective fading
MIMO channels reported previously in Medles and Slock (2005). Specializing (4.66) to the case single-antenna case MT = MR = 1 and
noting that d?(r) = (L − r)(1 − r) = L(1 − r) for r = 0, 1, yields
the result reported in Grokop and Tse (2004). We note that the proof
techniques employed in (Grokop and Tse, 2004; Medles and Slock,
2005) are different from the approach taken here and seem to be tailored to the frequency-selective case. In addition, since (4.41) can be
guaranteed for any N ≥ LMT , our approach is not limited to large
code lengths as required in (Grokop and Tse, 2004; Medles and Slock,
2005).

4 .5. R ELATION TO OTH ER DESIGN C R ITER IA
This section examines how our code design criterion ties in with other
results on space-time code design that were previously reported in
literature.

4.5.1. Non-vanishing determinant
The non-vanishing determinant criterion, which is well-known in flatfading MIMO channels, can be recovered from the code design criterion
of Theorem 4.1. Recall that in flat fading, the channel remains constant
∗ Compare (4.66) with (4.65) and note that L is analogous to t in the LTI case and to
v in the LFI case.
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for the codeword duration, i.e., Hn = H0 for all n. Therefore, the
channel covariance matrix satisfies RH = 1N and, hence, ρ = 1, and
RTH EH E = EH E for all possible E = X−X0 . We note also that the
ρMT
quantity Ξm
(SNR) in Theorem 4.1 lower bounds the product of the
m smallest nonzero eigenvalues of any matrix RTH EH E arising from
the codebook Cr (SNR). From these observations, we can conclude
that, in the flat-fading case, the code design criterion of Theorem 4.1
specializes to
T
ΞM
m (SNR) =

min

m
Y

E=X−X0
X,X0 ∈Cr (SNR) k=1

˙ SNR−(r−)
λk (EEH ) ≥

(4.67)

for some  > 0. For MT ≤ MR , i.e., m = MT , we clearly have
H
Ξm
m (SNR) = min det(EE )
E

and condition (4.67) turns out to be the non-vanishing∗ determinant
criterion proposed for the first time in (Belfiore and Rekaya, 2003).
While many space-time code constructions have a nonzero minimum
determinant, it does often vanish with increasing data rates and, hence,
it fails to satisfy (4.67). In contrast, the constructions based on the nonvanishing determinant criterion (e.g., Yao and Wornell, 2003; Belfiore
et al., 2005; Dayal and Varanasi, 2005; Elia et al., 2006) have a minimum determinant that is bounded away from zero for increasing rates.
This property is a sufficient condition for optimality (in the sense of the
DM tradeoff) over the i.i.d. Rayleigh flat-fading MIMO channel (Elia
et al., 2006).

4.5.2. Approximate universality
The code design criterion of Theorem 4.1 subsumes as a special case
the criterion for approximate universality (Tavildar and Viswanath,
∗

This terminology
is to be understood prior to SNR normalization, i.e, it applies to
√
codewords X̃ = SNR X.
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2006) over flat-fading MIMO channels. This observation follows easily
by comparing (4.67) to the criterion given in (Tavildar and Viswanath,
2006, Theorem 3.1). The coincidence of both criteria in the flat-fading
case is noteworthy as they are obtained using different approaches:
while our proof technique makes explicit assumptions on the fading
law, approximately universal codes are designed to perform optimally
over any channel that is not in outage irrespectively of the fading distribution. In the context of approximate universality, the code design
criterion aims at protecting the codewords against the worst-case channel, i.e., the channel that aligns itself in the weakest directions of the
codeword difference matrix. Our approach does not explicitly consider
the worst-case channel, but it turns out that any family Cr satisfying
(4.41) achieves the optimal DM tradeoff in flat fading irrespectively of
the distribution of the channel matrix H0 .

4.5.3. Classical space-time code design criteria
Next, we show that the classical rank criterion (Tarokh et al., 1998,
1999; Bölcskei and Paulraj, 2000; Bölcskei et al., 2002b, 2003a; Ma
et al., 2005) coincides with the sufficient condition of Theorem 4.1
at multiplexing rate r = 0 and that the determinant criterion has no
impact on error performance in the sense of the DM tradeoff.
We start by deriving the classical space-time code design criteria.
Consider a codebook C0 that operates at multiplexing rate r = 0.
Assuming that codeword X was transmitted, the probability of the
ML decoder mistakenly deciding in favor of codeword X0 was upper
bounded in (4.44) in terms of the codeword difference matrix E =
[e0 e1 . . . eN −1 ], with en = xn − x0n , as
(
!)
N −1
SNR X
0
2
P(X → X ) ≤ EH exp −
||Hn en ||
.
(4.68)
4MT n=0
The key point in the proof of Theorem 4.1 is to guarantee that (4.68)
decays exponentially for every channel that is not in the set Jr . In
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contrast, the traditional approach summarized next focuses on obtaining
an upper bound on the error probability by averaging (4.68) over all
channel realizations. We note that
N
−1
X


∗ T
||Hn en ||2 ∼ hH
w Υ Υ ⊗ IMR hw

n=0

where hw is a N MT MR -dimensional Gaussian random vector with
i.i.d. CN (0, 1) entries and Υ is given by
T /2

Υ = (RH

N −1

⊗ IMT ) diag{en }n=0 .

Using the fact that (Turin, 1960)
o
n

2
−1
E exp −v khk
= det(I + vC)
for h ∼ CN (0, C), we take the expectation in (4.68) to get
−MR

SNR ∗ T
P(X → X0 ) ≤ det I +
Υ Υ
4MT

−κE MR
−MR SNR
(4.69)
≤ ∆E
4MT


where, using the identity rank Υ∗ ΥT = rank ΥH Υ and noting
that ΥH Υ = RTH EH E (see also (4.45), (4.46)), we have used

κE = rank RTH EH E
(4.70)
and ∆E denotes the product of the nonzero eigenvalues of RTH
The total probability of error can be decomposed as
X
X
Pe (C0 ) =
P(X)
P(X → X0 )
X

EH E.
(4.71)

X0 6=X

and hence, by (4.69) and the fact that κE ≤ ρMT , the SNR exponent
of the error probability corresponding to C0 satisfies
min κE MR ≤ − lim
E

SNR→∞

log Pe (C0 )
≤ ρMT MR
log SNR

(4.72)

71

4 PERFORMANCE LIMITS IN SELECTIVE - FADING CHANNELS
where the minimum is over all E arising from C0 . The rank and determinant criteria consist, respectively, in maximizing ∆E and κE over
all possible effective codeword difference matrices so as to minimize
(4.71).
Since the lower bound to the SNR exponent of Pe (C0 ) in (4.72) is
independent of ∆E , maximizing the determinant plays no role in the
DM tradeoff framework. However, by maximizing κE over all possible
E, the rank criterion yields
κE = ρMT , ∀ E = X − X0 , X, X0 ∈ C0

(4.73)

which, upon inserting into the left-hand side of (4.72), readily shows
that the SNR exponent of Pe (C0 ) is ρMT MR . Since this is the maximal
diversity gain dJ (0), we can conclude that the rank criterion realizes
the optimal DM tradeoff at multiplexing rate r = 0.

4.5.4. A geometric view on code design
The optimal code design criterion of Theorem 4.1 depends explicitly
on the selectivity characteristics of the fading channel through the
covariance matrix RH . The effective codeword difference matrix can
be stated in a form that yields geometric insight into the implications of
this dependency and nicely recovers the code design criterion reported
in Bölcskei and Paulraj (2000) for frequency-selective MIMO channels.
Pρ−1
Lemma 4.2. Let RH = n=0 θn vn vnH be the eigenvalue decomposition of the channel covariance matrix. Then,
RTH

EH E = ẼH Ẽ

where Ẽ is the ρMT × N matrix given by
hp
p
ẼH =
θ0 Dv0∗ EH
θ1 Dv1∗ EH · · ·
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(4.74)

p

i
∗
θρ−1 Dvρ−1
EH .
(4.75)
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Proof. Inserting the eigenvalue decomposition of RH into the LHS of
(4.74), we get
RTH

H

E E=

ρ−1
X

!
θn vn∗ vnT

EH E

n=0

=

ρ−1
X

θn Dvn∗ EH E DvnT

n=0
H

= Ẽ Ẽ.

Note that the pseudo codeword Ẽ = X̃−X̃0 has dimension ρMT ×N
and so do the effective codewords X̃ and X̃0 . This suggests that, from
the receiver’s perspective, the channel has ρMT virtual antennas. When
Cr is designed so that any effective codeword difference matrix Ẽ has
the maximal number of linearly independent columns, i.e., its rank is
ρMT , the corresponding codewords are as distinguishable as possible
at the receiver, which in turn means that a pairwise error event is less
likely to occur.
Example: cyclic signaling
We consider an orthogonal frequency-division multiplexing (OFDM)
system operating over a LTI channel as described in Appendix A. The
implications of channel selectivity on code design are as follows. Since
the covariance matrix RH is a L-rank circulant, it admits the columns
of the Fourier matrix Ψ as eigenvectors. Consequently, we can use
2π
−1
Dvn∗ = Dn , where D = diag{ej N k }N
k=0 , in (4.75) to obtain the
effective codeword difference matrix
hp
i
p
p
ẼH =
θ 0 EH
θ1 DEH . . .
θL−1 DL−1 EH .
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Next, denote by Et the time-domain counterpart to the codeword difference matrix E, i.e., EH = Ψ∗ EH
t , and note that
ΨT Dn EH = Πn EH
t
where Π = [π1 · · · πN −1 π0 ] is the basic circulant permutation matrix,
and πn = [0 · · · 0 1 0 · · · 0]T contains a 1 in its nth position. The
time-domain counterpart to ẼH follows now as
hp
i
p
p
ẼH
θ0 EH
θ1 ΠEH
...
θL−1 ΠL−1 EH
.
t =
t
t
t
Since the frequency- and time-domain versions of the codeword difference matrices are related by a unitary transformation, the rank of Ẽt is
the same as the rank of Ẽ. It follows that Cr should be constructed so
l0 H
that the matrices Πl EH
t and Π Et have linearly independent columns
for any l 6= l0 and any possible codeword difference matrix Et . This is
the code design criterion for OFDM systems over frequency-selective
MIMO channels reported for the first time in (Bölcskei and Paulraj,
2000).
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5

Optimal Code Construction
chapters, we have established the optimal diversitymultiplexing (DM) tradeoff for the general class of selective-fading
channels and provided a code design criterion for DM tradeoff
optimality. The goal of this chapter is to demonstrate the existence
of codes satisfying this criterion by providing corresponding design
procedures. In addition, we want to ensure that the proposed code
designs are practicable in the sense of being DM tradeoff optimal,
ideally independently of the channel covariance matrix (i.e., of the
selectivity characteristics). We shall see that in the single-transmitantenna case this is rather straightforward to accomplish. In the case
of multiple transmit antennas, we propose a procedure that decouples
the problem into the design of a precoder, which can be obtained
systematically for a given channel covariance matrix, and an outer
code, which has to satisfy a design criterion that is independent of the
covariance matrix.
The remainder of this chapter is organized as follows. In Section 5.1,
we examine the single-transmit-antenna channel and give an example
of an optimal code. Section 5.2 presents a new code construction
procedure for multiple-transmit-antenna channels which is based on
precoding. Finally, Section 5.3 introduces a method to construct the
precoder as a function of the channel selectivity characteristics.

I

N PREVIOUS
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5.1. SI NGLE TRANSMIT ANTEN NA
We consider a family of codes Cr of block length N . Since we consider
a single-transmit-antenna channel, the codewords of Cr (SNR) are row
vectors x̄ of length N and satisfy the power constraint
2

kx̄k ≤ N, ∀x̄ ∈ Cr (SNR).

(5.1)

The effective codeword difference matrix is now given by
RTH

T
ēH ē = DH
ē RH Dē

T
where ē = x̄ − x̄0 , with x̄, x̄0 ∈ Cr (SNR). Hence, the quantity ΞρM
m
defined in (4.40) specializes to

Ξρ1 (SNR) =

min

ē=x̄−x̄0
x̄,x̄0 ∈Cr (SNR)

T
λ1 (DH
ē RH Dē ).

