
F * T = ( TS -e) *T = (s -e )# T#T
Ife ng

- S
-'

SI
. D

T x = Le
, get > = ( x ,

S
- '

ge > = ( S
- '
e , ge> = Ts - '

e
,

ke Etc

⇒ F = TS
-1

in finite dimensions
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Th
. 1.23 . A : H -312 a bounded hwan operates .

A- * A is invertible on 7L ( AHA is inv . )
Then

,
the operator At = ( A #A)

' ' A- * is a left - ihr - aft .

Every solution of LA=I* can be written as

↳ At + MCI - A- At )L2

At A -- IA#t)
- '
t#A - I
- -

identify A- with T , AT

dual frame
LT Iin finite drums.ms
can en

. . ] 195:{ Je. Encage> de

L -- Tt the Iea - TTT)



Tt = ( Ttt)
- t

Ttx = S
- r Tt = Ft

= - T

S

F = T s
- I

left - inversion with the pseudo - inverse amounts to synthesis
with the minimal ( or canonical ) dual frame .

Th
. 1.24

.
P = Ts

- 'Tt

p : e2 → RCT) EEZ

has the following properties :

l
.

P is the identity operator on RCT) ( range space aft)
Z

.
P is the zero operates on RCT)

t

,
where RCT)

t
is the

er th . carp Cement of RCT ) .

Proof . i
. C = Tx S T
- in

Pc = Pie = T S-1T#Tx = T S
- l
S x =Tx - c



⇒ p -I on Rct)
.

L
- C E RCT)

t
⇒ T * c = O

L d
, Tx> = O

(d
, Te> = L T#d

, x ) =D ,
He C-H

d is in Crete)

Pc = T S
-'

Tt c =

0=0

P-TS-t-tistheorthogonalprojechionor.to/2CT
M CI - P)

L --Tt tree I - TTT)

T Tt -- T * =p /F=
Tt



←*
1-

Tt = g-it# = S
- '

SS
- i Tt = S

-1T # T S - 'Tt
- -

p

= Ftp
RCT)
-

L -- F * p t MCI - p )
-

or th . pwj . op . onto or th . cupkmnl

of Rct

1. 3
. 4 Tight frames
-

Parseral frames

Def . 1.25 . A frame {gels Ek with tightest possible frame
bonds A-B is called a tight frame .

A-Hell ' t Tay, l Lage> 12 EBIKHZ



A-B ⇒ AWK = -2¥ Ice .gs> 12

ONB her ]
sew Hell 2 =

Few knees> 12

{ ever , er , ez ,
- -3 ⇒ If I Leise> 12=2 Zanla ,es>K
- K

( 9h) seek =

211×112,21442-

Izu Ice , gs > 12
A-=L

{ ee , truer , Eee, ¥ es
, # es , Eres, - - - 3

11×112 = Ie
*

Ice .gs>12

tight frame with A - l .



Th
. 1.26

. Egeteek is a frame feet .

The frame lgeleek
is tight with frame bound A iff 5- A- Ise , or equivalently, if

e- La Te Lage> ge .

Proof . Sx =

Z Le .gs?ge--AIte--
⇒
+ = tf Ze Legs > 9h

( 5- AIA ⇒ S
- '
= II , ⇒ get = S

-'

ge
- Ege )
S-AI ZO

l
. tightness of Ige ) ⇒ 5-AI#

AI 's SEBI
( see > = Alex> ( A Hell 2 E ( See> EBIKIR)

( Stix > = ACKHL

( ( S - AIA ) -4×7=0
,
teeth



S -AIA =D ⇒ 5- AIA

2
.

f-test ⇒ { gel is tight

II
e- ht § Lugs> gee

Cece> = ( 1a Ze case> ge , x
> =

Cease> *
-

= EI Lags > (gene> = E IZ Kage> 12

their = I l Lage> I '
. D

⇐i" '

iii. ( g ] , ga :[Ii:] , sift:]



HE
→ I :÷÷H÷÷:]
s = ZzIz

S = TH T = AI S - I Iz

DD



^
7¥

Louwdin -orthepenahzah.es

Th
.

l - 28
.
Let {get set, be a frame forth with frame operator S .

