
Lemma 1.34. Led (greenbe a frame force and igabeen its
canonical duel. Then, for each mek, we have

Em/gmg) =1-11-(gmigail
2
-

Theorem 1.35. Led Egrbsenbe a frame fact and gasesits
canonical dual. Then

1. Egreek is exact iff <gmign) =1, mek

2. Egalsenis incard ifthere exists at host one mak
5.1. (gm,giDF1.

Proof. Ignis)=1, Imek, EgalRam is incompute falt
&Ek

and hence 499) is exact.

Fix mak, mgm,s =0



=>(gm,95) =0, KR,kap Em

(gm,5-92) =25-gm,92)
- (gm,92) =0

gi =0.3

Grollary 1.36. Let Egalzenbe a frame fact. If Egebsen is
exact, then 9 993sex and its comonical dual greyare
bisthokamme, i.e.,

(gm, get:1/ r
=

mE 0, S*m
Conversely, if gebrex and Egn]sen are biorthonromes, the

Egrlzen is exact.

ihm. 1.35
Proof. Egaben is exact => <grign) =1,mek

Lem.1.34
-> (gm,92) =0, FS =m



biorthonormality =>exact
ihm. 1.35

(gmigh):1, meK => [ge) is each
37

Thm. 1.37. If Egal is an exact frame forcand x =5993
with est, then the 28 are unique and give by

C1 =<x,gx)
where sgatzeris the canonical dual of 192)sex.

Proof x
=E(x,y)ga
x = Zagr
I

(x,qm) =(crqm,gi)

=Cs<9r,gn): cm
-



= E 1, =m
0,R=M

1.2. Sampling theorem
#

[(t) =(x)erihiftdt =(xs.), einto)

x(H) =(Elf)eihittelf=S(x(.), eitf) eilft of
e

<x.), eitf.)

-(H) is B-bandhinted if Elf)=0 falf)IB

f
-

35)
=2))eiht Doisson summation

Formula
y(t)



rxx+1

#x
y(t) =y)+i) =2 xx+25 +i) =z =x+(a+1)i)

S1=2+1

-

=

2 x+315) =y(t)

c =1!+r)e-ihedt

-Iattai eike Edt =

y =+ +RT
-T +T

= =+1) eihe dt
-T

-R+T
=

) e
ihr Edt



HeikeEdt=
=(f) =Ex (RT) e-it (DT)

3 =-

-

p.s.

I I =B=f =bT
4. S.F. 5 x(r) =

2 x(r)
9=- 1: =IB

1
I f =11B

x(t.) eihtf

-



↳
oversapled case

/-↳-
- 1

-BT 1

↓var S
1-BT

1+BT

- 1 +BT

critical sampling

1-BT =iT

#



*** undersaphing

1 -BT (BT

1 - BT =BT

1 =2BT

I =2a
S
I

Ist
... sampling rate



=(f)Tp(f) =lf) / fe fT

=(f) =a(fi)+hp/fi)

[p(f) = E 1 IfIIBT
0, else

(f) =Thn (fT) x12) ehf
E-

-
-

x(t) =Sklfleihftaf
-2aT -) sinc2(- l)

sin(ax
anc(ix) =

FX



S-
Thu. 1.38. Sampling theme. Let x =(B). Then, XCH is
uniquely specified by its sample (R), RED, if II2B.
Specifically, we can reconstruct x(t) according to

x (H =2BTzx(i)sinc2BH-Ril).

-

pay theorem as a frame expansion

grt) =2Bsin(2B(+ -rit)

x 1951 =E) einmitdt=(19) =(x,ga)

gelf:E e-if, IFIED
0, else



x() =Tz(x,92)ga1t)
with galf:2B sins (2B(+-RT1)

11 x12 =(x,x) =( -z(x,y)92,x)

-

kxyR

Elk =

2(x612 =(5x,x)

(Sx,x) =7 1x2 =tight with A =I

T: x =[(x,gr)3a
+2

+* :cr)rex -> E92



92 =51gx =T92

S=1

<92,92) =(g2,7927 =Tligel2 =

T115912 =2BT

criticals.

fs=1 =2B
=2DT =1

crit.samp. 292,95):IBT = 1, F&G => exact

2DT =2 =E
galt) =F92

x() =T

z(x,y)9r =2(x,gak92)
=>A =1



c.S-

liga'll2=T1Igall2=T115al2 =2BT =1

=>ONDin the case of a.s.

