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Please note:

e Exam duration: 180 minutes

e Maximum number of points: 100

e You are allowed to use any printed or handwritten material (i.e., books,
lecture and discussion session notes, summaries), but no computers, ta-
blets, smart phones or other electronic devices.

e Your solutions should be explained in detail and your handwriting needs
to be clean and readable.

e Please do not use red or green pens. You may use pencils.

e Please note that the ETHZ “Disziplinarordnung RSETHZ 361.1” applies.

Before you start:
1. The problem statements consist of 7 pages including this page. Please
verify that you have received all 7 pages.
2. Please fill in your name, student ID card number and signature below.
3. Please place your student ID card at the front of your desk so we can
verify your identity.

During the exam:
4. For your solutions, please use only the empty sheets provided by us.
Should you need additional sheets, please let us know.
5. Each problem consists of several subproblems. If you do not provide a
solution to a subproblem, you may, whenever applicable, nonetheless as-
sume its conclusion in the ensuing subproblems.

After the exam:

6. Please write your name on every sheet and prepare all sheets in a pile. All
sheets, including those containing problem statements, must be handed
in.

7. Please clean up your desk and stay seated and silent until you are allo-
wed to leave the room in a staggered manner row by row.

8. Please avoid crowding and leave the building by the most direct route.

Family name: ................. Firstname: .................

Number of additional sheets handed in: .............

Signature: ....... ... .. i
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Problem 1 (25 points)

In this problem, we define the (s,t)-restricted orthogonality constant 6,, = 05:(A) of a
matrix A € C™*¥ as the smallest § > 0 such that

[(Au, Av)| < Of|ull2][v]]2

for all disjointly supported s-sparse and ¢-sparse vectors u € CV and v € CV, respec-
tively. Here (-, -) denotes the standard inner product on C" and m, N € N.

Moreover, for a vector u € CV, a matrix B € C™",and aset S C {1,...,N}, we
define ug € C!*! to be the vector obtained from u by keeping only the entries indexed
by S, and similarly, we define Bs € C™*/*! to be the matrix obtained from B by keeping
only the columns indexed by S.

(@) (12 points) Show that
05, = max {||Af Aglls, S, T C {1,...,N}, SNT =0, |S| <s, |T| < t},

where || - ||, denotes the matrix operator norm with respect to the ¢>-norm on C!*/,

ie.,
| AT Aslly := max [|(AF Ag)ulls.
ueC!S!

flull2<1

(b) (6 points) Recall that the s-restricted isometry constant §; = d5(A) of a matrix
A € C™N is defined as the smallest § > 0 such that

(L= 0)lull3 < lAull3 < (1+)|Jull3

for all s-sparse vectors u € C". Moreover, recall the following result:

Lemma. The restricted isometry constant 0, of A can equivalently be expressed as

8 IAS As — Tjg/l2,

where 1jg| is the | S| x |S| identity matrix.

Using this lemma, prove the following relation between the restricted isometry
constant and the restricted orthogonality constant

es,t S 55+t'



(c) (7 points) In this subproblem, we want to show that

t
et,r < \/j 63,7"7
S

where r,s,t > 1 are such that ¢ > s. To this end, let u € C" be t-sparse, v € C
r-sparse and v and v are disjointly supported. Furthermore, let 7" = {j1, j2, ..., J:}
denote the support set of u and consider the ¢ subsets S, S5, ...,S; C T of cardi-
nality s defined by

Si = {JisJis1, -+ Jirs—1}, forall e {1,2,... ¢},
where the indices are understood to be modulo .

(i) (2 points) Show that

t t
1 1
w=2us, and [l =23 us,
S “ S “
=1 =1

(ii) (5 points) Use (c)(i) to establish that

t
A1 < L0, Tl

2
92-




Problem 2 (25 points)

In this problem, for a finite set A, we denote by card(A) € Ny the cardinality of A. One
way to define compressibility of a vector x € C¥ is to say that z is compressible if the
number

card ({j € {1,...,N}: |;] > t})

of its significant components is small. This leads to the idea of quantifying compressi-
bility through the following quasinorm on CV

M2
2 ||2.00 = inf{]\/[ >0: card ({j € {1,...,N}: |a;] > t}) < TR forallt > O}.

In this problem, we will verify that ||z||2, indeed, constitutes a quasinorm, i.e., it
satisfies the norm axioms, except for the triangle inequality which is replaced by

12+ yll2.co < K([l2]l2.00 + [[4l2.00) (1)

for some K > 0. We will also compare the properties of ||z|2,.. with those of the usual
{y-norm.