(5.2)

Recall that the notation Ξρ1 implies that the effective codeword difference matrix has ρ nonzero eigenvalues. The dependence of (5.2) on RH
leads to different design criteria depending on the channel selectivity
characteristics.
In a flat-fading channel, where RH = 1N and ρ = 1, it follows from
(5.2) that
Ξ11 (SNR) =
min 0 ||ē||2
ē=x̄−x̄
x̄,x̄0 ∈Cr (SNR)

which is simply the minimum Euclidian distance between codewords.
Hence, by Theorem 4.1, we can conclude that the decay rate of the
Euclidian distance constitutes the criterion for optimal performance
over single-transmit-antenna flat-fading channels.
In fast fading, the channel covariance matrix satisfies RH = I with
ρ = N ; hence, the sufficient condition for optimality follows from (5.2)
and Theorem 4.1 as
ΞN
1 (SNR) =
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min

ē=x̄−x̄0
x̄,x̄0 ∈Cr (SNR)

2 ˙
min |ē(n)| ≥
SNR−(r−)
n

5.1 SINGLE TRANSMIT ANTENNA
which implies that no entry in the codeword difference vector ē can
be equal to zero. We show next that the class of codes that satisfy
this condition is of general interest because they perform optimally
irrespectively of the covariance matrix RH .
Lemma 5.1. If there exists an  > 0 such that
min

ē=x̄−x̄0
x̄,x̄0 ∈Cr (SNR)

˙ SNR−(r−)
min |ē(n)|2 ≥
n

(5.3)

then Cr is optimal over the single-transmit-antenna channel irrespectively of RH .

Proof. Applying Ostrowski’s Theorem (Horn and Johnson, 1993, 4.5.9)
to the effective codeword difference matrix yields
T
λn (DH
ē RH Dē ) = θ λn (RH ), n = 0, 1, . . . , N − 1,

where θ ∈ [minn |ē(n)|2 , maxn |ē(n)|2 ]. Hence, by (5.3), every ē
arising form Cr satisfies
−(r−)
T
˙
λk (DH
λk (RH ),
ē RH Dē ) ≥ SNR

k = 1, 2 . . . , ρ.

(5.4)

Since the eigenvalues of RH are not functions of SNR, we can conclude
˙ SNR−(r−) , implying that Cr is optimal.
from (5.4) that Ξρ1 (SNR) ≥
Noteworthily, uncoded∗ quadrature amplitude modulation (QAM)
constellations satisfy the condition of Lemma 5.1. Indeed, the minimum distance in a QAM constellation with SNRr points scales as
∗ By “uncoded” we mean that the entries of x have no dependency across slots, but,
still, any two codewords differ in all their entries. More precisely, if A is the underlying
QAM constellation with SNRr points, then, for every n = 0, 1, . . . , N − 1, the equality
A = {x(n) : x ∈ Cr (SNR)} holds true. In contrast, in (Tse and Viswanath, 2005, Sec.
9.2.2), uncoded QAM can result in two codewords having the same symbol at the same
position.
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d2min ≈ SNR−r (Tse and Viswanath, 2005, Sec. 9.1.2). With one such
constellation for each slot, the system operates at data rate R(SNR) =
r log SNR and the codeword difference vectors ē satisfy (5.3) as  → 0.
Hence, the optimality (in the sense of the DM tradeoff) of uncoded
QAM over the single-transmit-antenna flat-fading Rayleigh channel
(Tse and Viswanath, 2005, Sec. 9.1.2) also holds for selective-fading
channels.
Condition (5.3) can be related to the product distance (Divsalar and
Simon, 1988) of Cr defined as
ΠCr (SNR) ,

min

N
−1
Y

ē=x̄−x̄0
x̄,x̄0 ∈Cr (SNR) n=0

|ē(n)|2 .

(5.5)

˙ 1 for any n. We
Note that the power constraint implies that |ē(n)|2 ≤
hence have
˙ min |ē(n)|2
ΠCr (SNR) ≤
ē,n

and, consequently, if the product distance of Cr satisfies
˙ SNR−(r−) ,  > 0
ΠCr (SNR) ≥

(5.6)

then, by Lemma 5.1, Cr is DM tradeoff optimal. The criterion of maximizing the product distance of Cr is known to be optimal (for fixed rates
w.r.t. SNR) in i.i.d. Rayleigh fading scalar channels (Divsalar and Simon, 1988; Boutros and Viterbo, 1998) and has led to the construction
of a variety of codes.
Note that the minimum product distance in transmitting uncoded
QAM constellations scales approximately as SNR−N r , i.e., the worst
case product distance is obtained for two codewords separated by
the minimum distance SNR−r in each constellation. Condition (5.6)
can only be guaranteed by coding across slots, and hence, it is not a
useful criterion for the single-transmit-antenna channel where uncoded
transmissions are optimal. In contrast, in the multiple-transmit-antenna
case, we will see that (5.6) is more useful.
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5.2. MU LTI PLE TRANSMIT ANTEN NAS
In contrast to the single-transmit-antenna case, optimal code constructions for the multiple-transmit-antenna channel has to deal with interference between the signals transmitted from different antennas. In
this section, we develop a new procedure to construct codes achieving
optimal performance.

5.2.1. Preliminaries
Precoding is an effective technique to simplify data transmission and
reception over wireless channels, and the task of designing good codes
is often made easier by the use of an appropriate precoder. In essence,
the method consists in processing the transmit signal in a manner that
takes advantage of the knowledge that the transmitter has on the channel.
Depending on the channel characteristics and the degree of channel
knowledge at the transmitter, a variety of approaches to precoding have
been developed in the past.
With perfect transmit channel state information (CSI), TomlinsonHarashima precoding (Tomlinson, 1971; Harashima and Miyakawa,
1972) pre-processes the data symbols transmitted over a single-input
single-ouput (SISO) frequency-selective channel so that no intersymbol interference is present at the receiver. In fact, this technique is the
transmitter dual to receiver-based decision-feedback equalization. In
the multiple-input multiple-output (MIMO) case, full CSI at both the
transmitter and at the receiver can be used to design the transmit filter,
i.e., the precoder, and the receive filter so as to diagonalize the channel
matrix and obtain a set of parallel non-interfering spatial channels for
communication. The filters can be optimized according to different
performance measures, e.g., to maximize rate, or to reduce error probability (Sampath et al., 2001; Scaglione et al., 2002) and (Paulraj et al.,
2003, Chapter 8). Because these methods assume up-to-date CSI at the
transmitter, their applicability is restricted to slowly-varying channels.

79

5 OPTIMAL CODE CONSTRUCTION
In a second, drastically different, approach to precoding, the transmitter is only required to know the delay spread τ0 and the Doppler spread
ν0 of the channel. This type of precoding∗ , which aims at exploiting
transmit antenna diversity, is often referred to as delay diversity, or
phase-roll diversity (e.g., Adachi, 1979; Hiroike et al., 1992; Wittneben, 1993; Weerackody, 1993; Seshadri and Winters, 1994; Kuo and
Fitz, 1997; Wornell and Trott, 1997; Kaiser, 2000). The basic principle
shared by these techniques is to convert transmit antenna diversity into
selective diversity (either in time, in frequency, or in time-frequency),
and exploit it through standard forward error correction (FEC) coding and interleaving. Thanks to the precoder, the design of the outer
code becomes simpler as it is not affected by the presence of multiple
transmit antennas.
In this section, we investigate the latter type of precoding. Based
on the code design criterion for DM tradeoff optimality presented in
Chapter 4, we show that the design problem can be separated in two
simpler and independent problems: the design of an inner code, or precoder, adapted to the channel statistics and an outer code independent
of the channel statistics. The inner code can be obtained in a systematic
fashion as a function of the selectivity characteristics of the channel
and the design criterion for the outer code is standard.

5.2.2. Precoding setup
Consider an outer family of codes Cr of block length N and an MT ×N
precoder P. The transmitted codeword X̃ is obtained as the elementwise multiplication of the original codeword and the precoder according
to
X̃ = P X.
(5.7)
We shall denote the rows of X by x̄l , and the rows of P by p̄l . The
transmitter structure is depicted in Figure 5.1 part (i). For two code∗ The terminology “linear precoding” to refer to these techniques is used in Wornell
and Trott (1997).

80

5.2 MULTIPLE TRANSMIT ANTENNAS
words X and X0 ∈ Cr (SNR), the precoded codeword difference matrix
is given by Ẽ = P E, where E = X − X0 . Denoting the rows of E
by ēl , we have
ẼH Ẽ =

MT
X

ēl )H (p̄l

(p̄l

ēl )

l=1

=

MT
X

H
DH
ēl p̄l p̄l Dēl

(5.8)

l=1

=

MT
X

p̄H
l p̄l

ēH
l ēl

l=1

where we have used p̄l ēl = p̄l Dēl to get (5.8). For the sake of
notation, let us introduce
T
Rl = DH
p̄l RH Dp̄l ,

l = 1, 2, . . . , MT .

(5.9)

H
Since, trivially, Rl ēH
l ēl = Dēl Rl Dēl (l = 1, 2, . . . , MT ), the
effective codeword difference matrix can be written as

RTH

ẼH Ẽ =

MT
X

DH
ēl Rl Dēl .

(5.10)

l=1

The optimal code design criterion follows from (4.41) as
ρMT
˙ SNR−(r−) ,  > 0
Ξm
(SNR) ≥

(5.11)

T
where the quantity ΞρM
specializes to
m

T
ΞρM
(SNR)
m

=

min

m
Y

E=X−X0
X,X0 ∈Cr (SNR) k=1

λk

MT
X

!
DH
ēl

Rl Dēl

.

(5.12)

l=1

The matrix Rl can be thought of as an effective covariance matrix
induced by p̄l on transmit antenna l. Put differently, signals transmitted
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x̄1 (n)

x̄2 (n)

x̄MT (n)

p̄1 (n)

p̄1 (n)

×

×

p̄2 (n)

p̄2 (n)

×

x̄(n)

×

.
.
.

.
.
.

p̄MT (n)

p̄MT (n)

×

×

(i)

(ii)

Fig. 5.1: Depiction of the transmitter with precoding for slot n. The general
structure is depicted in (i), and part (ii) shows the structure assumed in
Theorem 5.2.

from different antennas undergo different effective channels which
can be controlled by precoder design. Our goal is to find a precoder
that induces more structure in the effective codeword matrix so as to
simplify the design of the outer code Cr .

5.2.3. Design criteria with precoding
In conjunction with the precoding scheme defined above, we consider
an outer family of codes Cr for which the same 1 × N codeword vector
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x̄ = [x0 x1 . . . xN −1 ] is transmitted over all antennas. The codeword
difference vector is given by ē = x̄ − x̄0 , where x̄, x̄0 ∈ Cr (SNR). The
corresponding transmitter structure is illustrated in Figure 5.1-(ii). With
this notation in place, next theorem provides code design criteria to
achieve the optimal DM tradeoff in selective-fading multiple-transmitantenna channels.
Theorem 5.2. Let the family of codes Cr , r ∈ [0, m], have block length
N ≥ ρMT , and suppose that the signal transmitted on antenna l is
given by
p̄l x̄, l = 1, 2, . . . , MT ,
(5.13)
where x̄ = [x0 x1 · · · xN −1 ] ∈ Cr (SNR) and p̄l is the lth row of the
precoder P (MT × N ). If there exists  > 0 such that Cr satisfies
min

m−1
Y

ē=x̄−x̄0
x̄,x̄0 ∈Cr (SNR) n=0

˙ SNR−(r−)
|ē(π(n))|2 ≥

(5.14)

where the permutation π sorts the entries of e in ascending magnitude,
and P is such that

rank RTH PH P = ρMT
(5.15)
then the pair of inner and outer codes (P, Cr ) achieves the optimal
DM tradeoff.
Proof. We start by noting that since the same 1 × N codeword x is
transmitted over all antennas, we have ēl = ē, which, upon insertion
into (5.10), yields
RTH

ẼH Ẽ =

MT
X

H
T
DH
ēl Rl Dēl = Dē RH


PH P Dē .

