m Prof. Dr. Helmut Bélcskei

Chair for Mathematical Information Science
Eidgendssische Technische Hochschule Ziirich
Swiss Federal Institute of Technology Zurich

Solutions to the
Exam on Neural Network Theory
August 26, 2021

Problem 1

(a) One candidate for ¥ is
U(x) =p(x) —0.001p(—x)

—(1 —0.001)0po ((_11) g;> JreR.

This network satisfies W(V) = 2, B(¥) = 1, and M(¥) = 4.

(b) Forn € N, L(S,) =n, W(S,) =1, and B(S,) = 2. By direct computation we get
Si(z) = 2z, Sy(z) = 2p(2z) = 4p(z). We prove by induction that S,,(z) = 2™p(z),
for all x € R and m > 2. The base case S3(x) = 4p(z) was already established. It
remains to prove the induction step. To this end, suppose that for some integer
m > 2, we have S,, = 2"p(x), for all z € R. It then follows from the definition of
Sn, n > 2, in the problem statement that S, 11(z) = 2 p(S,,(x)) = 2p(2™p(x)) =
2™+ p(x), for all z € R. This establishes the induction step.

(c) Forn € NU{0}, L(®,) = 2, W(®,,) =5, B(®,,) = 2""!, and M (®,,) = 14. The plot
of ®y(z) is given below.
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Figure 1: ®((x).

(d) Letn € N. We have

D, (r) = 2" p(x +2) — 2" p(x + 1) + 2" p(z) — 2" p(x — 1) + 2" p(z — 2)
=2"(p(r+2)—2p(x+1)+2p(x) —2p(xr — 1) + p(z — 2))
:271(1)0(%), rz e R.



(e) We have, for x € R,

(f)

®, () = 2"Dy(x), 1)
=2"(p(z +2) = 2p(z + 1) + 2p(z) — 2p(z — 1) + p(z — 2)) (2)
=D (pz+2) =20z + 1) + 20(2) = 2p(x = D)+ plz = 2)),  ©)

where (1) follows from the result of subproblem (d), and in (3) we replaced
multiplication by 2" by summing 2" copies of the same term. Using the defi-
nition of ReLU networks in the Handout, we now see that ®,, can be realized
as a single-hidden-layer ReLU network R, with £(R,) = 2, B(R,) = 2, and
W(R,) = 2" x 5 = 215,

We first show that (5, o ®)(z) = (®,)(z), for all z € R and n € N. Suppose
first that n = 1. For z € R, S,,(®o(z)) = 2®o(x) = ®1(x), where the last equality
follows from the result of subproblem (d). Now let n € N with n > 2. Then, for
x €R, S, (Po(z)) = 2"p(Pg(x)) = 2" Po(z) = D, (), for all x € R, where the first
equality is by the result from subproblem (b), the second follows from ®y(x) > 0,
Vz € R, and the third is by the result from subproblem (d).

Using Lemma 1 in the Handout, S,, o ®; can be realized by a ReLU network T,
with £ (T},) = L(S,) + L(Py) = n+ 2, W(T,,) < max {2, W(S,), W(Py)} = 5, and
B(T,) = max {B(S,), B(®g)} = 2.



Problem 2

(@) (i) An e-covering of the compact set C C X with respect to the metric p is a
set {z1,...,xy} C C such that for each = € C, there existsan i € {1,..., N}
so that p(z, z;) < e. The e-covering number N (¢;C, p) is the cardinality of a
smallest e-covering of C.

(ii) An e-packing of a compact set C C X’ with respect to the metric p is a set
{z1,...,2n} C C such that p(z;,z;) > ¢, for all distinct 4, j. The e-packing
number M (¢;C, p) is the cardinality of a largest e-packing of C.

(iii) N(2¢;C,p) < M(2¢;C,p) < N(g;C,p) < M(e;C, p).

(iv) Suppose that {z1,...,z,} is an e-packing of D such that n = M(s; D, p). By
definition, p(x;,x;) > ¢, foralli, j € {1,...,n} withi # j. This together with
D C C, implies that {z4,...,2,} C C and is an e-packing of C, and therefore
M(g;D, p) =n < M(e;C, p) by definition of the packing number of C.

(b) (i) For every fy € F, we can find a 0; in the set {6y, ...,60r,071} such that
|6 — 0;| < . We then have

| fo, — follt = /0 | sin(2m(z — 6;)) — sin(27(z — )| dz (4)

:/01 gcos(zw(x - “f')) sin(m (6 — 0,)

dx (5)

1 .
:2|sin(7r(0—9i))|/ COS(ZW(x— 94591)> dx (6)
0

2
<2|m(0 — 0;)|— (7)

™
<e, (8)
where (5) and (7) follow from the Hint, and (8) is a consequence of |# — ;| <
5. We can therefore conclude that the set { fy,, . . ., fo,., fo,.,, } constitutes an e-

covering of F with respect to the metric p. An upper bound on the covering
number is hence obtained according to N(g; F,p) < T +2 < 2 + 2.

