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Abstract— A widespread design for multiple-input multiple- view is certainly sensible in a data transmission setupoésd
output (MIMO) radio channel measurement devices (soundes not apply to channel sounding, where it is crucial to segarat

is based on time-division multiplexed switching of a single ; ; ; ;
transmit/receive radio frequency (RF) chain into the elemats it::%a?:xz:ftzl propagation channel from transmitter/rameiv

of a transmit/receive antenna array. While being cost-effetive, N . .
such a solution can cause significant measurement errors due Contributions. The goal of this paper is to analyze the
phase noise in the local oscillators. In this paper, we anahg the impact of phase noise on estimated MIMO channel capacity.
impact of phase noise on MIMO channel measurement accuracy Our specific contributions are as follows:

and show that it can lead to overestimation of channel capaty « We present a signal model for correlation-based narrow-

of up to 100% in practice. Furthermore, we demonstrate that L
the impact of phase noise is most pronounced if the physical band MIMO channel sounders taking into account phase

channel has low rank (typical for line-of-sight or low scatering noise.
scenarios). The extreme case of a rank-1 physical channel is « We identify situations where phase noise has no (or
analyzed in detail. little) impact on MIMO capacity estimates and where

it leads to significant capacity estimation errors. In the
latter case, we demonstrate that phase noise can turn
rank-1 physical channels into full-rank effective chasnel
and we provide analytical expressions for the resulting
capacity estimation error.

|I. INTRODUCTION

Multiple-input multiple-output (MIMO) wireless communi-
cations promises significant improvements over existirg sy
tems both in terms of spectral efficiency and link reliakilit
Accurate measurements of MIMO radio channels are vital for Relation to previous work. Ref. [4] analyzes the impact of

sy'sa\tem design, sd|ml_1cljat|0n, angllaﬁ/lr(f)orrEancelanaly?s. q .thermal noise at the receiver and gain imbalance in pafrHel
common and widesprea channel sounder 0esIqi sins on the estimated capacity of a physical rank-1 MIMO

Is _bas_ed on time—divisjon multiplexing V.Vith synchronize hannel. In [7], approximations of the MIMO channel capacit
switching (TDMS) of a single transmit/receive radio freqay . estimation error due to additive perturbations of the cleann

(RF) chain into the individual elements of a transmit/reeei coefficients in an i.i.d. physical channel are derived. Far t

a_nten?a_arrlay_. Su<t:h_anlarchlttecttu;elscgns?]tutesIa natueat- SISO case, an analysis of the measurement errors due to time-
sion of single-input single-output ( ) channel soua varying physical channels has been reported in [9].

Iead; to very cost-effective solutions. An important _dravx}b Organization of the paper. The remainder of this paper
of this approach, however, results from phase noise reI"’“i@dorganized as follows. In Section I, the architecture of

errors in the local oscillators being translated into thatish , tpMs-based MIMO channel sounder is introduced and
dO”_‘ai” (through _switching of a single trar_13mit or receiye Rife corresponding channel and signal model are provided.
chain). The resulting measurement errors in terms of emmaSection il contains a systematic study of the impact of

channel cgpacny can be up to around 100/9 n pragtlce. Itdﬁase noise on MIMO channel capacity estimation errors. We
therefore immediately clear that understanding the impéct conclude in Section IV.

phase noise on MIMO channel capacity estimation accuracy 1S\ oation. 2{-} denotes the expectation operaigi g)(t)
of fundamental importance for MIMO channel sounder desiggi,nds for the convolution of the functioni(t) and g(t).

One may argue that in a wireless communication linkpo pirac delta function is denoted @), and §; = 1
the impact of phase noise can simply be absorbed into @, _  and 0 otherwise. The superscripts , and *

effective channel consisting of the physical propagatioae  jonqte transposition, conjugate transpose, and elemrsntwi

nel combined with phase noise related impairments. Chan%hjugation, respectively. andI stand for an all ones matrix

estimation at the receiver for demodulation and decoding 9f4 the identitly matrix, respectively, of appropriateesiz
for precoding at the transmitter (through feedback) woh&ht » . B and A © B denote the Hadamard product and the

simply work on the combined channel. While this point of o acker product, respectively, of the matricasand B,

This work was supported in part by the Swiss National Scig¢rmendation and fe (A) Sta_mds for the matrix resulting from Component-
(SNF) under grant No. 200021-100025/1. wise application of f(-) to the elements ofA. ||Alr is



transmitter and the ADC at the receiver are equal. The transm
and receive filters must be designed to satisfy)(r) ~ (7).
One of the most widely used sounder types, usually refeaed t
ascorrelation sounderuses the same pseudo-noise sequence
(typically consisting of rectangular chip pulses) fgf) and
r(7). Other sounder types [11] such as the chirp sounder are,
however, based on correlation techniques as well and fit into
our framework.

