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Chapter 7 . The restricted isometry properly
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Restricted isometry property ( proof is mechanical )

Def -7.1 .

For each integer 5--1,2 , - -

, define the isometry
constant Js of a matrix OI as the smallest number
such that

11 - Is) Kelli I 110=+424111-0011×1122
holds for all s-sparse vectors .

Theorem 7.2
.
Let y=oI× .

Assume the dis < R -1. Then ,
the solution et to

ruin 11€14 subject to OIE--y
Fern

obeys
1K€- +14 Ico 11×-0.14 ,

where Xs is the redmen obtained by selling all but the shortest
Cih absolute value ) entries of ✗ equal to zoo .



Theorem 7.3
.

Let G=oI×tn .

Assume that dzs <T2 -1 and

11h42 EE .
Then

,
the solution ✗ * to

minimize 11×711
☒ eggs

subject to 11g -☒ EY z EE

obeys

115-+112 & Cos-1121k-xsllet CRE .

chaplenf.iheJohnson-linndenstransslemm-U.su
ref m points in IR

- embed these points into a lower - dimensional Euclidean space,

IR '
,
son

- Q : how small can we choose S as a function of m and E ?
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Lemma 8.1
.

☐ L Lem
-a)

.
Choose E with 0<Ect and suppose

that G satisfies

SZ q¥ begum ) .

Then
, for every set Unf m pants , there exists a mop f :D

"-71122

Such that
,
we have

(1-8) Ila - a' 1122 I 11 flat - flail1122<-11+4 Hamill , 2 . #-)

Concentration of measure inequality
Lemma f. 2 .

Let A-c-42hm be a random matrix with i. i.d.

WCO
,Nhl entries .

Then
, for E with OC Ect and fixed u EIR

"

,

PAIIAUIK - EÉÉ☐1 > Elinor )<zée
with
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what the probability
-Eclair ! 11 talk - 11h42 s Ella of this not being

← satisfied isH-G1lu4⇐4Au42±a+quuÉ"
" " ↳ "

Proof of JL lemma based on Lemma 8.2
.

f-(a) =An

# pears Euiui } : mcm¥ <m2

omen bound argument ⇒ (E) is violated with prob .
<m22e→"¥

2hr2 e-
s ¥1112 ← rework

i
arbitrary

s > ez÷ 20112m)
. D
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S
- -
- sparsity pattern

Xs . -
the set of all rectus in IR

"
that are zero outsides

approach : fix Xs & consumed nets of points in 02s
,
then

apply TL ( conc . of measure) together with union bound,
count the no . if diff . Xs

Lemma 9.1 . Let ☒ c- IRM" be an i. i.d. Cho, llm ) movie .

Then
,

for every set S with 1st = Scm and every 0<04,
we have

11-d) Hell EkoIx4± Utd/Hey , feeds



with prob .

Z 1- 2112011 e- color)m

where cole )= take - el )
.

Proof
. 11×4--1 . Choose a finite selvf points Qs s.tn

.

i ) QS Eds
, 11911=1 for all qEQs ,

and ii ) female
✗ C- Ks with 11×11=1 , we
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min 11×-911<-814 .
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"
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last I 112/d)
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Apply union bound i lemma d. 2 ( conc
. of measure )
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holds with probability
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.

define A as the smallest no . s .

d -

11¥11 EatA)Hell Ecltotllxy

✗ Ells
, Hell =/ : know that Fg c-Qs s.t.lk-94<-014

11¥11 =H-oIq - OI ✗ +01=911
c- 1101=94 + HOI 1×-9111
- -

-4+012 e- at A) 1k¥!
11-072 + atA) 074

At A E ¢+212 tattlers



d- c- d. ☐
final step is in ✗ sbgn - threshold proof
how many Xs subspaces are there in Rn ?

Theorem 9.2
. Suppose that min ,

and decoy) caregiver . If
the pdf generating OI satisfies the cere

. af measure inequality
in lemma 8.2

,
then there exist constants Cri Cz > 0 depending

only on I sit .
the Rep holds for OI with prescribed 0

and every storm / wglnls ) with prob . 21 - 2e→m .

Seaman, ⇒m¥swgl?⃝mis high)

Proof . know that for each S -dimensional space Is , I
will fail to satisfy
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( %) subspaces of dim . Sir n - dim .
ambient space
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for fixed Cr > 0
, whenever
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