(5.16)

l=1

Next, condition (5.15) implies that exactly ρMT eigenvalues of RTH
PH P are nonzero. With the eigenvalue decomposition RTH PH P =
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o
n
VΣVH , where we have defined Σ = diag Σ̃, 0, . . . , 0 with Σ̃ =
diag{σ0 , σ1 , . . . , σρMT −1 } and the nonzero eigenvalues σi are sorted
H
in ascending order, we get RTH ẼH Ẽ = DH
ē VΣV Dē . Using the
H
H
fact that λn (MM ) = λn (M M), ∀n, for a square matrix M, we
obtain
λn (RTH

ẼH Ẽ) = λn (Σ1/2 VH Dē DH
V Σ1/2 )
|
{z ē }
,B

= λn (Σ̃

1/2

B̃Σ̃

1/2

)

≥ σ0 λn (B̃)

(5.17)
(5.18)

where B̃ has dimension ρMT × ρMT , (5.17) holds only for the nonzero
eigenvalues of B, and we have applied Ostrowski’s Theorem (Horn and
Johnson, 1993, 4.5.9) to get (5.18). Since B is Hermitian and B̃ is its
principal submatrix obtained by deleting the N − ρMT last rows and
the corresponding columns from B, we can invoke (Horn and Johnson,
1993, 4.3.15) to conclude that
λk (B̃) ≥ λk (B) = |ē(π(k))|2 , k = 0, 1, . . . , ρMT − 1

(5.19)

where π is an index permutation that sorts the entries of ē in ascending
magnitude for every SNR level. Next, combining (5.18) with (5.19),
we find that the nonzero eigenvalues of RTH ẼH Ẽ satisfy
λk (RTH

ẼH Ẽ) ≥ σ0 |ē(π(k))|2 , k = 0, 1, . . . , ρMT − 1. (5.20)

By (5.14), we can therefore conclude that
T
ΞρM
(SNR) ≥ (σ0 )m min
m

ē

m−1
Y

˙ SNR−(r−) .
|ē(π(n))|2 ≥

n=0

Theorem 5.2 says that it is possible to split the code design problem
into the design of a precoder adapted to RH (the precoder effectively
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decorrelates the channel into its independent diversity branches) and
the design of a single-antenna outer code Cr which is independent of
the channel selectivity characteristics. The design of the precoder shall
be examined in detail in the next section. We shall consider before an
example of outer code that meets the requirement (5.14).

5.2.4. Outer family of codes
The QAM-based permutation codes proposed in Tavildar and Viswanath
(2006) in the context of the parallel channel satisfy (5.14). To see
this, we start by recalling that the problem addressed in (Tavildar and
Viswanath, 2006, V.B) is the construction of space-only codes (i.e.,
unit-block length) that are approximately universal over the parallel
channel with L flat-fading subchannels. Let xl be the lth entry of such a
code, with l = 1, 2, . . . , L, denoting the subchannel index, and assume
it belongs to a QAM constellation with SNRr points. Denote the symbol difference corresponding to subchannel l by el = xl − x0l . Then, a
sufficient condition for approximate universality is given by (Tavildar
and Viswanath, 2006, Th. 5.1) as
˙ 2−R(SNR)
|e1 |2 · |e2 |2 · · · |eL |2 >

for all e1 , e2 , . . . , eL

(5.21)

where the data rate satisfies R(SNR) = r log SNR, r ∈ [0, L]. The existence of codes satisfying this condition is guaranteed by (Tavildar and
Viswanath, 2006, Th. 5.2). The proof of this result consists in averaging
the product distance ΠCr over the ensemble of random permutations
codes (i.e., codes obtained by randomly permuting the points labels in
successive QAM constellations), and showing that there must be codes
within the ensemble that satisfy (5.21).
This code design criterion is not fundamentally different from the
condition on the outer family of codes given in Theorem 5.2. In fact,
mapping the spatial dimension in (5.21) to the temporal dimension
and setting L = N , we can conclude from (Tavildar and Viswanath,
2006, Th. 5.2) that there exist family of codes Cr , whose codewords
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x̄ = [x0 x1 · · · xN −1 ] are transmitted across slots, that satisfy
˙ 2−R(SNR)
|ē(0)|2 · |ē(1)|2 · · · |ē(N − 1)|2 >
for all ē(0), ē(1), . . . , ē(N − 1)

(5.22)

and R(SNR) = r log SNR, r ∈ [0, N ]. Due to the power constraint
˙ 1 for
(5.1) on the codewords of Cr , we necessarily have |ē(n)|2 ≤
every n and, therefore, the product of the m smallest |ē(n)|2 does
also satisfy the decay rate of (5.22). Hence, we can conclude that the
permutation codes of Tavildar and Viswanath (2006) satisfy (5.14).
The development of practical codes based on QAM permutations with
appropriate product distance seems to remain largely unexplored.

5.3. PR ECODER DESIGN
The essence of the following precoder construction consists in approximating the (two-level∗ ) Toeplitz matrix RH by a (two-level) circulant
matrix CH . Indeed, the latter matrix admits a precoder P for which

rank CTH PH P = MT · rank(CH )
holds true for any block length N ≥ MT · rank(CH ). By standard
results on the asymptotic eigenvalue distribution of CH and RH (Gray,
2006; Voois, 1996; Tyrtyshnikov, 1996), we will argue that for reasonably large block lengths P also satisfies

rank RTH PH P = MT · rank(RH )
which is to say that P meets the condition of Theorem 5.2. We shall
show that such a precoder is a generalized version of what is commonly
known as delay and phase-roll diversity (Adachi, 1979; Hiroike et al.,
∗ A two-level Toeplitz matrix is a Toeplitz-block-Toeplitz matrix. Similarly, a twolevel circulant matrix is a circulant-block-circulant matrix.
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1992; Wittneben, 1993; Weerackody, 1993; Seshadri and Winters, 1994;
Kuo and Fitz, 1997; Wornell and Trott, 1997; Kaiser, 2000).
We start our presentation by considering the general case, i.e., RH
is two-level Toeplitz, and then show how our result applies to the
particular cases of Toeplitz and circulant covariance matrices.

5.3.1. Two-level Toeplitz covariance matrix
Since the time-varying transfer function LH (t, f ) is assumed to be
wide-sense stationary both in t and f , the N × N covariance matrix
RH is a two-level Toeplitz matrix with entries given by the sampled
time-frequency correlation as
RH (n, n0 ) = RH ((m − m0 )T, (k − k 0 )F )

(5.23)

where n = M(m, k), n0 = M(m0 , k 0 ), and M(·, ·) is defined in
(2.14). From standard results on the eigenvalue distribution of (twolevel) Toeplitz matrices (Gray, 2006; Voois, 1996; Tyrtyshnikov, 1996),
the eigenvalues of RH are asymptotically (M, K → ∞) distributed as
the 2-dimensional power spectral density given by
S(ξ, µ) =

∞
X

∞
X

RH (mT, kF ) e−j2π(µm−ξk) ,

0 ≤ µ, ξ < 1

m=−∞ k=−∞

where, recalling (2.23), S(ξ, µ) can be related to the channel scattering
function as


ξ µ
1
CH
,
, 0 ≤ ξ, µ < 1.
S(ξ, µ) =
TF
F T
Motivated by the fact that uniformly sampling S(ξ, µ) yields good
approximations of the eigenvalues of RH (Gray, 2006; Voois, 1996),
we define a N × N two-level circulant matrix CH by setting


k m
λn (CH ) , S
,
(5.24)
K M
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for m = 0, 1, . . . , M − 1 and k = 0, 1, . . . , K − 1. Note that (5.24)
completely determines the matrix CH because two-level circulant matrices are diagonalized by two-level Fourier matrices (Voois, 1996;
Tyrtyshnikov, 1996). Hence, setting F = Ψ ⊗ Φ, where Ψ and Φ
denote, respectively, the Fourier matrices of size M and K, we have
CH = FΛFH

(5.25)

N −1

where Λ = diag{λn (CH )}n=0 is given by (5.24). We recall that the
scattering function is compactly supported in the rectangle [0, τ0 ] ×
[0, ν0 ] and, hence, it follows from (5.24) that the nonzero eigenvalues
of CH are indexed by
(m, k) ∈ {0, 1, . . . , v − 1} × {0, 1, . . . , t − 1}

(5.26)

where
v , bν0 T M c

and t , bτ0 F Kc.

(5.27)

We recall that the grid parameters satisfy the Nyquist condition T ≤ ν10
and F ≤ τ10 (we exclude therefore the cases ν0 = 0 and τ0 = 0).
For grid parameters satisfying ν0 T = τ0 F = 1, i.e., critical channel
sampling, we have v = M and t = K, implying that CH is full rank.
In general, the rank of CH is given by the product
 v · t, which is the
k m
number of nonzero elements in the set {S K
, M }.
The following theorem presents a precoder P that satisfies the condition rank CTH PH P = ρMT . The idea is to apply different timefrequency shifts to the channel spectra corresponding to different antennas. As mentioned in the outset, our construction is a general version
of delay and phase-roll diversity.
Theorem 5.3. Consider the N × N 2-level circulant matrix CH with
rank vt defined by (5.24) and (5.25). If N ≥ vtMT and the rows of P
satisfy
p̄l = ψpTl v ⊗ φTql t , for l = 1, 2, . . . , MT
(5.28)
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where ψm and φk are, respectively, the mth and kth columns of the
Fourier matrices Ψ and Φ, and
 


j 1 k
j 1 k
(pl , ql ) ∈ 0, 1, . . . ,
− 1 × 0, 1, . . . ,
−1 ,
ν0 T
τ0 F
(pl , ql ) 6= (pl0 , ql0 ) for l 6= l0

(5.29)


PH P = ρMT .

then rank CTH

Proof. We start by noting that CTH
CTH

PH P =

PH P can be written as

MT
X

Dp̄H
CTH Dp̄l .
l
{z
}
|
l=1

(5.30)

,Cl

Next, consider the following similarity transformation
FT Cl F∗ = FT Dp̄H
F∗ ΛFT Dp̄l F∗
l

(5.31)

where we have used CH = FΛFH . With (5.28) and F = Ψ ⊗ Φ, we
get

 

∗
T
∗
T
∗
∗ Φ
∗ Ψ
FT Dp̄H
F
=
Ψ
D
⊗
Φ
D
ψ
φ
p v
q t
l
l

=Π

pl v

⊗Π

ql t

l

(5.32)

where Π = [π1 · · · πN −1 π0 ] is the circulant permutation matrix with
πn = [0 · · · 0 1 0 · · · 0]T containing a 1 in its nth position. Using
(5.32) in (5.31), we obtain

T
FT Cl F∗ = Πpl v ⊗ Πql t Λ Πpl v ⊗ Πql t
(5.33)
and consequently
FT CTH

MT
X


T
PH P F∗ =
Πpl v ⊗ Πql t Λ Πpl v ⊗ Πql t .
l=1

(5.34)
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T
Since Πk ⊗ Πl Λ Πk ⊗ Πl simply permutes the entries of Λ
along the main diagonal, the rank of CTH PH P is trivially upper
bounded by ρMT . To achieve this maximum, we need to ensure that
the different shifts in (5.34) distribute the ρ eigenvalues of CH in
mutually orthogonal subspaces. This can be accomplished as follows.
With (5.26) and (5.33), we find that the indices (m, k) corresponding
to the nonzero eigenvalues of Cl are given by the set
Il = {pl v, pl v + 1, . . . , (pl + 1)v − 1} ×
{ql t, ql t + 1, . . . , (ql + 1)t − 1}
that is, the nonzero eigenvalues of Cl are obtained by cyclically shifting the eigenvalues of CH by pl v positions along index m and ql t
positions along index k. The condition in (5.29) guarantees that Il ∩
Il0 = ∅ for l 6= l0, which together with ρ = vt in turn ensures that
rank CTH PH P = ρMT .
From (5.30) and the fact that DH
p̄l Dp̄l = I, it follows that the
precoder of Theorem 5.3 performs a unitary transformation – a different
one for each transmit antenna – on the channel covariance matrix.
Hence, the original covariance matrix and the transformed covariance
matrix have the same eigenvalues. The transformation, however, shifts
the eigenvalues of Cl to different eigenspaces. The choice of shifts
proposed in Theorem 5.3 guarantees that the positive eigenvalues of any
two Cl are placed in mutually orthogonal subspaces so that CTH PH P
has full ρMT -rank. This idea is illustrated in Figure 5.2 where the
original channel spectrum gets shifted in the (τ F, νT )-plane by p̄l . The
precoder P is designed so that the spectra corresponding to different l
do not overlap in the (τ F, νT )-plane; the figure illustrates this aspect
for the spectra of CH and Cl .
We emphasize that
 the precoder of Theorem 5.3 does not guarantee
rank RTH PH P = ρMT for every block length N . However, since
the eigenvalues of CH are good approximations of the eigenvalues of
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τF
1
Cl
p̄l
τ0 F

CH

νT
ν0 T

1

Fig. 5.2: Location of the (positive) eigenvalue spectra of CH and Cl . The
matrix Cl , which is obtained using the precoder p̄l of Theorem 5.3, has the
same eigenvalues as CH but time-frequency shifted (here by ν0 T along
the normalized Doppler frequency axis and 2τ0 F along the normalized
delay axis).