Denote the pos
- def . square root ref S " by S -112

.

Then

{ S -112g steak is a tight frame fork with frame bound At,
i. e.

,

X = Is Le , S - ' 'lge> S - 112 gee , feet .

Proof
. S - i S -112 = S -m2 S

- l l S .

S S
- t
g
- 112 -Sg -112 S

- t

-

I



S -112 = SS -112 S
- l l . S

S -112 S = SS -112

SS-112

+ = Ie -

- S
- '

Sx = S - 112 S-
re

= S
- 112

S S -112 ×

= S
-m2

Sy = S
- 112

§ Ly .ge > 92
= S

- 112

Ig ( S
- ' ' '
e .ge> ge

=

§ ( e , surge > 5112 gs .

D

s=(o¥¥Id'm ¥÷÷.
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.

A- AN 2
All 2

=
A

=

I AHA

-

T

D=
TH T = AI#



Th
.
1.29

. A tight frame {gelder with A -

- l and Kgelft, keek ,
is an ONB

.

Proof .
( Sgs , ge ) = Aught = 11gal12=1

( sge.ge > = ( L gag ; > gj , ge >

=

Jj Cgecgi> cgicge>
= I

,

kgecgs-712

I.
"It¥kgs



Ffs 1cg; , girl 2=0 ⇒ cgj.ge > =0 , Kj th d

{ er
, Feer, Fez, fzes , fzes , Ees . - - 3

1. 3.5 Exact frames and
birth onormelihy
-

finite chinensis
~x -- Ice

,es > ee
f- y

l
. Counting : no

. ref elements in fgs ) is equal do dim
.

of ambient space .

2
. for a given

basis { eel
,
there is a unique basis tee]sd .

x= Ice , es> et = Ie Leier>ee



3
.
{ ee } & feet } are biorthouomae

,
i. e. ,

( es
,
Ee > = { 7 see0

, Ste

Def . l . 32
. i. { ge ) is exact if , for all m Ek ,

the set
SEK -

{gels #meet, is incomplete for H .

£ ( geteek is inexact if there is at least one

element
( gu , so that { ge ) seem

,
seek is again

a frame feet .

Lemma e. 33 { gs3 ,
{ get] ,

e.EH
, e

= Tq ( x. get>ge
-

CI

if there are scalars Lah ) seek * { CE ) s . I .



x = Ig Egge ,
then we must have

proof . CIKHZ-Ekskt-nks.ae#?cq--Cx
, get > = Le

,
S
- '

g s ) = ( S
- k

, eye>
= LI

, ge >
-

I

↳⇒ = ( Ie cage , e- 7 = Ice codec;÷?
- Iles 12

call> = team> -
- Iae cg÷¥

- Ea
!!*

I ler K t % Ice - an 12 = § Kell t Tg Cee -as )lce¥ae¥)



= Fleet 't fleek - Iaas #

- Teaser# t Zelaell
= Ta lark . D

2nd ancillary result

Lemma 1.34 : {get f {get

Zim l Lgm , get>12=1
- K 9485712 - le - Cgm,gpy2
-

Z

Proof . gm = Zeta egg can -- 1 , aero , then

Gm
= Farage , Ce = Cgm , get)



Ie lark = I loathe I Ice -as 12

I = I Icel 2 t 1cm - an 12 t I Ice - ael 2

seen
SEK

= Ze I Lgm , get> I
'
t I cgm.si) -112

+
-

s&m l Cgm , get> 12

= I Lgm ,guilt
2
t 2 Iem / Lgm , get> 12 t It-29mW

-

2µm Kym, get> 12 =

1 - Ksm , 9h12 - H- Lgm , 12

2-D



Th
.
i. 35

. Ege 's f {gets
1

.
{ get is exact iff Lgm.si > = 1 , km E K

2
.

{gal is inexact iff there is at least one - c- K s. t .

Cgm , ga> ¥1 .