Phase noiseOur focus is on the measurement error due to

the Frobenius norm oA, r(A) and \;(A) denote the rank phase noise in the local oscillators (LOs) with output sigha
and theith eigenvalue ofA, respectively. For anmn x n
matrix A = [a; az --- a,], we define themn x 1 vector

_ T T 1T
vec(A) = [aj a3 -+ a, ]". N(0,C) andCN(0, C) denote pare the subscripts, and g, stand for transmitter and re-

a zero-mean real and a zero-mean complex Gaussian rand@ijer respectivelyf;.o, is the desired LO frequency (assumed
vector, respectively, with covariance mat€ix For two random equal at transmitter and receiver), angk(¢) and ppx (1)

va::iiablesX f’;\nth, X ~ }I/ andX z’z _s;apd for equivgle?ce represent additive noise on the LO phase. In the following, w

and approximate equivalence in distribution, respedctive definefry () = exp (jors () andfry(t) = exp (jors()).
II. TIME-DIVISION MULTIPLEXING MIMO CHANNEL In practice, one often employs a linear approximation agcor
SOUNDERS ing to exp(jy) =~ 1+ jp. In the remainder of this paper, we

. . . . . assume that phase noise is modeled A5(8, 02 ) wide-sense
In this section, we briefly describe the system archltectur? . P &.03)
Stationary random process [16].

of a TDMS MIMO channel sounder and present the corre- Narrowband signal model. Throughout the paper, we

sponding signal model including the effect of phase noise. assume that the physical channel to be measured is narrdwban

A. Channel sounder architecture and static during the snapshot measurement period. Ndi#ig t
The basic architecture of a TDMS MIMO channel soundéftx(t) 0rx (t) = exp (j[rx(t) — ¢rx(1)]) = exp (o (?))

is depicted in Fig. 1. A sounding signal(t) is generated with oc(t) again bglng a Gaussllan wide-sense stationary

at baseband and mixed to the propagation channel cer\@ﬂdom process, a simple calculation shows that

frequency. At the receiver, downconversion to baseband is o0 _

followed by extraction of the channel estimate from the u(t)= Y hk/63%@77)5(15—7—767})7’(7) dr

signal u(¢). Both the transmitter and the receiver employ a k=—o0 r

multiplexing unit, which is used to step a single RF chaijhere 1, denotes the complex-valued scalar channel gain

through all transmit/receive antenna elements sequniral during the time periodk T, (k+1)T,] andl is the supporting

time. Clocks at transmitter and receiver serve as referfarce jnterval of r(r). Now, assuming that phase noise changes

the digital processing rates and RF mixing frequencies.  slowly compared to the length 6fand using s*r)(r) = 6(7),
Another frequently found MIMO channel sounder setuge obtain

employs a single antenna element (either at the transnoitter oo

the receiver or at both sides of the link) which is physically u(t) = Z hi €994 §(t — KTy).

moved to form a “virtual” array. Such a setup also fits into

the framework described in this paper. The impact of phaFne summary, we can conclude that the phase noise process

noise on MIMO channel capacity estimates in a “virtual” girra, ) ; . .
architecture will, however, be much more severe than in th@odulates the physical channiel, which results in an effec-

setup shown in Fig. 1. This is due to the fact that the swit‘t;hiry\/(.a channeghk with a time-varying complex-valued channel
time in the “virtual” array case (i.e., the time that passéemw gain given by . jon

moving the antenna element from a given position to the next hie = hy, €775 1)
one) is much longer than with switched antenna elements.c \ivo signal model

Fig. 1. Architecture of a TDMS-based MIMO channel sounder.