RH for reasonably large N (Gray, 2006; Voois, 1996), we expect the
precoder to yield good results for N ≥ ρMT .

5.3.2. Single-level covariance matrix
The technique of Theorem 5.3 can readily be applied to single-level
Toeplitz matrices. For instance, suppose that τ0 F = 1 and K = 1 so
that t = 1 in (5.27), and the N × N circulant CH = ΨΛΨH has
rank v. Then, using the same arguments as in the two-level case, it can
readily be seen that a precoder P satisfying
T
p̄l = ψ(l−1)v
,

l = 1, 2, . . . , MT

(5.35)
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where ψn is the nth
 column of the N × N Fourier matrix Ψ, yields
rank CTH PH P = vMT . As in the two-level case, this construction
is expected to yield rank RTH PH P = ρMT for N ≥ ρMT due to
the asymptotic relation between circulant and Toeplitz matrices.
When RH is circulant, like in the linear frequency-invariant (LFI)
and linear time-invariant (LTI) systems considered in Appendix A, the
precoder of Theorem 5.3 yields exact results because CH = RH . In this
case, the construction of Theorem 5.3 is a special case of the precoder
proposed in (Bölcskei et al., 2003b) which is defined by PT = ΨA. In
general, the N × MT matrix A can be constructed using the method
proposed in (Bölcskei et al., 2003b, Th.1). The construction that we
propose corresponds to the choice A = [π0 πρ . . . π(MT −1)ρ ].

5.3.3. Relation to delay and phase-roll diversity
As mentioned in the outset, the precoder of Theorem 5.3 is a generalization of well-known transmit diversity techniques that convert spatial
diversity into time or frequency diversity and exploit it through forward
error correcting codes and interleaving. In order to see this, note from
(5.28) that the signal transmitted from the lth antenna is multiplied by



m
k
p̄l (n) = exp −j2π pl v
+ ql t
for n = 0, 1, . . . , N − 1
M
K
(5.36)
where the pair (m, k) is related to the slot index n by M(m, k) = n.
Along the time index m, (5.36) introduces a frequency offset across
transmit antennas (Adachi, 1979; Hiroike et al., 1992; Weerackody,
1993; Kuo and Fitz, 1997; Wornell and Trott, 1997; Kaiser, 2000),
where, recalling that v/M ≈ ν0 T , the offset on each antenna is an
integer multiple of ν0 T . Along the frequency index k, (5.36) induces
a time offset, i.e. a delay, across transmit antennas (Wittneben, 1993;
Seshadri and Winters, 1994; Wornell and Trott, 1997; Kaiser, 2000),
where, since t/K ≈ τ0 F , the offset is a integer multiple of τ0 F .
According to Theorem 5.2, these transmit diversity techniques can
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achieve the optimal DM tradeoff when used in conjunction with a good
outer code. While phase and delay diversity are known to get good
performance in systems with MR = 1 and, hence, their optimality in
the sense of the DM tradeoff is not surprising in that case, our results
show that they can also be employed in MIMO systems without loss of
optimality.
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6

Multiple-Access Channel
interference affect the ultimate performance of communication over selective-fading channels? The
present chapter addresses this issue in the case where multiple independent transmitters interfere in communicating with a single
receiver. This type of communication channel, known as multipleaccess (MA) channel, has attracted considerable attention, especially
over the past few years. In selective-fading MA channels, however, a
characterization of the diversity-multiplexing (DM) tradeoff remains to
date unknown. Moreover, appropriate code construction guidelines to
guarantee optimal performance are still missing.
Building on the techniques introduced in Chapter 4, we shall bridge
this gap by establishing the optimal DM tradeoff of selective-fading MA
multiple-input multiple-output (MIMO) channels. Our results provide
a detailed analysis of the limitations that multiuser interference puts
on rate and reliability. On the conceptual level, we find an interesting
relation between the DM tradeoff framework and the notion of error
event regions which was first introduced in additive white Gaussian
noise (AWGN) channels by Gallager (1985). This relation leads to
an accurate characterization of the error mechanisms in fading MA
MIMO channels, which, quiet remarkably, follow a similar pattern as
in the AWGN case. In particular, our analysis based on the notion of

H
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dominant error event, which characterizes the total error probability
also in selective MA channels, reveals the existence of operational
regimes in which multiuser interference has only a negligible impact
on performance.
As a byproduct of our analysis, we obtain a set of code design criteria
that guarantees optimal performance in the sense of the DM tradeoff.
Despite the users’ inability to cooperate at the time of communication,
our criteria can be used to realize optimal performance by designing
the codebooks beforehand. This is in sharp contrast with the prevalent
approach to multiuser communication according to which users are
assigned orthogonal resources, either in time or frequency, to minimize
interference. The latter method is usually wasteful of communication
resources since it ignores the structure of the underlying MA channel by
reducing it to a set of point-to-point links. Instead, multiuser codes that
satisfy our criteria are capable of achieving the ultimate performance
limits promised by the DM tradeoff. The construction of distributed
space-time codes that are optimal is nontrivial, and employing algebraic
tools for this purpose seems to be a promising approach. We shall
examine a particular example of such a construction for the 2-user
flat-fading MA channel.
The rest of this chapter is organized as follows. In the next section,
we introduce the signal and channel models in use throughout the chapter. Section 6.2 builds on Section 3.4 and examines how the channel
selectivity affects fundamental performance measures like the ergodic
capacity region and the outage probability. Based on these considerations, Section 6.3 tackles the problem of characterizing the optimal
DM tradeoff of the selective-fading MA MIMO channel by extending
the technique introduced for the point-to-point case in Chapter 4. Then,
we examine in Section 6.4 the conceptual relation between the DM
tradeoff framework and the notion of dominant error events. Section 6.5
concludes this chapter by analyzing an example of code construction
which is DM tradeoff optimal over the 2-user flat-fading MA channel.
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6.1. SYSTEM MODEL
The system model for the MA channel presented below builds on the
considerations developed in Chapter 2. In particular, the signal model
is based on the premise that the fading processes corresponding to all
users are characterized by the same scattering function CH (τ, ν) so that
all channels can be diagonalized by the same Weyl-Heisenberg basis.

6.1.1. Signal model
We consider a selective-fading MA channel where U users, with MT
antennas each, communicate with a single receiver with MR antennas.
The corresponding input-output relation is given by
r
U
SNR X
yn =
Hu,n xu,n + zn , n = 0, 1, . . . , N − 1, (6.1)
MT u=1
where the index n = M(m, k) corresponds to a time, frequency or
time-frequency slot in accordance with the mapping defined in (2.14)
and SNR denotes the average per-user signal-to-noise ratio at each receive antenna. This input-ouput relation constitutes a natural extension
of the point-to-point input-output relation in (4.1).
We denote the received signal matrix by Y = [y0 y1 · · · yN −1 ] and,
for every user u ∈ U , {1, 2, . . . , U }, the codebook corresponding
to a given SNR level Cru (SNR) contains SNRN ru codewords Xu =
[xu,0 xu,1 · · · xu,N −1 ] that satisfy the per-user power constraint
2

kXu kF ≤ N MT , ∀ Xu ∈ Cru (SNR), ∀u ∈ U.

(6.2)

Moreover, for any subset of users S = {u1 , u2 , . . . , u|S| } ⊆ U, we
define the MT |S| × N codeword corresponding to the users in S as
XS = [XTu1 XTu2 · · · XTu|S| ]T .

(6.3)

The overall family of codes Cr = Cr1 × Cr2 × · · · × CrU is characterized
by the multiplexing rate tuple r = (r1 , r2 , . . . , rU ), which is related to
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the rate tuple (R1 , R2 , . . . , RU ) through Ru (SNR) = ru log SNR for
all users u. For any S ⊆ U, we shall use the definitions
X
X
R(S) =
Ru and r(S) =
ru .
(6.4)
u∈S

u∈S

6.1.2. Channel model
We refer to Section 2.2 and restrict our analysis to spatially uncorrelated
Rayleigh fading channels so that, for a given n, Hu,n has i.i.d. CN (0, 1)
entries. The channels corresponding to different users are assumed to be
statistically independent. We do, however, allow for correlation across
n for a given u, and assume, for simplicity, that all scalar subchannels
have the same correlation function so that (see (2.18))
E{Hu,n (i, j) (Hu0 ,n0 (i0 , j 0 ))∗ } = RH (n, n0 ) δu,u0 δi,i0 δj,j 0 ,
j, j 0 = 1, 2, . . . , MT , i, i0 = 1, 2, . . . , MR ,
n, n0 = 0, 1, . . . , N − 1,
u, u0 = 1, 2, . . . , U.
The covariance matrix RH , with ρ , rank(RH ), is obtained from the
channel’s time-frequency correlation function in (2.19). For any subset
of users S = {u1 , u2 , . . . , u|S| }, we define the matrices HS,n and HS
according to
HS,n = [Hu1 ,n Hu2 ,n · · · Hu|S| ,n ]

(6.5)

HS = [HS,0 HS,1 · · · HS,N −1 ].

(6.6)

With this notation, it follows that
n
o
H
E vec(HS )(vec(HS ))
= RH ⊗ I|S|MT MR .
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(6.7)

6.2 PRELIMINARIES

6.2. PR ELIMI NAR I ES
A distinctive aspect of the MA channel is that users are not allowed to
cooperate in encoding their messages. This is reflected by the fact that
every user u employs its own family of codes Cru to communicate with
the receiver. While users do not cooperate at the time of encoding, they
can still jointly design their codebooks in advance. We assume that the
receiver has perfect channel state information (CSI) and the transmitters
do not have CSI but are aware of the fading law of all users. Given a
target outage probability, the transmitters can therefore jointly optimize
their respective codebooks to achieve the corresponding maximum
reliable rate. In fact, we shall see that jointly designing the users’
codebooks is crucial to realize optimal performance in the sense of the
DM tradeoff.