(92,95) =2BT
=221 =>3923sepis incact

-Uncertanlyrelates and sparse signal rear the
-+Tf=cast. x(t) =Seifleitft df

Lime- darahm (f) =Sx(t) eihiftalt
↑

S
-(at) 00 *(f(a) x(H =3 xs1, eZit. einftdf

x(t) =(x(+1)8(+ -+)d+ 1

-(x).),8t-.))



keizei
en =(8), e =(z)--

x
=

z(x,fi)fi
er - 1

F =E(?? I1
1

ar=F-infin
+1fz--

*

FH =FH=Im



Notation. U..unitery
Prt(U) =u DAUH A =41,3,7. - 3

Det = () o =

(
↳DFT molix
enPat(U)=Zui uitt 14
=

5

iect

↳8 dist
=R(PA4))

x=Dott
~ Ax)H Ax =x*A*Ax

III Alllz =

maxxiang 11Ax12 op. 2- norm

-HAN2=FAAH =FIIAR
i,j



1p, a(n) =IDp PaluSIIIz
T
e.g.F

Lemma 2. 20.

11xp12
Apa(h) = max -

xeW"."10] I/xI2

-
AAH =I

Cp =IDpIt -Pp(A) =

ADpAH
-
BBH =

I

PaIU) =UDoUH Pall) =BDo

III PpIA) PalB) IIIz=III ADpA* BDabY Illz

=II A*A DpA*BDaBH Ille ↓Ax

-
A - x:lkxz=1

=ICPA* B Dob* Ill 2
e
-

U ut

=IDp UDo UHIlz=11DpPo(U) IIIz



An martainly relation is an inequality ofthe from

1P,a(U) = c- 1.

in principle the norm MDpPaCUIlz is difficult to quantify

Later I I in
the case a=F, we can get an explicit expression for MDIpPalUIIlle,

but this is an absolute exception
-

- XDp(u)Dpl
⑭aculle Po(u)

-Apo(U) =IIDpPaCulllz
evenb(DpPu(U) 2

--↓r(DpPa(U)
raub (DpPalU)) =rewPa

<min(1P1, 101)

acal) - Spaca)= Nopan ~
Eques

=min(1P1, 101) CJa, =

12,e

1 ei ret-In
particularize to U=F, and get

) ==E=a



7a paCt)?
Ex.1.P =313, 0 =91, - ,mb

1 - ARE1 = Spall=1

(n- 1)mEx.2. P =[,--, -,m], ndrm

a =[l +11
- ,etn3

1891, - ,m]

m =Apalt) = I =E

! Ral)? I F
cost.



Lemna 2.1. Led dividem and ansider

P =E, In-11m
-

i m3

&=9l+1.-, lth), a interpreted circularly

Then, Apo (F) =hm.

Proof uses a discule version of the followy:

proof is highly I dlt) . 2df -)specific to the B

Fourier transform 1 --
-

-10

large-siere:
ApaCT): E Nim

(Er = 1Pal)? In En



concance-basedhealertsrelationin
comes Ilarnamented the

the commence of A is defined as

USAImax; jlaitaj).

Lemma 2.4. Led UED man be unitary and P, A 911-, mb. Then,

/Pa(n) - 01M)[Iv]).