OTX(t) _ ej (27TfL()t+<PTx(t)) ORx(t) _ ej (27TfL()t+<PRx(t))

k=—o0

B. SISO signal model In the MIMO case, assuming/r transmit andMr receive

We start by presenting the signal model for a SISO chanifltennas, the effective scalar subchannel betweenvite
in the presence of phase noise. In correlative channel goand( = 1,2, ..., Mr) transmit and theuth (n = 1,2, ..., Mg)
the sounding signak(¢) is typically the result of an impulse "€C€IVé antenna in the presence of phase noise is given by

train Ar, (t) 2 Y, 6(t— kT.) passed through a time-invariant'mm = hn,m etXp (t]f_”vm)' This relation can be expressed in
transmit filter with impulse responsér). The receiver applies more compact notation as

a time-invariant receive_ f_ilter with impulse responsgr), H=Hoexp°(j®) =Ho®© (2)
followed by analog-to-digital conversion (ADC). In the fol

lowing, we assume that the conversion rates of the DAC at théwe ignore the impact of frequency offset discussed in dénafL].



where [®],, = ¢nm, H denotes the physical MIMO
channel matrix, an@ is the effective MIMO channel matrix.
The correlation properties of the entries in the phase noise
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matrix ® are obtained from the power spectral density of the
phase noise process and furthermore depend on the antenr '
switching order as well as the switching time (i.e., the time
difference between two specific subchannel measurements
The correlation properties of the multiplicative phasesgoi
matrix ® depend both on the correlation of the entriesdin

as well asc2; a detailed discussion can be found in [1]. In
the following, we shall often use the linear approximation
O~1+;5®.

o
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EFFECT OFPHASE NOISE ONESTIMATED MUTUAL
INFORMATION

We analyze a MIMO channel with input-output relation

r=Hs+n Fig. 2. Ergodic capacity of a8 x 8 physical channel subject to varying

) ) ] amounts of phase noise.
where s is the Mt x 1 transmit vector,r is the Mg x 1

receive vector, andh is a Mg x 1 noise vector distributed as

CN(0,0% I ). Assuming no channel state information (CShhe fact that in the correlated Rayleigh fading case phaiseno

at the transmitter and perfect CSI at the receiver, the nhutegdters the correlation structure of the elementsHn in the

information (in bits/s/Hz) of this channel is given by [14] Ricean case phase noise additionally “randomizes” theaRice
component and hence leads to a modification of the MIMO

(3) channel statistics. In the low-SNR regime, however, it can b
shown that phase noise has no impactiofrrespectively of

wherep is the average SNR at each of the receive antenngse channel statistics. This result follows easily by ngtihat
and the input signal vector was assumed to be circularly syiR-the low-SNR case

metric complex Gaussian with covariance matpxMr )1z p
I ~ log, (1 + M—|H||%)
T

In this section, we investigate how phase noise impacts the
mutual informationZ, or more specifically, we study how
changes wherH in (3) is replaced byH in (2). We shall and that the pdf of{ H||%, and hence the pdf df, is invariant
consider both deterministic and random physical chanHels to multiplicative unit-modulus modifications of the elenn
For deterministicH, the presence of phase noise inducesf H, even for Ricean fading and for a correlated Rayleigh
randomness and hence makes the static channel appear. faditing component. In general, we can conclude that the itnpac
In the case of randorHI, phase noise alters the statistics of thef phase noise on mutual information is more pronounced for
channel. The quantities we shall be interested in are ergotligher SNR. Finally, we note that a diagonal chariels not
capacity C = E{I} and the variance? = E{(I — C)?} affected by phase noise, irrespectively of whether the etes
of mutual information. The spread of the distribution bf on the diagonal oH are (potentially correlated) Rayleigh or
and hencer? quantifies the amount of fading in the channericean distributed.
[15]. In the SIMO/MISO and the low-SNR MIMO case; is A numerical result concludes our discussion of the random
directly related to the amount of fading as introduced in|[13H case. We examine ahx 8 physical channel characterized
For a discussion of the significance of in the high-SNR py H = R!/?H,,, where R = R!/2R!/2 denotes the
MIMO case, the reader is referred to [10]. receive correlation matrix [2] and the entriesHf, are i.i.d.
CN(0,1). We chooseR such that);(R) = Mg/r(R) for
) i N i=1,2,...,7(R), and \;(R) = 0 otherwise. Fig. 2 shows