6.2.1. Multiplexing gain region
We briefly review the concept of multiplexing gain region (Tse et al.,
2004; Visuri and Bölcskei, 2006). Because the boundaries of the capacity region are maximized with Gaussian inputs (see Section 3.4.1
for more details), we assume that the users’ codebooks are independent and satisfy vec (Xu ) ∼ CN (0, Qu ) for all u. It follows that
vec(XS ) ∼ CN (0, QS ), where QS can be uniquely determined from
the input covariance matrices {Qu }. The corresponding ergodic capacity region is given by the constraints



SNR
DHS QS DH
R(S) ≤
max
EHS log det I +
HS
QS 0
MT
Tr(QS )≤|S|N MT

∀S ⊆ U

(6.8)


N −1
where DHS , diag DHS,n n=0 . By the same line of reasoning as
in Section 3.4.1, the solution to the above optimization problem is
QS = I and, hence, the choice Qu = I for every u = 1, 2, . . . , U is
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optimal (Telatar, 1999; Tse and Viswanath, 2005; Visuri and Bölcskei,
2006). Upon inserting the solution into (6.8), the ergodic capacity
region follows as the set of rate tuple satisfying the constraints



N −1
1 X
SNR
H
EHS,n log det I +
R(S) ≤
HS,n HS,n
N n=0
MT



SNR
HS,n HH
(6.9)
= EHS,n log det I +
S,n
MT
for all S ⊆ U. Equation (6.9) is a consequence of the fact that the
fading process is stationary. The matrix HS,n has dimension MR ×
|S|MT so that, asymptotically in SNR, the boundary in (6.9) scales as
min(MR , |S|MT ) log SNR (Foschini, 1996), which is to say that the
achievable multiplexing rate tuples belong to the set


r = (r1 , r2 , . . . , rU ) : r(S) ≤ min(MR , |S|MT ), ∀S ⊆ U .
(6.10)

6.2.2. Outage formulation
Since we are interested in characterizing ultimate performance limits
over a single realization of the channel with input-output relation (6.1),
we shall resort to the concept of outage capacity (Ozarow et al., 1994;
Telatar, 1999; Shamai (Shitz) and Wyner, 1997a,b; Visuri and Bölcskei,
2006) as we did previously in the point-to-point case, and use the DM
tradeoff framework (Zheng and Tse, 2003; Tse et al., 2004) to conduct
our analysis.
Conditional on a realization of the fading channel matrix HU , the
set of rates that are achievable over the channel (6.1) for perfect channel state information (CSI) at the receiver only are characterized by
Theorem 3.4. Assuming without loss of optimality that vec(XS ) ∼
CN (0, QS ), the rate constraint on the users in S follows as


1
SNR
R(S) ≤
log det I +
DHS QS DH
(6.11)
HS .
N
MT
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By the same reasoning as in the point-to-point case treated in Section 4.2, the optimal input covariance matrix in the high-SNR regime
can be shown to be QS = I (note that this is the same input covariance
as in the ergodic capacity setting). This immediately implies Qu = I
for all u ∈ S. Hence, the set of achievable rate tuples (R1 , R2 , . . . , RU )
for the channel realization HU satisfies the constraints


N −1
1 X
SNR
H
R(S) ≤
log det I +
HS,n HS,n , ∀S ⊆ U. (6.12)
N n=0
MT
We recall from Theorem 3.5 that, asymptotically in SNR, the outage
probability P(Or ) constitutes a fundamental barrier on the error performance, i.e.,
log P(Or )
(6.13)
d?(r) ≤ − lim
SNR→∞ log SNR
where, after letting the users’ data rates scale with SNR as Ru (SNR) =
ru log SNR, the probability of outage with respect to (w.r.t.) the rate
tuple r is given by


[
P(Or ) = P
OS 
(6.14)
S⊆U

where OS denotes the S-outage event, i.e., the outage event with respect
to the boundary corresponding to S in (6.12), for a given rate tuple
(R1 , R2 , . . . , RU ). The S-outage probability∗ is therefore given by
!


N −1
1 X
SNR
.
H
P(OS ) = P
log det I +
HS,n HS,n < R(S) .
N n=0
MT
(6.15)
Our goal will be to characterize (6.14) as a function of the multiplexing rate tuple r in the high-SNR regime and to find criteria on the
users’ codebooks guaranteeing that the corresponding error probability
∗ Note

that (6.14) and (6.15) extend (3.47) and (3.48) to the selective-fading case.

101

6 MULTIPLE - ACCESS CHANNEL
behaves exponentially in SNR like P(Or ). However, just like in the
case of point-to-point channels, a direct characterization of the righthand side of (6.15) for the selective-fading case seems analytically
intractable since one has to deal with the sum of correlated (recall
that the Hu,n are correlated across n) terms. In the next section, we
show how the technique introduced in Chapter 4 for characterizing the
DM tradeoff of point-to-point selective-fading MIMO channels can be
extended to the MA case.

6.3. OPTIMAL DIVERSITY - MU LTI PLEXI NG
TRADEOFF
In this section, we derive the optimal DM tradoff of selective-fading
MA MIMO channels, and we obtain code design criteria that guarantee
optimality of the family of codes Cr . As in the point-to-point case, our
approach builds upon the Jensen channel associated with the selectivefading MA MIMO channel. We start by deriving a lower bound on
the S-outage probability that will be instrumental in establishing the
aforementioned results.

6.3.1. Lower bound on the S-outage probability
For any set S ⊆ U, Jensen’s inequality yields the following upper
bound on the corresponding mutual information in (6.12):


N −1
1 X
SNR
log det I +
HS,n HH
S,n
N n=0
MT


SNR
H
≤ log det I +
HS HS
, JS (SNR) (6.16)
MT N
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where, adapting Definition 4.1 to the MA case, the Jensen channel is
given by
(
[HS,0 HS,1 . . . HS,N −1 ], if MR ≤ |S|MT ,
HS =
(6.17)
H
H
[HH
S,0 HS,1 . . . HS,N −1 ], if MR > |S|MT .
Consequently, HS has dimension m(S) × N M(S), where
m(S) , min(MR , |S|MT )

(6.18)

M(S) , max(MR , |S|MT ).

(6.19)

We say that a Jensen outage event occurs if the Jensen channel HS
is in outage w.r.t. the rate R(S), and the corresponding probability is
given by
PJ (R(S)) = P(JS (SNR) < R(S)) .
(6.20)
The Jensen outage probability can be characterized analytically as in
the point-to-point case. In particular, recalling (6.7), the Jensen channel
satisfies HS = Hw (RT /2 ⊗IM(S) ), where R = RH , if MR ≤ |S|MT ,
and R = RTH , if MR > |S|MT , and Hw is the i.i.d. CN (0, 1) matrix
with the same dimensions as HS given by
(
[Hw,0 Hw,1 . . . Hw,N −1 ], if MR ≤ |S|MT ,
Hw =
H
H
[HH
w,0 Hw,1 . . . Hw,N −1 ], if MR > |S|MT .
Here, Hw,n denotes i.i.d. CN (0, 1) matrices of dimension MR ×
|S|MT . Since Hw U ∼ Hw , for any unitary U (Muirhead, 1982),
and RH and RTH have the same eigenvalues, we get
HS HS H ∼ Hw (Θ ⊗ IM(S) )HwH

(6.21)

where Θ = diag{λ1 (RH ), λ2 (RH ), . . . , λρ (RH ), 0, . . . , 0}. Letting
the users’ data rates scale with SNR as Ru (SNR) = ru log SNR and
setting Hw = Hw ([1 : m(S)], [1 : ρM(S)]), the same line of argumen.
tation that we used in Section 4.3.2 shows that PJ (r(S) log SNR) =
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P(JS ), where, although omitted here, JS can be rigorously defined in
terms of the singularity levels of Hw . Asymptotically in SNR, P(JS )
is nothing but the outage probability of an effective MIMO channel
with ρM(S) transmit and m(S) receive antennas, that is




H
.
P(JS ) = P log det I + SNR Hw Hw < r(S) log SNR
.
= SNR−dS (r(S))
(6.22)
where we infer from Theorem 3.3 that dS(r) is the piecewise linear
function connecting the points (r, dS(r)) for r = 0, 1, . . . , m(S), with
dS(r) = (m(S) − r)(ρM(S) − r).

(6.23)

˙ P(JS ),
As an immediate consequence of (6.16), we have P(OS ) ≥
which, using (6.22), yields
˙ SNR−dS (r(S)) .
P(OS ) ≥

(6.24)

In the next subsection, we shall show that the right-hand side of (6.24)
˙ sense, on the probability of erroneously
is also an upper bound, in the ≤
decoding all the users in the set S while correctly decoding the users
in its complement S̄. This result paves the way for establishing the
optimal DM tradeoff.

6.3.2. Error event analysis
Following (Gallager, 1985; Tse et al., 2004), we decompose the total
error probability into 2U − 1 disjoint error events according to
X
Pe (Cr ) =
P(ES )
(6.25)
S⊆U

where the S-error event ES corresponds to all the users in S being
decoded incorrectly and the remaining users being decoded correctly.
More precisely, we have
n
o
ES , (X̂u 6= Xu , ∀u ∈ S) ∧ (X̂u = Xu , ∀u ∈ S̄)
(6.26)
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where Xu and X̂u are, respectively, the transmitted and ML-decoded
codewords corresponding to user u. The following result establishes a
DM tradeoff optimal code design criterion for a specific error event ES .
Theorem 6.1. For every u ∈ S, let Cru have block length N ≥
ρ|S|MT , and set
!
X
λn = λn RTH
EH
(6.27)
u Eu , n = 1, 2, . . . , ρ|S|MT
u∈S

where Eu =

Xu − X0u

and Xu , X0u ∈ Cru (SNR). Furthermore, define
m(S)

ρ|S|M

Ξm(S) T (SNR) ,

min0

Eu =Xu −Xu ,∀u∈S
Xu ,X0u ∈Cru (SNR)

Y

λk .

(6.28)

k=1

If there exists an  > 0 such that
ρ|S|M

˙ SNR−(r(S)−) ,
Ξm(S) T (SNR) ≥

(6.29)

then, under ML decoding, the S-error probability satisfies
˙ SNR−dS (r(S)) .
P(ES ) ≤

(6.30)

Proof. We adapt the upper bound on the average (w.r.t. the random
channel) pairwise error probability (PEP) in (4.44) to the S-error event.
Based on (6.26), we note that Eu = Xu − X0u is nonzero for u ∈ S
and Eu = 0 for u ∈ S̄. Assuming, without loss of generality, that
S = {1, 2, . . . , |S|}, the probability of the ML decoder mistakenly
deciding in favor of the codeword X0 when X was actually transmitted
can be upper bounded in terms of X−X0 = [ET1 ET2 . . . ET|S| 0 . . . 0]T
as
P(X → X0 )
(
≤ E{HS,n }

!)
N −1

SNR X
H H
exp −
Tr HS,n en en HS,n
4MT n=0

(6.31)
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P
2
H
where Tr HS,n en eH
with HS,n den HS,n =
u∈S Hu,n eu,n
fined in (6.5) and en = [eTu1 ,n eTu2 ,n · · · eTu|S| ,n ]T , where eu,n =
xu,n − x0u,n . Recalling HS in (6.6), we get from (6.31)
P(X → X0 )




SNR 
H N −1
H
≤ EHS exp −
Tr HS diag en en n=0 HS
4MT




SNR
H H
Tr Hw ΥΥ Hw
(6.32)
= EHw exp −
4MT
T /2

where we used HS = Hw (RH ⊗I|S|MT ) with Hw an MR ×N |S|MT
matrix with i.i.d. CN (0, 1) entries and
T /2

N −1

Υ = (RH

⊗ I|S|MT ) diag{en }n=0 .
(6.33)
P
H
Noting that ΥH Υ = RTH
u∈S Eu Eu and using the fact that the
nonzero eigenvalues of ΥΥH in (6.32) equal the nonzero eigenvalues
of ΥH Υ, it follows, by assumption, that ΥΥH has precisely ρ|S|MT
nonzero eigenvalues. The remainder of the proof proceeds along the
lines of the proof of Theorem 4.1. In particular, we split and subsequently bound the S-error probability as

P(ES ) = P(ES , JS ) + P ES , J¯S


= P(JS ) P(ES |JS ) + P J¯S P ES |J¯S
| {z } | {z }
≤1


≤ P(JS ) + P ES |J¯S .

≤1

(6.34)

As detailed in the point-to-point case, the code design criterion (6.29)
yields the following upper bound on the second term in (6.34):
!

SNR/m(S)
N r(S)
¯
P ES |JS ≤ SNR
exp −
.
(6.35)
4MT
.
In contrast to the Jensen outage probability which satisfies P(JS ) =
SNR−dS (r(S)) , (6.35) decays exponentially in SNR. Hence, upon in-
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˙ P(JS ), and can therefore
serting (6.35) into (6.34), we get P(ES ) ≤
−dS (r(S))
˙
conclude that P(ES ) ≤ SNR
.
In summary, for every ES , we have a sufficient condition on {Cru :
u ∈ S} for P(ES ) to be exponentially upper bounded by P(JS ). Noteworthily, condition (6.29) is nothing else but the code design criterion
of Theorem 4.1 applied to a system operating at multiplexing rate r(S)
and using |S|MT collocated antennas. However, while in the pointto-point case encoding is performed across antennas, the antennas
corresponding to different users are not collocated and the corresponding messages have to be encoded independently. In spite of this lack of
user cooperation at the time of communication, the families of codes
Cru , for all u ∈ S, can be designed in advance so as to satisfy (6.29).
This task is challenging but doable as we shall see later.
Building on Theorem 6.1, we will first establish the optimal DM
tradeoff of selective-fading MA channels and provide a set of code
design criteria that guarantees optimal performance.

