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set of binary encoders of length l

Ee : = { E : C → lousy

set of binary decoders of length l

DC : = ED : {Odbc → Ucr )]

uniform error E over the touchier class C
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Then
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the minimax code length LCE, c) is

LCE, c) :-. run { law :3 CE.io ) c- EKO : sup KNEW-91%,FEC
EEJ

.



Moreover
,
the optimal exponent p # (c) is defined as

p
# (c) ⇒ up [heir : LCE, c) c-ICE"McE→

.

longer n ⇒ smaller growth rate !
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Def -10.2 . Let [Xie ) be a metric space .

An E-covering if
C I 02 w.r.tn .

the mehhic f is a set fu , - ✗ ifcc

s -

t
. for each ✗c- C , there exists ani c- C1 , NJ so

that

Ekiti ) I E. The E-covering nurser NCE ice ) is the

THF the smallest E-cording .
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encoder : ✗ C-C
, map ✗ do the closest ( in e) ball center xi ,

produce a binary representation if ✗ by assigning it
the binary representation ref ti

NCE i C
, e) is the no

. of ball century

metric → hofz NI Ei Ge) bits to label ( in binary farm )
entropy the ball claws

decoder : takes bit swung of length lojz Nl Eiae) and

maps it
to the coin . Xi
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Def . to .

3
.
Let Che ) be a metric space .

An E- packing
for a compact set C CJC w.r.tn .

the metric p is a set

{ te, - -en] cc s
.

d. elli Kj ) > E, for all i±j .

The

E- packing number MC Eik, e) is the cardinality of the

largest E- packing .

Lemma 10.4
.

Let Che ) be a metric space and Coe

compact set in d.For all E> 0, the

packing and the coveting number are
related according to

MC 299e) INCEice) EMCEia e)
Proof . choose minimal E-careening and a mauve 2E-pach.my

of C .

1 .
no two centers of the 2 E- packing can lie
in the same ball of the E -00 veiny .



the 2E ; 4 e) c- Nceicie)

2. Nl Eia e) 2-Me Eicce) : given an E-packing Marie)

for gwen ← c- C
, we have the center of at least

one of the bales of the E-packy within dirt
.
CE

.

0 0

⇒ E- packing is also an E- covering . ☐

MCE.iq e) = wfzc E)
till E) IN El 2- Meet ⇒ N = Wyrick )



Lemma 10.5
.

Consider 11.11
,
11-111 on Rd ,

and let B&B
/

be their color
.

unit balls
,
i
- c. ,

D= { co-Ed 11km113

B1={ ✗ c-Rd / 11/411<-13

Then
,
the E-covering number of B in the 11.111 - norm

satisfies

(E) d :÷÷, ±neiBi " - " 'KY!÷÷¥
.

Proof . Let {✗ i. - , ✗ n ce;D, ii.ay } be an E- covering
ofBin the 11.111 - norm

.

Then
,
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matinee E- packing { er , - , ✗ rice ;D
,
ii. my } of B in the

a. v1 -norm
. The balls { ti t £131 ,j=l , - , MCEIB, 11.114 ]

are disjoint and contained within Bt EDI
.

Taking volumes, we get

¥EiD, 11.11
' )

reoecei + EB ') Eval CB TED')

= MC E ; B , 11-11
'
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Metonic entropy of unit ball in its own norm
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NCEIB
,
11.11 ) = E

- d
B :

-

Coiigd : NCE;D, 11-11 ) K duffelC)

Lipschitz functions : FL : = { g :(0,1] →R Igc 01--0 ,
1gal - glee) /ILK -

✗
' 1
,

V-eielc-co.is]
.

hogz CN ( E ;Fc , 11 - Kos )) = LIE
.
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genuine scaling behavior : Wfzcn ( Eic , 11-11 1) I E- 11h toff )
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E- 11h

E-Mr log ME
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10.3
. Approximation with Representation Systems

t
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,
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1. Linear approximation

Hm:=rpan{ee:1ESEmJ-



EmcHtc : = Jefe,
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Ixion
2.Nonhhhhhappro-umo.li#
M- term approximation
replace ten by In consisting of all get that can
be ctpressud as

g= I Cree
SEA

with ACN s . d. Id 1 EM .

Def . 10.6 - fevers a function class C clerks)
,
a dictionary D=Kei)i←I

court
,

we define for f- c-C , MEN ,



Tri (f) = inf H f - ¥±
,
cilei Hear ) .

In c-I

#Im=M
,
Cci)i c-InThe Supreme n>0 st .

sup MmD(f) c- och - r)
,
n → as

f- c-C

will be denoted as ptecc ,D) .

Q : from the function class C , we are allowed to vary over D,
what is the largest ptxcc ) we can expect to get ?

Take a dense land countable) D .

N-1 ⇒ approx . oouek Econ be made arbitrarily small ⇒

p * cc, D) =p

E ✗ MY = 1mn
Two issues : 1 . would need to search a dictionary that has

• many elements



2. would need infinitely many bits to encode
the optimal dictionary elements

poW{.É
r

polynomial
e. f. M3

Def . 10.7 . CD

sup Mf " f- II. a- either, MY
FEC In C { 42 ,- inch]
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Theorem 10.8
.
Let d c- IN and DC Rd . The effective

( polynomial depth - search ) best M- term approximation role of
the function class C C Cr ) in the dictionary Dever)
satisfies

ptyetflc,D) Ep *cc ) .

T T
Kolmogorov aperientpolynomial

depth- search

Proof . 1 . encoding the indices of the dictionary elements
participating in the best M- term approximation
no

. of bits needed to describe an index in the

set { 1,2 , - inch ] is given by Wjz UTM )
-

EMP
I P hofzlm )



A-bits is 2 Tlwjzcn )

2. encode the coefficients Cci )ieIm

( Mwgzcm ) , M = E-11h

L
E-11h wgzcae-un ) € OC E- 114-01 ) )

for = Iioiinaiei =p ¥±Éei
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t.E-z.de?H=1lf-e4Ei-futney
exploit that {Ñ3i←Iñ is an ONB

N -7€.fm?F--,-?gzlci-12Parseree
( -2 IER)% sup 11th + Hell
ieIñ f. c- C

→ Icn-n

⇒ CT are all bounded
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quantize CT do integer multiples of M
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establishes achierebilihy paedief proof .

CM logzcm ) = CE-11h wgzceiein) c- OfE-Hcn-01)
E = tin ⇒m= E-an

p Ep # left (GD)

have constructed an encoder - decoder pour
that achieves

ether behavior M
- ji * ieffcceD) - . - dj

Converse : Couldn't we choose Jr > ptecc)

LIE
,c) c- O(E-Mn )

⇒ p > gntecc) not possible

✗
*cell CGD/ 2- p¥K) .



Def-10.9 . If the effective best M-term gsproeimehien role

of C in D satisfies

p
# Ietf ( Cc D) =p#c),

then we say that C is optimally represented by D .