If the entries of the physical channel mat# are i.i.d. the ergodic capacity as a function of SNR for varying rank of
CN(0,1), the joint distribution of HH" equals the joint R and varying amount ob2 with uncorrelated phase noise
dlstrlt_Jun_on prH and h_ence phase noise ha_is no impact Qfatrix @, i.e., E{vec(®)vec(®)T} = 02T, 11, We have
the distribution ofl. A detailed explanation of this observationcngsens.5° and 7° rms phase noise as typical and worst
can be found in [1], where it is also shown that for correlateghse values, respectively. In practice, phase noise &riand
Rayleigh fading and for Ricean fading, phase noise can haygrelation properties depend on LO characteristics chivig
a significant impact od. The reason for this behavior lies inspeed, and number of transmit and receive antennas. An
uncorrelated phase noise matrilix yields the most severe
pertubations and is obtained for very large switching tinhes
Fig. 2 we can see that phase noise never results in a reduction

p
I = 10g2 det <I]\4R =+ FTHHH>

A. Random physical channel

2This linear approximation does not preserve the Frobenarsrof ©.
For smallo2 though, the increase i} ||y is negligible.
SWe assume that the phase noise process is ergodic.



i
\

L channel with rank 1 subject to severe phase noise results in a
full-rank effective MIMO channel (provided thdtry ,,, # 0
/ and hgrx,, # 0 for all m,n). Equivalently, we can conclude
that a rank-1 deterministic physical MIMO channel, when
‘ subjected to severe phase noise, results in a random channel
‘ L ‘ with full spatial multiplexing gain [10]. A full-rank phase
1 noise matrix® typically occurs for largeMt and Mg, long
sounding sequences, high channel center frequency, or othe
Fig. 3. Cumulative distribution of mutual information at= 20dB of a circumstances that mcreas? or decorrelate the ph?.S& n_cnse
4 X 4 rank-1 physical channd = 1 subject to7° rms phase noise. In the case of array steering vectdrs, andhry with unit
modulus entries representative for line-of-sight propiaga
we can refine the result in Proposition 2.
of ergodic ca.pacity. Moreovgr, we observe, in agreemerit vyit Proposition 3. For a rank-1 physical channel matH =
what was said above, that in the full-rank channel case ('-ﬁRxh% with Mgr < My, where h, and hg, are such
r(R) = 8) phase noise has no impact on ergodic capacity. {Rat lhrei| = 1 (G = 1,2,...,Mt) and |hg,;| = 1 (i =
ther(R) = 1 case, ap = 35dB, the error in ergodic capacity 1,2, ..., MRg), we have
due to phase noise is more than 100% even for medium phase .
noise variance. Analytical estimates for the ergodic cipac N(HHT) = \(007), i=1,2,..., Mg. (6)
estimation error due to phase noise in Kronecker-cormlate Proposition 3 shows that for unit-modulus steering vectors

MIMO channels [12] can be found in [1]. the rank ofH equals the rank of the multiplicative phase noise
B. Deterministic physical channel matrix ® and moreover the eigenvalues of the effective MIMO

. = ke H
When the physical channel is assumed deterministic, thgannel (more specifically dLH™) are exactly equal to the
impact of phase noise is a “randomization” of the channéligenvalues of the multiplicative phase noise matrix.
which leads to a nonzero amount of fading as well as errorsPTOPOSition 4. For the I|near2 approximatio® ~ 1 + j &,
in terms of ergodic capacity. The impact of phase noise iemd@Ssuming thatec(®) ~ N(0, 0g Ly ar, ), We have

o o o
S (=] =]
: :

. . .

Prob(l<Abscissa)
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N
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pronounced if the physical MIMO channel has low rank. In Mg—1
the following, we shall therefore analyze the extreme cdse o det(@©F) & (X?\/[T + My Mg) H X?\/[T—i @)
a rank-1 physical channel in detail. i=1

In order to motivate our analysis, we start by showing
Fig. 3 the outage capacity for4ax 4 physical channel with
H = 1, and uncorrelated phase noise mat@# We can

Where 2 is a chi-square distributed random variable with
degrees of freedom and varianzeos.

\We are now ready to state an analytical lower bound on the
Ql%fodic capacity of a rank-1 physical channel subject taspha
noise.