6.3.3. Optimal code design
We start by noting that (6.14) implies P(Or ) ≥ P(OS ) for any S ⊆ U,
which combined with (6.24) gives rise to 2U − 1 lower bounds on
P(Or ). For a given multiplexing rate tuple r, the tightest lower bound
(exponentially in SNR) corresponds to the set S that yields the smallest
SNR exponent dS(r(S)). More precisely, the tightest lower bound is
characterized by
?
˙ SNR−dS ?(r(S ))
P(Or ) ≥
(6.36)
where the dominant outage event corresponds to the set
S ? = arg min dS(r(S)).
S⊆U

(6.37)

Next, we show that, for any multiplexing rate tuple, the total error
probability Pe (Cr ) can be made exponentially equal to the lower bound
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in (6.36) by appropriate design of the users’ codebooks. As a direct
˙ P(Or ),
consequence thereof, recalling from Theorem 3.5 that Pe (Cr ) ≥
?
we then obtain that dS ?(r(S )) constitutes the optimal DM tradeoff of
the selective-fading MA MIMO channel.
Theorem 6.2. The optimal DM tradeoff of the selective-fading MA
MIMO channel in (6.1) is given by d? (r) = dS ?(r(S ? )), that is
d? (r) = (m(S ? ) − r(S ? ))(ρM(S ? ) − r(S ? )).

(6.38)

Moreover, if the family of codes Cr satisfies (6.29) for every S ⊆ U,
then
d(Cr ) = d? (r).
(6.39)
Proof. Upon inserting the upper bound (6.34) into (6.25), we get
X

Pe (Cr ) ≤
P(JS ) + P ES |J¯r S
S⊆U

˙
≤

X

P(JS )

(6.40)

S⊆U

?
.
= SNR−dS ?(r(S ))

(6.41)

where (6.40) is a consequence of the assumption that Cr satisfies (6.29)
for every S ⊆ U and (6.41) follows from (6.22) together with the
˙ P(Or ) and hence,
definition (6.37). By Theorem 3.5, we have Pe (Cr ) ≥
combining (6.36) and (6.41) yields
?
.
.
Pe (Cr ) = P(Or ) = SNR−dS ?(r(S )) .

(6.42)

Since, by definition, d(Cr ) ≤ d? (r), using (6.13), we can conclude
from (6.42) that
d(Cr ) = d? (r) = dS ?(r(S ? )).
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According to Theorem 6.2, the optimal DM tradeoff is determined
by the tradeoff curve dS ?(r(S ? )), which is simply the SNR exponent of
the Jensen outage probability P(JS ? ) corresponding to the S ?-outage
event. By virtue of (6.42) and the relations between the events OS ? ,
JS ? , and Or , we get
.
˙ P(Or ) =
˙ P(OS ? )
P(OS ? ) ≤
P(JS ? ) ≤
(6.44)
which is to say

?
.
P(OS ? ) = SNR−dS ?(r(S )) .

(6.45)

Hence, the Jensen upper bound on mutual information yields a bound
on the S ?-outage probability which is tight exponentially in SNR and
constitutes the optimal DM tradeoff. However, in order to achieve it, the
families of codes {Cru , u ∈ U} are required to satisfy (6.29) for every
possible subset of users S: a requirement that seems difficult to meet
in general. We shall later consider an example of a code construction
which actually satisfies this condition in the 2-user case.
The dominant outage event determines the maximal diversity order
as a function of the multiplexing rate tuple r. Conversely, one may also
be interested in characterizing the region of achievable multiplexing
rates at a minimum diversity gain d. To this end, let us denote by
rS (d) the inverse of the tradeoff curve dS(r), i.e., d = dS rS (d) . If
the decay of the S-error probability is at least d over all S ⊆ U (this
implies that all users realize a diversity requirement of d), it follows
from Theorem 6.2 that
dS ?(r(S ? )) = d.
As a consequence of the definition of the dominant outage event in
(6.37), we also get

dS r(S) ≥ d, ∀S ⊆ U.
And applying rS (·) to the both sides of the inequality yields
r(S) ≤ rS (d),

∀S ⊆ U.
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We have just proved the following extension of Theorem 3.6 to selectivefading MA MIMO channels.
Corollary 6.3. Consider an overall family of codes Cr that achieves the
optimal DM tradeoff in the sense of Theorem 6.2. Then, the region of
multiplexing rates for which a minimum diversity gain d is guaranteed
to all users is characterized by


R(d) , r : r(S) ≤ rS (d), ∀S ⊆ U
(6.46)
where rS (d) is the inverse function of dS(r).
This explicit characterization of R(d) generalizes the concept of
multiplexing gain region given in (6.10) to positive diversity gains. In
order to illustrate this point, consider the 2-user case with MT = 3,
MR = 4 and ρ = 2. Figure 6.1 shows the multiplexing rate regions
R(d) corresponding to several diversity levels, i.e., d ∈ {0, 2, 4, 8, 16}.
The region R(0), equivalent to the multiplexing gain region (6.10),
is the pentagon described by the constraints r1 ≤ 3, r2 ≤ 3 and
r1 + r2 ≤ min(4, 6) within which d ≥ 0. Larger diversity requirement
can be achieved at the expense of tighter constraints on r1 and r2 . For
instance, for a diversity requirement d ≥ 8, the multiplexing rate region
is given by the pentagon 0ABCD. Increasing the guaranteed amount
of diversity results in multiplexing rate regions that shrink towards the
origin. Note that to achieve a diversity requirement d ≥ 16, the users
are required to operate at very low multiplexing rates. In this regime,
the multiplexing rate region is a square: performance is not affected (in
the sense of the DM tradeoff) by the presence of a second user.
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Fig. 6.1: Multiplexing rate regions as a function of the minimum diversity
requirement d ∈ {0, 2, 4, 8, 16} for both users (MT = 3, MR = 4 and
ρ = 2). The diversity gain d corresponding to any multiplexing rate tuple
inside the pentagon 0ABCD satisfies d ≥ 8.

6. 4 . ER ROR MEC HAN ISMS
The error exponent analysis conducted by Gallager (1985) for the
AWGN MA channel can be extended to selective-fading MA MIMO
channels, e.g., see (Gärtner and Bölcskei, 2006) in the context of fixed
data rates. In this section, we review the concept of dominant error
event, which is central to the error exponent framework, and show how
it carries over into the DM tradeoff framework. We shall also see that
the dominant error event leads to an accurate characterization of the
mechanisms of error in selective-fading MA MIMO channels.
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6.4.1. Preliminaries
The capacity region contains all the rate tuples (R1 , R2 , . . . , RU ) that
can be transmitted through the channel with vanishing probability of
error as the block length grows to infinity. Similar to the study of
error exponents in the point-to-point case (Gallager, 1968), the error
exponent analysis conducted by Gallager (1985) for the AWGN MA
channel aims at quantifying the decay of the error probability with block
length as a function of the rate tuple (R1 , R2 , . . . , RU ) in the capacity
region. Gallager focuses on the 2-user case, and finds that, depending
on the tuple (R1 , R2 ), the total error probability is either dominated by
single-user errors, i.e., only one of the two users is decoded incorrectly,
or by a joint error, i.e., both users are simultaneously decoded in error.
This distinction gives rise to the notion of error events types, which, in
our analysis, are referred to as S-error events, and justifies the following
decomposition of the error probability
P(E) = P(E1 ) + P(E2 ) + P(E3 )
where E1 corresponds to user 1 only being in error, E2 to user 2 only
being in error, and E3 is the event of both users being simultaneously
in error (note that we have used a similar decomposition of the error
probability in (6.25)). The findings of Gallager show that the dominant
type of error, or dominant error event, corresponds to the term with
the smallest random coding exponent, i.e., the term with the slowest
exponential decay with block length. Moreover, the achievable rate
region can be separated into three distinct areas, each one dominated
by a different error event.

6.4.2. Dominant error event
In the context of the DM tradeoff the problem is conceptually similar
to that addressed by Gallager: we aim at identifying the S-error event
that dominates the total error probability as the SNR (and not the block
length) grows to infinity. We summarize our result as follows.
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Theorem 6.4. Under the assumptions of Theorem 6.2, the total error
probability satisfies
.
Pe (Cr ) = P(ES ? ) .
(6.47)
where the set S ? , defined in (6.37), corresponds to the dominant Soutage event for the multiplexing rate tuple r.
Proof. Let ES 0 denote the S-error event that dominates the overall error
probability so that, based on (6.25),
.
Pe (Cr ) = P(ES 0 ) .
By (6.42), we necessarily have dS ?(r(S ? )) = d(ES 0 ), where
log P(ES 0 )
.
SNR→∞ log SNR

d(ES 0 ) = − lim

Since Cr satisfies (6.29) ∀S ⊆ U, Theorem 6.1 yields d(ES 0 ) ≥
dS 0 (r(S 0 )) and, hence, we get
dS ?(r(S ? )) ≥ dS 0 (r(S 0 )).
However, by the definition of S ? , we also have dS ?(r(S ? )) ≤ dS 0 (r(S 0 ))
which implies dS ?(r(S ? )) = dS 0 (r(S 0 )). We can hence conclude that
.
Pe (Cr ) = P(ES ? ).
The optimal DM tradeoff is therefore given by the SNR exponent
corresponding to the dominant error event, which is to say that the
concept of dominant error event carries over in the context of the DM
tradeoff. This fact is remarkable since, except for interference, errors
over the fading MA channel are mainly due to channel outage while
in the original AWGN MA channel errors were exclusively due to
atypically large noise realizations.
The following example illustrates the application of Theorem 6.2
to the two-user case, and reveals multiplexing rate regions dominated
by different error events. Noteworthily, despite being obtained in a
drastically different setting, our regions resemble Gallager’s dominating
error regions for the AWGN MA channel case.
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Example
We assume MT = 3, MR = 4, and ρ = 2. For U = 2, the 22 − 1 = 3
possible error events are denoted by E1 (user 1 only is in error), E2 (user
2 only is in error) and E3 (both users are in error). The SNR exponents
of the corresponding error probabilities are obtained from (6.23) as
du (ru ) = (3 − ru )(8 − ru ), u = 1, 2,


d3 (r1 + r2 ) = 4 − (r1 + r2 ) 12 − (r1 + r2 ) .

(6.48)

Based on (6.48), we can now explicitly determine the dominant error
event for every multiplexing rate tuple r = (r1 , r2 ). In Figure 6.2, we
plot the rate regions dominated by the different error events. Note that
the SNR exponent of the error probability is zero whenever r1 > 3,
r2 > 3 or r1 + r2 > 4. In the rate region dominated by E1 , we
have d1 (r1 ) < d2 (r2 ) and d1 (r1 ) < d3 (r1 + r2 ), implying that the
SNR exponent of the total error probability equals d1 (r1 ), i.e., the
SNR exponent that would be obtained in a point-to-point selectivefading MIMO channel with MT = 3, MR = 4, and ρ = 2. The same
reasoning applies to the rate region dominated by E2 and, hence, we
can conclude that, in the sense of the DM tradeoff, the performance in
regions E1 and E2 is not affected by the presence of the second user. In
contrast, in the area dominated by E3 , we have d3 (r1 + r2 ) < du (ru ),
u = 1, 2, which is to say that the multiuser interference does have an
impact on the DM tradeoff and reduces the diversity gain that would
be obtained if only one user were present.
Figure 6.3 shows the dominant error event regions for the same
system parameters but with one additional receive antenna, i.e., MR =
5. The benefits from having an additional antenna are noticeable: not
only larger sum multiplexing rates are achievable, i.e., r1 + r2 ≤
5, but we also observe that the area where E3 dominates the error
probability, and hence where interference reduces diversity gain, is
significantly smaller relative to the area dominated by the single user
errors E1 and E2 . This effect, also pointed out in the finite-rate analysis
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Fig. 6.2: Dominant error event regions for the two-user MA MIMO channel
with MT = 3, MR = 4, and ρ = 2.

of (Gärtner and Bölcskei, 2006), can be intuitively explained by the
fact that increasing MR yields more spatial degrees of freedom at the
receiver and, consequently, it alleviates the task of discriminating the
users’ signals in a larger portion of the multiplexing rate region. For
a small set of high multiplexing rates, however, the joint error still
dominates the error probability.