(a) (7 points) Show that for every z € C" and )\ € C,

(i) (4 points) ||z|l200 =0 = x =0,

(i) (3 points) [[Azlz.00 = [Alll2]200-

(b) (8 points) Next, we show that the quasinorm ||z || - does not satisfy the triangle
inequality. To this end, let us fix z = (1,27'/2) and y = (271/2,1).

(i) (4 points) Calculate ||z|2,00c and [|y||2,c0-
(i) (4 points) Calculate ||z + yl|2, and use (b)(i) to conclude that in fact
17+ yll2.00 > [[2]|2,00 + [[¥]]2,00-

Hint: Use (a)(ii) to simplify your calculations.

(c) (8 points) Next, we establish (1) by proving a more general result. To this end, let
us fix ol = (2], ... 28), 22 = (2},...,2%),.. ., 2F = (af,. .. 2%) e CN and t > 0.

(i) (2 points) Show that

{Ge{l,... . N}t|aj+--+2f| =t} |J {Geft,... N}zl > t/k}.
k)



(ii) (3 points) Use (c)(i) to prove that

1/2
ot 4 2 e < (2 B+ 2 ]Fc)

)

where [|z'[|3 , stands for (||z"[|2,,0).

(iii) (3 points) Now employ (c)(ii) to show that

2.00 + oo+ HmkHQ,oo)-

lzt + -+ :Bngpo < k(”xl

(d) (2 points) Next, we compare the quasinorm ||z||3 . with the usual ¢;-norm. To

this end, let us fix z = (71, ...,zy) € CV and assume that
x = max k'] 2
oz = max K%, @
where 2* € RY denotes the nonincreasing rearrangement of (|z1|,. .., |zy|) € RY.

Use (2) to prove that

[2]l2.00 < |2



Problem 3 (25 points)

Fix a real number 0 < ¢ < 1 and an integer d > 1, and define n = [ds/2]| to be
the largest integer smaller than de/2. The present problem proves the following upper
bound | iy log(d 1 1)
og M (e; H*, og(d+1
EMERL ) < p((njay)1/2)) + 22231 ®
on the e-packing number M (g; H?, dy) of the binary hypercube H? = {0, 1} equipped
with the normalized Hamming distance dy(0,6') = = E?Zl 1[0; # 0] and where we
define D(a|(1/2)) = alog (35;) + (1 — a)log (775), forall 0 < a < 1/2.

(a) (11 points) Let {6',...,60M} be an e-packing of H, with M = M(e;H?, dy). We
define the sets H;, foralli =1,2,..., M, as

H; == {0 ¢ H* | dy(0,6") < £/2}.

(i) (3 points) Prove that the sets {H;}}, are disjoint.
(ii) (3 points) Prove that, for all 1 <i < M, the set H; has cardinality

w50

(iii) (5 points) Using the results of (a)(i) and (a)(ii), prove that
d d
log M (e; H®, dy) < dlog2 — log o) 4)

Hint: First establish the upper bound M (; H9, dp) S0 _, (7) < [H|.
(b) (10 points) Let Y be a binomial random variable with parameters (d,n/d), i.e.,

PY =/] = (Z) (n/d)* (1 —n/d)™*, for0<¢<d.

(i) (4 points) Prove that P[Y = ¢] < P[Y =n], for 0 </ < d.

Hint: Study the ratio % for £ < nand for £ > n.

(ii) (6 points) Prove that

og () = dotn /)~ tog(d + 1), ®)

where ¢(t) = —tlogt — (1 —t)log(1l —1).
Hint: Use subproblem (b)(i) to find an upper bound on Y4_, P[Y = (],

(c) (4 points) Combining inequalities (4) and (5), prove the upper bound (3).



Problem 4 (25 points)
(a) (8 points) Compute the VC dimension of the class
Hl = {h(&b)Z R — {0, 1} | a S b}

of closed intervals of R, with

1, ifa<ax<hb,
0, otherwise.

(b) (17 points) Let
Hy = {h(a13a2,b1,b2): R? — {0,1} [a; < bji=1, 2}

be the class of axis-aligned rectangles with

1a lfazgngbzal:]-727

0, otherwise.

h(al7a2,b1,b2) (.131, LL’Q) = {

(i) (5 points) Provide a set of 4 points shattered by H,.
(ii) (3 points) Show that there is N0 A (4, 45,6,.00) € Ho such that

h(0,0) = 0,
h(—1,0) = h(0,—1) = h(1,0) = h(0,1) = 1.

(iii) (7 points) Show that no set of 5 distinct points can be shattered by 5.

Hint: Taking subproblem (b)(ii) as an example, show that there is at least one point
which cannot be labelled 0 if all the other points are labelled 1.

Remark: A formal and detailed proof is not required. Describing the main steps in a
clear fashion is enough to get full credit.

(iv) (2 points) Deduce the VC dimension of the class Hs.



