
1-3 =L É=Lo◦(✗ i ) - Ex [1%1×1] concentrating measure
negus .

Ti = Ex [ LEHI] - % TÉ Laki )
challenging because É is a random quantity

f- = { Lol -7100203

Ti ≤ sup / In _É Loki ) - Exclude ☐ / = 11Pa-PILE
0 C-Do

E 10^10*1 ≤ 211 Pn-PHF .

11 Rn -PILE ⇒ up / % Étui ) - EGKD /
f-c-F

12 .

3
. Uniform laws via Rademacher complexity

t
✗in = 1×1

, -
- en )

F- G-in ) = { fkn ) , fkzl . _ fled /FEI 's

empirical Rademacher complexity

R( Flail In ) = Ee Csup 1k¥
,
Eifki ) I]

feF

[ Eh ]s=i
. . .

i. i. d. sequence of Rademacher RVs
, taking It with

equal prob .

fkn )

In É Eiflxi ) = In ( En Ez
. _

En ) 21

i
-

fun,
]

totaeuf

2
"
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✗É { ✗ i]i=i

RnlJ-t-R.CI/xi)1n)--ExCRCFta41nD--EqxCsupFn-?I Eifki ) ☐
FEF

Theorem 12.10 . For any b- uniformly bounded function class , i. e. ,
1141 _ ≤ b , KFEF , any positive mayan ≥/ and any d≥ 0, we have

11 Pn - PILE ≤2RnCF ) +0

with prob . ≥ 1- e-
"¥2

.

Hence
, as long as RncF) → (1)

,
we

have 11pm- PHF 0
.

sufficient condition for 11pm -PIE 0 is : RNCF) -5%

Prop . 12.11 . For every b- uniformly bounded fucken class F , any integer

in ≥ 1 and any d≥o, we have

Vpn-71¥ ≥ERncF ) - ˢ"¥⇒z¥P - d

with
prob .

≥ 1- e-¥2
.

Levels of escalation in terms of upper -bounding Rademacher complexity
1. IF I < • union bounds won't consider

2
. polynomial discrimination fincher classes ✓

3
.

VC ( Vapnile - Chervanenlis ) dimension ✓

4 . mehhicentropytcharningaryume@x.E
mpiri we process thereby

12.4.t-unchiendasseswihhpocgnomiaedisoumnah.org
recall that Flem ) = {fkn ) , flat ,- - , fkn ) / f-EF}



RncF) = Eqxcsup / In É
,

Cif ☐
FEF

⑤ contains binary - valued functions

f- eF : fix )= It

④Kill = I { flat , flat , _ fled IFEF] / =L
"

I ¥

/ Flesh ) / is polynomial in n

Def .

12.2 ( Polynomial disehimnchu) . A class of finches $ with

domain ✗ has polynomial discrimination if order≥1 , if for each

new and collection xn
"
-Cee

, _ .eu ) of n points MX ,
these FEM )

satisfies

IFkill ≤ Intl)w
.

Lemma 12.13
. Suppose that F has polynomial disoamnehu

of order W Then , for all new and any collection of points
✗14--1×1

,
- itn ) ,

we have

Ee [ sup / In £ cifixi ) ☐ ≤ 4Dki)T>
,

FEF in

where DK " / = sup
yep
FÉ2 is the

lz-radius.ufhhesel.FI/n4lnr
.

Proof .

Ee [ sup 14 _É
,
cifk.tl] = E. Eecmax 1<90> I]

FEF OfFlann)

{ = ( de de
- -

En )

the set Flxi ) has ≤ ( nm)
"



will apply

""" £ "
"

" ""
"
* """ ± ↳ ◦ * ^ ᵗʰⁿʰ ""

"]sub- fansSian with parameter T .

Then
,

G- ( mu Kil ] ≤ 2T¥ .

i = 1 < - in[ngan,,, , , , ,µµy , , ,¥ µ ,,,
LE

,
O) is sub- Gaussian ( with parameter F-sup

• ≤ Fan ,
?i )

(
( used independence of {;)

Ee [ e " ""] = IT Eei Cede : "]
F- 1

(
(evaluation of eepechehu )

= IF edoi + e- doi

in 2-

e
✗
+ e-

✗
≤2e¥ ≤ e.