Proposition 5. For the linear approximatio® ~ 1 + j®,
with vec(®) ~ N(0,021 00 ), @ssuming that the condi-
tions of Proposition 3 are satisfied, the ergodic capacithef
effective channeH satisfies

increase in ergodic capacity amd = 0.6 (note thato? = 0
in the deterministic case).

In the following, for the sake of simplicity, we state all
results for Mg < Mt and furthermore omit most of the
proofs. The case of generddt and My as well as the proofs
can be found in [1].

Lemma 1. The Hadamard product of a rank-1 matik= et
hr.h®_and an arbitrary matfi@ can be written as a matrix ¢ =z Z log, (1 + MLT {MTMR&' (8)
product =0 s
T . . +202 +e¢°(+)D
(hrxht,) 0 ® = diag(hgry) © diag(hry) (4) @
wherediag(x) is a diagonal matrix with the elementsofon  where,(z) denotes the digamma function [17].
its main diagonal. The digamma function at positive integer multiplesjo¢an
Proposition 2. For a rank-1 physical channBl = hg,hL_~ pe expressed ago(n) = —y + 22;11 % andvy(n— 1) =

with Mt = Mg and a multiplicative phase noise mat® v —2In(2) + Zz;ll 2p271’ n=1,2.., andy ~ 0.5772

that has full rank with probability 1, we have is Euler's constant. The proof of Proposition 5 is based on

L Mr MR a slightly modified version of the lower bound [10, Eq. 14].
det[HH"] = [ ] [hrsil® [ ] IhRxsl® det[©O7]  (5)  Proposition 5 further quantifies the observation discussed
i=1 i=1 a consequence of Proposition 2, namely that the effective
wherehry ; andhgry ; denote theth element ofor, andhry, channel corresponding to a rank-1 physical channel subject
respectively. to severe phase noise exhibits full spatial multiplexingga

The proof of Proposition 2 follows in a straightforward Impact on the amount of fading. The increase in the
fashion from Lemma 1. Proposition 2 says that a physicamount of fading due to the presence of phase noise is



—— exact, no phase noise
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(b) variance of mutual information

Fig. 4. Ergodic capacity and% in a4 x 4 rank-1 physical channdll = 1 subject to7° rms phase noise.

quantified through the increase in the variancel ofinding and reporting high-rank MIMO channels and the absence of
exact expressions for? seems very difficult. We can, howeverrank-1 (a.k.a. pin-hole or key-hole channels [3], [5]) skiou

state be
Proposition 6. Based on the same assumptions as in Propo-
sition 5, the variance of mutual information of the effeetiv

channelH can be approximated as (1]

Mgr—1

P 2

O'? ~ Z Var{log2 (1 + MT Xg]'(MT—Z)/Q—‘)} . (9) [2]
i=1

Note that the approximation (9) considers only even ordef!
terms and the contribution of the highest order chi-square
random variable (first term in the product on the RHS of (7))
has been omitted (its influence on the variance can be sho
to be negligible [1]). This allows the variance to be evaddat
in terms of first and second moments of mutual information
of an i.i.d. complex Gaussian physical MIMO channel which[s]
were reported, for example, in [6].

Numerical Results. Fig. 4 provides numerical results as-
sessing the quality of the bounds and approximations peavid [6]
above. For & x 4 physical channel wittH = 1 and uncor-
related phase noise matrix, Fig. 4 a) shows that the ergodic [7]
capacity of the effective channel starts deviating from the
capacity of the rank-1 physical MIMO channel at- 15 dB,
and that significant estimation errors (up to around 100%5
occur in the high-SNR regime. This behavior is consisteitt wi [9]
our observation that the low-SNR capacity is not influencged b
phase noise. The impact of phase noisesgris quantified in
Fig. 4b) (recall thab? = 0 for a deterministic channel). We [10]
can see that the empirical variance obtained through Monte-
Carlo methods is reasonably well approximated using (9. Th
approximation is more accurate for lower SNR. [11]

IV. CONCLUSION [12]

We showed that phase noise in time-division multiplexed
MIMO radio channel sounding systems can lead to signif[il—3
cant estimation errors in terms of MIMO channel capacity.
The impact of phase noise is most pronounced for low-rank
physical channels. An analysis of the rank-1 physical MIME4

interpreted with care.
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