6.5. OPTIMAL DISTR I BUTED SPAC E -TIME
CODI NG
Satisfying the code design criterion (6.29) for every S ⊆ U is nontrivial and systematic procedures for designing DM tradeoff optimal
codes are an important open problem. In this section, we show that the
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Fig. 6.3: Dominant error event regions for the two-user MA MIMO channel
with MT = 3, MR = 5, and ρ = 2.

algebraic code construction proposed recently by Badr and Belfiore
(2008b) for flat-fading MA channels with single-antenna users satisfies
(6.29) for every S ⊆ U and any multiplexing rate tuple∗ .
We start by briefly reviewing the code construction described in
Badr and Belfiore (2008b) for a system with MT = 1, MR = 2,
U = 2, N = 2, and ρ = 1. For each user u, let Au denote a QAM
constellation with 2Ru (SNR) points carved from Z[i] = {k + il : k, l ∈
√
Z}, where i = −1. The proposed code spans two slots so that the
vector of information symbols corresponding to user u is given by su =
[su,0 su,1 ], where su,0 , su,1 ∈ Au . Using the unitary transformation
matrix U underlying the Golden Code (Belfiore et al., 2005), the 1 × 2
∗ In (Badr and Belfiore, 2008b), the DM tradeoff optimality of the proposed code is
shown for r1 = r2 .
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codeword Xu is obtained as
XTu

=U

sTu



xu
=
σ(xu )


(6.49)

with the matrix U given by

1 α
U= √
5 ᾱ


αϕ
ᾱϕ̄

(6.50)

√

where ϕ = 1+2 5 denotes the Golden number with corresponding
√
conjugate ϕ̄ = 1−2 5 , α = 1 + i − iϕ and ᾱ = 1 + i − iϕ̄. Here, σ
denotes
√ the generator of the Galois group of the quadratic extension
Q(i, 5) over Q(i) = {k + il : k, l ∈ Q} given by
σ:

√
Q(i, √5) →
a + b 5 7→

√
Q(i, √5)
a − b 5.

(6.51)

Moreover, one of the users, say user 2, multiplies the symbol corresponding to the first slot by a constant γ ∈ Q(i), resulting in the overall
2 × 2 codeword


x1 σ(x1 )
X=
.
(6.52)
γx2 σ(x2 )
As shown in (Badr and Belfiore, 2008b), for any γ 6= ±1 and any
two X, X0 according to (6.52), it holds that det(∆) 6= 0, where ∆ =
X − X0 . For the so-defined construction we have the following result.
Theorem 6.5. For any multiplexing rate tuple r, the algebraic code
construction in (Badr and Belfiore, 2008b) satisfies (6.29) for any
S ⊆ U.
Proof. For completeness, we start by proving that the determinant
corresponding to any codeword X in (6.52) is nonzero for √
any γ 6=
±1, and hence, by the linearity of the mapping σ over Q(i, 5), the
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determinant of any codeword difference matrix is also nonzero. Note
that
det(X) = x1 σ(x2 ) − γx2 σ(x1 )
= x − γσ(x)

(6.53)

where last step follows from setting x = x1 σ(x2√) and using the property σ(x · y) = σ(x) · σ(y) for every x, y ∈ Q(i, 5). Hence, the determinant is zero if and only if γ satsifies γ = x/σ(x).√In this case, recalling that γ ∈ Q(i), we must have x ∈ Q(i), or x ∈ 5Q(i). These constraints yield, respectively, γ = x/σ(x) = 1 and γ = x/σ(x) = −1,
from which we can conclude that det(X) = 0 ⇐⇒ γ = ±1. Hence,
any γ ∈ Q(i)\{±1} yields a nonzero determinant.
We consider now the second part of the proof. Assume that at any
given SNR, user u carves out 2Ru (SNR)− log SNR points from Z[i] for
some  > 0, i.e., |Au | = SNRru − . In order to satisfy the power constraint (6.2), we scale Au by SNR−(ru −)/2 so that, due to the linearity
(over C) of the transformation in (6.49), the codeword corresponding
to user u is given by SNR−(ru√−)/2 Xu . From (6.52) and the linearity
of the mapping σ over Q(i, 5), the codeword difference matrix is
obtained as
"
#
SNR−(r1 −)/2 e1 SNR−(r1 −)/2 σ(e1 )
E=
(6.54)
SNR−(r2 −)/2 γe2 SNR−(r2 −)/2 σ(e2 )
where eu = xu −x0u , u = 1, 2. Next, we note that in the flat-fading case
RTH EH E = EH E. In particular, considering user 1, i.e., S = {1},
we have |S| = 1 and m(S) = 1 so that, from (6.28), we obtain
Ξ11 (SNR) = SNR−(r1 −) min(|e1 |2 + |σ(e1 )|2 ).
e1

(6.55)

Letting XT1 = UsT1 and (X01 )T = U(s01 )T and using the fact that U
is unitary, we get
(|e1 |2 + |σ(e1 )|2 ) = ||s1 − s01 ||2 ≥ 2d2min
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where dmin is the (nonzero and SNR-independent) minimum distance
.
in A1 . We therefore conclude that Ξ11 (SNR) = SNR−(r1 −) . For user
.
2, a similar argument shows that Ξ11 (SNR) = SNR−(r2 −) and, hence,
the construction satisfies the criteria arising from (6.29) for S = {1}
and S = {2}.
For S = {1, 2}, note that |S| = 2 and m(S) = 2 so that
2

Ξ22 (SNR) = min |det(E)| .

(6.57)

E

From (6.54), we get
2

2

|det(E)| = SNR−(r1 +r2 −2) |det(∆)| .

(6.58)

Recalling that for any γ 6= ±1, det(∆) is nonzero and independent of
2 .
SNR, it follows that |det(E)| = SNR−(r1 +r2 −2) and, consequently,
we obtain
.
Ξ22 (SNR) = SNR−(r1 +r2 −2)
(6.59)
from which we can conclude that (6.29) is also satisfied for S =
{1, 2}. The proof is concluded by taking  to be arbitrarily close to
zero, implying that both users operate arbitrarily close to their target
multiplexing rates.
Other code constructions that achieve the optimal DM tradeoff of
flat-fading channels were recently reported in (Nam and El Gamal,
2007; Badr and Belfiore, 2008a). In Nam and El Gamal (2007), it is
shown that lattice-based space-time codes achieve the optimal DM
tradeoff with lattice decoding. Badr and Belfiore (2008a), on the other
hand, extend the construction considered in this section to the case
of multiple antennas at the users’ transmitters. However, we note that
the problem of systematically constructing DM tradeoff optimal codes
seems to remain largely unexplored in the case of selective-fading MA
MIMO channels.
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7

Conclusion
provides a high-SNR characterization of
the optimal rate-reliability tradeoff for communication systems
operating over selective-fading wireless channels. Our analysis
and results are presented in the diversity-multiplexing (DM) tradeoff
framework (Zheng and Tse, 2003), in which rate and reliability are
respectively captured by the concepts of multiplexing and diversity.
The principal difficulty we overcome to establish the optimal DM
tradeoff for selective-fading channels is of technical nature: the mutual
information for this class of channels is in general a sum of correlated
random variables whose distribution is unknown. Nevertheless, we are
able to carry our analysis through by introducing the “Jensen channel”,
that is, a conceptual channel associated with the original channel and
which behaves likewise in the high-SNR regime. The Jensen channel
turns out to be a very useful tool not only in the context of point-topoint channels and multiple-access (MA) channels addressed in this
thesis, but also, as evidenced by the work of Akçaba et al. (2007), in
analyzing ultimate communication performance in the relay channel.
The proof techniques employed in this thesis reveal code design criteria that guarantee optimal performance in both the point-to-point case
and the MA case. We also establish the existence of codes satisfying
these criteria by providing examples of optimal constructions.

T
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7 CONCLUSION
In the point-to-point case, we show that the problem of constructing
optimal codes can be split into two simpler and independent tasks: the
construction of a precoder, or inner code, which takes explicitly into
account the channel’s selectivity characteristics, and the construction
of an outer code which is independent of the channel. This thesis
presents a simple procedure, which is a generalization of the wellestablished phase- and delay-diversity techniques, to construct the
precoder based on the channel’s covariance matrix. We show that
the permutation codes over quadrature amplitude modulation (QAM)
constellations introduced by Tavildar and Viswanath (2006) can be
used in conjunction with our precoder to achieve optimal performance.
Identifying additional outer codes that could be used with our precoder
would be an interesting aspect to consider in future research.
We also show that the code construction for the two-user MA channel presented in (Badr and Belfiore, 2008b) satisfies our code design
criteria. However, more work is still needed to address the problem
of constructing optimal codes for the general MA channel. A possible
avenue to explore would be to extend our systematic code construction procedure to the MA channel, i.e., to jointly develop the users’
precoders and corresponding outer codes in order to satisfy the design
criteria. While the precoder design technique presented in this thesis
seems to be readily extendable to multiple users, it is still unclear how
to design the users’ outer codes.
Finally, this thesis also presents an interesting relation between the
DM tradeoff framework in MA channels and the concept of dominant
error event which was first introduced by Gallager (1985) for additive
white Gaussian noise (AWGN) MA channels. The idea is that a decoding error can be decomposed into several disjoint error events of
which only one dominates the error probability asymptotically in SNR.
Extending this concept to additional communication channels in future
work seems promising, and it might lead to a more comprehensive
understanding of the error mechanisms in wireless communication.

122

APPEN DIX A

Linear Frequency-Invariant and Linear
Time-Invariant Systems

This appendix examines the input-output relation over linear frequencyinvariant (LFI) and linear time-invariant (LTI) channels. These channels
can be thought of as limiting cases of a linear time-varying (LTV) system with vanishing delay spread or vanishing Doppler spread, respectively. Although LFI and LTI channel operators have a well-structured
set of eigenfunctions (complex sinusoids for LTI systems and Dirac
functions parametrized by time for LFI systems), their diagonalization
cannot be casted in terms of the general underspread LTV framework
presented in Chapter 2 (Durisi et al., 2008, Sec. II.C).
LFI and LTI systems are rather popular models to describe wireless
channels in the communication engineering literature (e.g., Proakis,
2001; Tse and Viswanath, 2005). It is therefore interesting to note that
the input-output relation used throughout this thesis, i.e.,
√
yn = SNR hn xn + zn , n = 0, 1, . . . , N − 1,
(A.1)
is also applicable to describe communication over this class of channels.
We consider here the case of scalar channels, but the discussion readily
extends to multiple-antenna channels.
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In the case of an LTI channel, the input-output relation (A.1) can
be obtained by using an orthogonal frequency-division multiplexing
(OFDM) system (Peled and Ruiz, 1980) with N tones. Assuming that
the OFDM system employs a cyclic prefix (guard interval) exceeding
the channel’s delay spread, the effect of the LTI channel on the transmit
signal is described in terms of a cyclic (instead of linear) convolution.
Then, applying appropriate Fourier transforms to the signal at the
transmitter and at the receiver, the original frequency-selective channel
is transformed into N non-interfering subchannels as in (A.1). In the
case of an LFI channel, the input-ouput relation (A.1) can be obtained
by employing a basis expansion model (BEM) (Ma et al., 2005).
The channel covariance matrix corresponding to (A.1) is obtained as
L−1
follows. Suppose that {h(l)}l=0
are L channel samples taken either
in the delay domain for an LTI system, or in the Doppler frequency
domain for an LFI system. Note that the resolution L depends upon the
input signal bandwidth (LTI system), or upon the output signal duration
(LFI system). For the two approaches considered above, the channel is
described by
hn =