¥ TÉOI ?

≤ e
¥ { ˢ%→⇔ , II 0? ]
a-

RCF killin ) ≤ 2Dki)F .
☐

Dhan ) = sup
fee
AÉ

RNCF ) = Ex CREW " / In )] ≤ 4 Ear CDki☐Ñ .

b- uniformly bounded fondue classes

12nF) ≤ hb
, for ace new

corollary 12.4 .

/ Classical fhvenlo - Canteen. ) .

LetFct) =P Q≤t]

be the CDF of a random variable X-P
,
and let# be the

empirical CDF based on n i. i. d. samples Xi~P .

Then
,



P [ 11in -1--11 - ≥ 8F +☐ ≤ e-
"%

,
or≥o

and hence 11Th-1=115%0
.

Proof . Flair ) = { flat , flat . - - fkn ) / f- EF}
Xr
"
= 1×1

, _ ,
en ) EIR

"

,
consider the set Flair ) of { 0,13 -valued

indicative functions of the half - intervals C- it] HEER .

✗ ( r ) ≤ ✗ (2) ≤ _ _

≤ ten ,

-

divides Rup into nth intervals

for a given 1- c- IR
,
1- c-e. +] { 11 ✗

≤+

0 ,
else

t ≤ ✗ in , : ( flat flail - flat) =/ 0,0 ,
- -10)

✗ in ≤ 1- ≤ lez , : -11- = (1,01-10)

✗ (2) ≤ t ≤ ✗ ( s) : _ [ ,
_ = (111,0-10)

i.

1111 , - A)

/Flesh ) / ≤ Inti ) .= ( ntl)
"

,u=1

with 5- 1
,
Lemma 12.13

.

Eecsup Its T.Z.ci -skill ] ≤4TEur
FETE
writ

. ✗ ⇒ Rncf ) ≤4M¥
apply Them . 12.10 . ☐

12 .

5
. Vapnik - Chervenak's dimension

-

F- kin ) = { flat , - , fkn)lfeF ]

154am / € 2h



just had an eeapre with Etan ) / ≤ Intl )

Def .

12.15
.

/Shattering and VC dimension )
. frena class F of

binary - valued fundus ,
we say that the set a " -4×1

, _, en
)

is shattered by -5 if 15-1441--2
"

.

The VC dimension UCF ) is the largest integer n for which
there is a collection an __ ten

, _ .tn ) of n points that is

shattered byF .

When UCF ) is finite , F is said to be a ✓Class
.

Example 12.16 . Seeger = { C- as ,a] la c- IR }
,
f- = indicohufchdinsonsup

n=1 : 15-1--2 / with F- 10,1 ]

1=2 '
n -2 :

É
E- kid = { fkn ) , fkn ) IFEF]

Flail )= { 1010 )
, 1h01 , 11111 ]

⇒ 2-point sets are not being showered

⇒ WCF ) = 1
.

Stwo = { lab ] la ,beiR sit
.

acb ]

# F- = { 10,07
,
Chol

, 1011,1111]
✗ in

✗ (2)

19-1=4--22

¥É¥ ?⃝ = { 110,01
, 19101 , 10,011

,

(11101,10/111,111,1)

(010101,11*1)
⇒ 5-1=7223
⇒VCF )=2 .



IF / ≤ Intel 2 ⇒ UCF 1=2
.

all examples we considered are ref finite VC dim .
and also

have polynomial disou-ni.in .

Q : Does every finite VC class have polynomial
disouunnehu ?

n=1 2
,
# 1=21

h=2 22--4
,

19-1=22
IF / ≤ inti)

"

n=3 23=8
,
5-1=23

A-4 breves < 16

:
#

Theorem 12.17
.

/ Vapnile - Chehvonenhis, Sauer - Shelah ) .

Consider a

sd class S with v15 ) <•
.

Then
, for any WUechmufpo.us

P -4×1 . _ , en ) with n ≥ Wls )
,
we have

IS IP ) I ≤ (F) ≤ Inti ) " '"
.

5=0