Proof.
spaln) = tr(Dp UDont)

↑

C51Dpasup)-Po(u)
-

Ealurel
=IP/IC) Isl



=IP110)2 ( [In]). is

=>

concentration inequalities
Ifree-downhome signal(8:=)p =79

I

DE

p
=

Fq

S: =Ip
=

F9 S:
=Ap =Bq

ItA Ap=Da) A4.
ItB

p
=

Aq =

4q
U

Ist9, U mitary

Def. 2.S. LelP? 11,-,m] and Ep C0,1). The rechaxtan is said to be
Ep-concentiled if I1X-xp12 =EplHz.



Ire ↳Ep

Ep =0 E #xpllz
11X112

=0 =>x
=

xp =xis strictly supported out

Lemma 2.6. Led Hecht be unitary and D, 0291, -, m3. Suppose
that there exists a newzor p-concentrated pea" and a neutero

Ex-concentialed quem s.6. p=U9. Then,

Apa(n) [1-Ep-E].

Proof. We have p-PalU)ptoCUp-Posupp
11p -losu)ppliz-1Ip-Pach)p12+lPosU) pp-PalUIpIIz

<Up - Polciplz +IIPo(U)1112 11pp-p112
↳Ulp-Pachiplz +111pp-p112
= + upp-plz



19 =44p)

=119-90112+11p-ppl2
Def. 2.S. -=Hp
I EalqU2 +EpUpU2

=(Ep+3a) llple.
PaerP-ingu.P-P +Pocup

11 PalU)pp1I2 1[11p112-11 p-Ca(n) pplz] +
->p+6a)lp/2

=> 1p12(1 - 15p +ea)3+/itile
IPom)Drille (1-Ep-Eat.

Apo(h) IC1-Ep-sabt. is

Corollary 2.7. Let A, Beaum and PC? 91, -,mb. Suppose that Hare
exist a nonzero p-concentialed ptam and a nonzero do-concetated

qe4s.6.Ap =

B9 · Then,



IPIIQ1 = Spotin
Proof. Let U=A*B. Then,

L2.6. L-2.4.

(1 - 2p -[x]+=100(n) (m)(Ir])

((Iux) =n)I A*]) =u!)(A b)). is

list special case:Ep
=20 =0 -> Elad Bruchshain result, 2003

Corollary 2.8. Les A,B Gamen be unitary · If Ap=Bg for nonzerop, qeen,
When

11 plo IIqIlo -
a3)

A,e
2nd special case ·u

=F =u)I +3) =E

Ip/olights =m. Donoho-Star, 1989

p
=Ug =Fq



-

isy recovery in (RM, Hlle)

pin em

P = E1,
- ,m)

pc =91.
-m)IP

observe

y
=

Pp+n

the samples indexed by Pave lost in the observation and noise gets
added

Q:Can we recover p from y?
In general, no!

However, if a satisfies colour structural properties and IP) is not

too large, then this is, indeed, possible.



sparsity

Lemma 2.9. Lell Game- be unitary, a 911-, m),Pete,
and consider ~Idiscard the elemels of P supported onP)

y
=

Ppc +, add noise
-

where no pu and PC =31, -m3P with P-31--,m). If
(1p,a(h) =11DpPa(a) III) 1p, a(n) 21, recovery condition

then those exists a matix 2*GrxWs.d.
- all the noise we see
-

ILy-p112 = CII 4 pcllz

With c =espalais
Inparticular,

IP110) -ens S follows by application of 1.2.2.

is sufficient for spall)1.

Proof. For spolu) 1, it follows that (I-DpPa(4)) is inv. with
l
-III (I-DpPocaS) -Ille - posnIIII2 1-1a(u)



(Neumann series expansie)

=11 -Do Paul)-1Cpc

Lppc =(I - DpPalussCP
Ppa

~
Petruc

= I - GpPp(4))
--

(I-Dp)p
= (I- xpPa(n)) "1 I -DpPalU)) p
=P

11Ly-p1)2 =11((ppc +n) - p112

=I/Lul2

L III CI - Dp Polu))"1211 upallz

=Espaca) "In palle. D



Note:In the noise-free case, Appala) 21-> perfect recovery.