L−1
X

2π

h(l) e−j N ln , n = 0, 1, . . . , N − 1,

l=0


where the h(l) have i.i.d. CN 0, σl2 entries and satisfy
E{h(l)h∗ (l0 )} = σl2 δ(l − l0 ).
The samples are uncorrelated due to the uncorrelated scattering (US)
assumption for the LTI channel, and due to the wide-sense stationary
(WSS) assumption for the LFI channel. Then, the channel’s covariance
matrix clearly follows as

2
RH = Ψ diag σ02 , σ12 , . . . , σL−1
, 0, . . . , 0 ΨH
(A.2)
2π

where Ψ, Ψ(i, j) = √1N e−j N ij (i, j = 0, 1, . . . , N − 1), denotes the
N × N Fourier matrix.
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Distribution of the Jensen Channel

We show that the Jensen channel satisfies H = Hw (RT /2 ⊗ IM ),
where
(
R = RH , Hw = [Hw,0 Hw,1 · · · Hw,N −1 ] if MR ≤ MT ,
H
H
R = RTH , Hw = [HH
w,0 Hw,1 · · · Hw,N −1 ] if MR > MT .
(B.1)
We start by considering the case MR ≤ MT , where, recalling (4.22),
the Jensen channel is simply given by H = [H0 H1 · · · HN −1 ]. By
H
(4.5), it follows that E{vec (H) vec (H) } = RH ⊗ IMT MR so that,
T /2
using M = MT , we may write H = Hw (RH ⊗ IM ). Partitioning
Hw into blocks of size MR × MT readily yields (B.1) for the case
MR ≤ MT .
T /2
In the case MR > MT , we set RH (n, n0 ) = rn,n0 for the sake of
notation, and note that the following equality holds for every realization
of the channel:
T /2

[H0 H1 · · · HN −1 ] = [Hw,0 Hw,1 · · · Hw,N −1 ] RH
=

⊗ IMT



N
−1
X

[rn,0 Hw,n rn,1 Hw,n · · · rn,N −1 Hw,n ].

n=0
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Next, we use this observation to write
H
H
H = [HH
0 H1 · · · HN −1 ]

=

N
−1
X

∗
∗
H
∗
H
[rn,0
HH
w,n rn,1 Hw,n · · · rn,N −1 Hw,n ]

n=0


T /2 ∗
H
H
= [HH
w,0 Hw,1 · · · Hw,N −1 ] (RH ) ⊗ IMR .
1/2

(B.2)

Since RH is the positive semidefinite square root of RH = UΛUH ,
we have
∗
T /2
(RH )∗ = (UΛ1/2 UH )T
= (U∗ Λ1/2 UT )∗
1/2

= UΛ1/2 UH = RH

which, combined with (B.2) and M = MR , yields
1/2

H
H
H = [HH
w,0 Hw,1 · · · Hw,N −1 ](RH ⊗ IM )

hence establishing (B.1) for the case MR > MT .
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Worst Pairwise Distance
The pairwise distance between two possible codewords takes the form
Tr BABH , where A is Hermitian and B diagonalizable.
This ap
H
pendix provides a lower bound to Tr BAB in terms of the eigenvalues of A and B. This result is proved in (Köse and Wesel, 2003,
Theorem 2) for the case of a square matrix B.
Suppose that A is a n × n Hermitian matrix and let its eigenvalue
decomposition be given by
A = UΘUH

(C.1)

n

with Θ = diag{θl }l=1 , θ1 ≤ θ2 ≤ . . . ≤ θn , and U ∈ Tn , where Tn
denotes the set of unitary matrices of size n. Moreover, let the singular
value decomposition of the m × n matrix B be given by
B = VΛ1/2 WH

(C.2)

where V ∈ Tm , W ∈ Tn , and Λ has zeros in its off-diagonal entries
but [Λ]k,k = λk for k = 1, 2, . . . , m, with λ1 ≤ λ2 ≤ . . . ≤ λp and
p , min(m, n). Then, we have the following theorem.
Theorem C.1. For A and B given respectively by (C.1) and (C.2), we
have
p
 X
min Tr BABH =
λk θp+1−k .
U,W∈Tn

k=1
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Proof. Set Q = WH U, with Q ∈ Tn , and note that using (C.1) and
(C.2), we get



min Tr BABH = min Tr Λ1/2 Q Θ QH Λ1/2
U,W∈Tn

Q∈Tn

= min

Q∈Tn

≥ min

D∈Dn

p
X

λk

k=1
p
X
k=1

λk

n
X

|Q(k, l)|2 θl

l=1
n
X

D(k, l) θl

(C.3)

l=1

where D, defined by D(k, l) = |Q(k, l)|2 , is doubly stochastic, Dn ⊃
Tn denotes the set of doubly stochastic matrices of size n, and (C.3)
is direct consequence of enlarging the set of admissible matrices to
include doubly stochastic matrices. Since Dn is a convex compact set
and (C.3) is a linear function of D(k, l), the minimum is attained at an
extreme point of the set. By Birkhoff’s Theorem (Horn and Johnson,
1993, 8.7.1), which says that the extreme points of Dn are permutation
matrices P, we have
min

D∈Dn

p
X
k=1

λk

n
X

D(k, l) θl = min
P

l=1

= min
π

=

p
X

p
X
k=1
p
X

λk

n
X

P(l, k) θl

l=1

λk θπ(k)

(C.4)

k=1

λk θp+1−k

(C.5)

k=1

where (C.4) follows from the structure of P, i.e., one entry per row
is equal to one and the rest are zeros, π denotes a permutation on
{1, 2, . . . , n}, and (C.5) is a direct consequence of the ordering assumed for the λk ’s and θl ’s. The proof is concluded by noting that
permutation matrices do also belong to Tn , i.e., the initial set of admissible matrices, and, hence, the minimum in (C.5) is attained with
equality.
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Notation

D.1. SYSTEM
MT , MR
m, M
R, R(SNR)
U
S
|S|
S̄
m(S)
M(S)
(R1 , R2 , . . . , RU )

number of transmit and receive antennas
min(MT , MR ) and max(MT , MR )
data rate and SNR-dependent data rate
set of users U = {1, 2, . . . , U }
subset of users in U
cardinality of S
complement of S in U
min(|S|MT , MR )
max(|S|MT , MR )
data rate tuple
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D.2. DIVERSITY - MU LTI PLEXI NG TRADEOFF
Point-to-point channel
r
Er
Or
Jr
Cr
Cr (SNR)
Pe (Cr )
dO
dJ
d?
H
H
I(SNR)
J(SNR)
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multiplexing rate
error event at multiplexing rate r
outage event at multiplexing rate r
Jensen outage event at multiplexing rate r
family of codes operating at multiplexing rate r
codebook in Cr corresponding to SNR
error probability corresponding to Cr
SNR exponent of the outage probability
SNR exponent of the Jensen outage probability
optimal diversity-multiplexing tradeoff over all Cr
[H0 H1 · · · HN −1 ]
Jensen channel
mutual information for i.i.d. Gaussian input
Jensen upper bound on I(SNR)

D.2 DIVERSITY- MULTIPLEXING TRADEOFF

Multiple-access channel
r
r(S)
ES
OS
JS
Or
Cr
Pe (Cr )
dS
d?
HS
HS,n
HS
IS (SNR)
JS (SNR)

multiplexing rate tuple (r1 , r2 , . . . , rU )
total multiplexing rate corresponding to the users in
P
S ⊆ U, i.e., r(S) = u∈S ru
S-error event
S-outage event
Jensen outage event corresponding to S
outage set w.r.t. the multiplexing rate tuple r
overall codebook Cr1 × Cr2 × · · · × CrU
error probability of Cr
SNR exponent of P(JS )
optimal diversity-multiplexing tradeoff over all Cr
Jensen channel of S = {u1 , u2 , . . . , u|S| }
[Hu1 ,n Hu2 ,n · · · Hu|S| ,n ]
[HS,0 HS,1 · · · HS,N −1 ]
sum mutual information for users in S
Jensen upper bound on IS (SNR)

General
SNR
.
=
˙ ≥
˙
≤,
˙ >
˙
<,
Pout (R)
PJ (R)
λn
Ξm
n

(per-user) average SNR at each receive antenna
exponential equality: two functions f (x) and g(x) are
said to be exponentially equal if and only if
log g(x)
limx→∞ loglogf (x)
x = limx→∞ log x .
exponential inequality
strict exponential inequality
outage probability at rate R
Jensen outage probability at rate R
nonzero eigenvalues of the effective codeword
difference matrix, i.e., λk = λk (RTH EH E)
product of the n smallest eigenvalues of m nonzero
eigenvalues λ1 , λ2 , . . . , λm
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D.3. LI N EAR ANALYSIS
A, a, ā
A(i, j), a(i)
AT , AH
A∗
A⊗B
A B
vec(A)
Tr (A)
2
kAkF
kxk
det(A)
rank(A)
N −1
diag{An }n=0
Da
A1/2
A(I1 , I2 )
λk (A)

F, Ψ, Φ
1N
Π
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matrix, column vector, and row vector
(i, j)th entry of A, ith entry of a
transposition and conjugate transposition of A
element-wise conjugation
Kronecker product of A and B
Hadamard product of A and B
if ak (k=1, 2, . . . , m) are the columns of A,
then vec(A) = [aT1 aT2 . . . aTm ]T
P
trace of A, i.e., Tr (A) = i A(i, i)
squared Frobenius norm,
i.e.,

2
kAkF = Tr AAH
norm of the vector x
determinant of a nonsingular matrix, i.e.,
Q
i λi (A)
rank of A
block diagonal matrix obtained by diagonally
stacking A0 , A1 , . . . , AN −1
N −1
diag{a(n)}n=0
positive semidefinite square root of an Hermitian
matrix A
(sub)matrix consisting of the rows of A indexed
by I1 and the columns of A indexed by I2
nonzero eigenvalues of the n × n Hermitian
matrix A, sorted in ascending order
(k = 1, 2, . . . , rank(A))
Fourier matrices (F = Ψ ⊗ Φ is two-level)
N × N all-ones matrix
basic circulant permutation [π1 · · · πN −1 π0 ],
where πn = [0 · · · 0 1 0 · · · 0]T contains a 1 in
its nth position.

D.4 PROBABILITY AND STATISTICS

D. 4 . PROBAB I LITY AN D STATISTICS
P(A)
P(A, B)
P(A | B)
fX (x)
X∼Y
fx , f(X)
E{·}
EX {·}
x ∼ CN (µ, C)
x ∼ N µ, σ 2



probability of the event A
joint probability of A and B
conditional probability of A given B
probabiltiy density function (pdf) of X
equality in distribution of X and Y
pdf of the random vector x or matrix X
expectation operator
expectation operator with respect to X
jointly proper Gaussian (JPG) random vector
with mean µ and covariance matrix C
real Gaussian random variable with mean µ and
variance σ 2

D.5. MISC ELLAN EOUS
R
Q
Z
N
C
Re(x)
Im(x)
δn,m
δ(t)
F
|x|
Q(x)

set of real numbers
set of rational numbers
set of integers
set of naturals
set of complex numbers
real part of complex number x
imaginary part of complex number x
Kronecker delta function, i.e., δn,m = 1 for n = m
and zero otherwise
Dirac distribution
Fourier operator
absolute value of x ∈ R, or magnitude of x ∈ C
R∞
2
Gaussian tail function Q(x) = √12π x e−t /2 dt
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Acronyms and abbreviations
AWGN
CSI
DM
FEC
ICI
ISI
JPG
LFI
LTI
LTV
ML
MA
MIMO
OFDM
QAM
QoS
SNR
SISO
WSSUS
w.p. 1
w.r.t.

additive white Gaussian noise
channel state information
diversity-multiplexing
forward error correction
intercarrier interference
intersymbol interference
jointly proper Gaussian
linear frequency-invariant
linear time-invariant
linear time-varying
maximum-likelihood
multiple-access
multiple-input multiple-output
orthogonal frequency-division multiplexing
quadrature amplitude modulation
quality-of-service
signal-to-noise ratio
single-input single-ouput
wide-sense stationary uncorrelated scattering
with probability 1
with respect to
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