P =(πm - , m3 -indicals what we tow away

Q =3 1 +1, -,etn) E carries p

UEF

pis n-sparse in 4 =F

we are missing menties in the noisy observation
y

1P, aCF) =Nim (2.2.1)

stable recovery my p is possible for i
=M/2

m =2n

ApolF) =Em > 1

n <Fu

m> n2 =>square-rool bottleneck



compressive sensing
m CS2 Fbottlenak

s <E(1 +I), (PO), (P1)

e--coherence

M
=En -D

=CI I]

xI)1 +F)

~Fu

Inks in
= 1024

9 =30

m x 900 measmemels

Theorem 3.8. Let Dacman be a dictionally with coherence(D).
Then, we have



n- m

mb).F
min-1 S

where men.

Proof. Set G =DHD exrt. Then, a has the following properties
1. has one along the man diagones

(D =Cd
- -dr],G =xD =[](dd-

L
Idel2 <d1,d2>

*

-

I=(d1,di Id2I2 S
Y

2. 2 is positive semi-definite with rand (almost) m.

-D), x =11Dx 1 12 10

J =(dr, -,dr)" is the rechale of nonzero eigenvalues of G.

tr(a) =E,d:=1161) =n



112112 =501 * 2) =Ed:=II
Jensen's inequality (Exs x2

f(Ex) = E(f(x))

(di) E di
(11th)

2
= FIIdIk

1132 -m -lalle
1191122 =I 1112 =E

2Naik =

n+E: Kids u
-

a(D)
2

= n. E: Ididil Idef.
coherence



=>
n
ns( -n)
n - m

-

-S

->ux) r
·
I

I --
-

m(n- 1)

Interpretation:M(D1) =s n >m

I -

r I~ m 1Fu

1
u(C1) = i Welch-band inequality

S E(1+) =r-bottleneck



Q:Can we improve upon
the scaling behavior m Is??

4

aleof Innovation

I recall:s-sparse signal s
3 =Dx 1 3S-sparse signal x2 X1*x2

y2
=Dx z

0 +y1- yz =y) x1 -xz)
-

(25)-sparse

IS is the minimum noef measuremely needed to be

able, in principle, to recover ans-sparse signal



(PO) recovery from Is measuremals, but need to verity
that spark(D) = 25+1

SF(1+x)) =>-bottlene

(P1) aly, feasible, courex-opt. based

5) 1+a) -bottleneck

x(t) =crdt- +r), 0tr
2=0 k Unknowns [tr]

I

I-Iolt) ... Dirac delta distribution k coefficients Exa

aIt.I
recolen

fram
measuremenlsef x(t)



We will denne an algerithm which recovers Stride fram
24+ 1 measuremals.

periodically extend (H) to a J-periodic signal and compute
its Fourier series coefficients, which a works to taking measuremely

is the frequency domain or in the DFT basis.

d =Ejcrdt-+2) eiht dt(dn=x) eikEtt↳

= c eriketot-taldt
R =0

tinyproperty ) If() 8H-told
=f(o))

- Is eintr



xH) =Edreiht=Z(Eceimetr) eihnnex

The recovery algorithm (recover tracelet from du (
"annimating firm method"

-> A(z) =

Zamz-m 5 z-transform (Laurent schies)

↑-
e
=

0

convolution operator with Sennel 9ambm =

0

I
tiller: xm-lany-yu= Zaexure

~
EK

IProperty i an *a2 80A1(z)A21z)

=n-tacy-tay-you
e

ana2



A(z) =anz-=sz)
8

z
d(n] - e-ih*-(-)

I
(a

-

sint

e-ihn (d() - e-ihd(-))

=e- ihn -

-ihe- ih (n-1)

=e-
ihEn

-eiht eihn -

-

- 0

-

1



du=c eihtr

du *an =(E cserihtr) *(d] -eihda-])
*(OCn] - e

-ind(-)
i

*(d() - erihd(-))
-

= co e
ilto

-
-

+Geiht -
!

- 0-

-

-



an +r= Co,i]

A(z) =Eanz- =4(1 - e- inz -1)I zeros of Als) are que by exit -> te = -arg(zerra))
dutan=dean-e =0, kut

e =0

rewrite di *an =0 in

matrix-recher for
n
=

0 -> do - (k
+1x1 +1

r+1
n
=1 -> I

=S

Sa =0
equations E -Fact (in -69k

+1

fur
n=k

I



k+ 1 Li i ↓-unknowns

S is a (K+1) x(k+1) molix, it is build from Ed-k-do-du,
that is we need 24+1

Fourier series coefficients

no. of "measuremals Y
=2k +1

Sixey S, choose fora, the are singular rechen careto

sing. Value o

assume for now uniqueness, then A(z) = *amz-
m
=

8

1
= 11 (1-2xz -1)
- E=

ESPRI -ih
21

=

e



(y=x(i) =

==carfaz)

-

Finding the cen

du=crua, uret

-E]]()
mk

->uniqueness

fur race?Yes, by to being perise distinct



solve fulc

uenessin duanto

du=ce-ihtr
↳

d -1
-

[
1 us--u

Idot=Efee 1

- k

i

ur"
--

1

S ...(k +1)x(n +1)

-E/]
31 us--nY]



-
(4+1) x((e +1) moix

ofre

[= I
40*4,k -

-

ein. ind follows by
Vandermende property

ran(s) =k

c +xCn +1) mdix

Sa=0 -> a must be unique. I



measurement malix

y
=Dx
1

↑
signal to be recovered

I

Fourierschies coefficiels
-

c
=I=1) eihn dt

T
D

continuum
--

-
+-c0,i]

24 =1I x(t)
--

e

-Y=Erg -+a)



⑲Sof multi-band sitet

sparsity in the frequency-doman
start with sampling thehen

*-ffoovercapto

fs
=2fo:critical sampling

#*xx
- fo to

-S2fo undeseplig

***



-

apling spectrally sparse signals

Assume that the spectrum has support in S-fo, fol

(f)

1-N
I 3 to
-to Isf I to
I

undersample by a facher of two, i.e., fs=fo ~extract)

rF) 2 I(f - rfi)
RE

N
- fo - Fr

undersample by a factor mph, i.e., fs=



nic
- Fo

E
-+

/XXnzfo
fo

I=support sel

Case I:known support sel SE
m =

S
&witerdm. case CCase I:unhuan support set m

=2s

dual to sapling of signals with Frei-
Assume the sapling selp=3tnt, i.e., we are given the signal values

3x(n)].

Theorem S. 1. (Landam, 1967). To reconstructably, we need



11D- (P) =am inf
r - 0 +ear)) 1I I

where Iis the spectral support seleft, i.e., the supportedof,
and 8-P) is called the lower Bearling density.

&-(P) is a generalization of sampling role is. Inthe
case of regular saplin, 10-1P) reduces to ts (to be
shown later).

Interpretation of 8-1P).

1. Fix r

2. Slide a window of lengths across the time axis, i.e.,

Ct, ttr] and look for smallest no.f saphry points
in any of these intervals and divide by. This is
a funchin of 5, fer).

3. Take v -c and compute
the huilef f(r), 150.



regular sampling, we sample as integer muchples of Is
fs =1 = =1

+S

window of length or contains =sapling points
I

I

=rfs -

*
Stabesephyonds P=Stub is called a clable asthe

- set
see if for all exit,

Allxn-xz =11x1(p) -x2(a))22 =Bllx-xzI,Aix o
Att

x(P) =2 xit),x(t).- ,..3 Eti) =P



if Iis a vechaspace =xx1-72 est, if rest
11Tx12

Alas 11 x (Dllz =BIIXIIse
T
Tx

stephis operamen

↳Is Ke

known support sel=> It is a rechen space
unknown support

ses => It is not a rechen space