(ii) We construct an explicit packing as follows. Set T' = |2], and for i =
0,1,...,T, define 0; = 5. Note that for all ¢, j with i # j, we have

[ fo; = fo,llr =/0 |sin(2m(z — 6;)) — sin(27(z — 0;))[dx ©)

-/ o cos (QW ( At 9)) sin(r(6; — )

dx (10)

= 2|sin(w |/ cos(27r( b, ;9)) dx (11)
=2 sin(w(ﬁj — 61))|; (12)
> 2jx(0, - 012 (13)
— 2o, — i, 9



where (10) and (12) follow from the Hint in subproblem (i), (13) from the
Hint in this subproblem with |7 (6; — 6;)| < |7<L| < Z. Since |#; — 6;| > £ for
all i, j with i # j, we have || fo, — fo, |11 > 2¢ > £. We can therefore conclude
that { fy,, ..., fo, } constitutes an e-packing and the corresponding packing
number satisfies M (¢; F, p) > T'+ 1 > 1. Hence,

1
logy, M(g; F,p) > 10g2(g)7

and the solution is concluded by taking c := 1.



Problem 3

(a)

(b)

(©)

(d)

The dichotomy {X|", X } is said to be homogeneously linearly separable if there
exists a nonzero vector w; € R? such that

(r,w,) >0, forall z € X,
(r,w) <0, forallz € X,
and it is said to be ¢-separable if there exists a nonzero vector wy € R™ such that
(d(x),wqe) > 0, forall z € X',
(p(z), wq) <0, forall z € X .

The number of homogeneously linearly separable dichotomies is given by

So(})=2va-s

k=0
These 6 dichotomies { X", X, } of X, together with the corresponding w-vectors
are as follows

{X3 ={(1,0), (-1, -1)}, X; ={(0, 1)} bow=(1,-2);
{X3 ={(0,1)}, Xy ={(1,0), (=L =1}}, w = (=1,2);
{X+ ={(0,1), (-1, -1}, Xy ={(1,0)} bow=(=2,1);
{X3 ={(1,0)}, Xy ={0,1), (=L, =1}} w=(2,-1);
{X ={0,1),(1,0}, Xy ={(-1,-1} bow=(1,1);
{X3 ={(-1,-1}, Xy =401, (1,0}  }w=(-1,-1).

Suppose for the sake of contradiction that { X3, X; } is ¢1-separable. Then, there
exists a vector w = (u, v) such that

(¢1(2), (u,v)) > 0, forallz € X,
(p1(x), (u,v)) <0, forall z € X5,

which amounts to

u +v>0, (15)
3u+v >0, (16)
2u+v <0, (17)
du + v < 0. (18)

It now follows from (15) and (17) that v < 0, while (17) and (16) taken together
imply u > 0, which establishes the desired contradiction.

Let @ (z) := 2p(z) —4p(x — 1) + 4p(x — 2) — 4p(z — 3) — 1, v € R, see Fig. 2 for a
plot of ®; on [0, 4]. It follows from the definition in the Handout that £(®;) = 2.
Further, we get by direct inspection ¢ (1) = ®(3) =1, ®(2) = ®(4) = —1. Let
w = 1. It then follows that

(®y(x),w) = 1>0, forallz € X,

(Py(x),w) =—1<0, forallz € X,

which establishes the ®;-separability of { X3, X3 }.

5



Figure 2: ¢,(x) on [0, 4].

(e) Nosuch ReLU network exists. To see this, assume by way of contradiction that ®,
is such a ReLU network. If {{1,2},{3,4}} were ®,-separable, there would exist a
w; € R such that ®5(1) x wy > 0and ®9(2) x w; > 0, which implies that ®,(1) and
®,(2) have the same sign. Next, {{1},{2,3,4}} being ®,-separable would imply
the existence of a wy € R such that ®5(1) x w; > 0 and P9(2) x w; < 0, which
would imply that (1) and ®(2) have different signs. This establishes the desired
contradiction.



Problem 4

(a) We have
1f(z) = fW
flp;, = sup = (19)
i P PR
TFY
Az —
_ sup 1A =Yl (20)
z,y€R? Hl‘ _y”oo
z#y
lz =yl
=d[lAll,, (22)

where (21) follows from the inequality in the Hint.

(b) For all z,y € R? with 2 # 3, we have

[@1(2) — P1(y) o = [[42 p(Arz) — A2 p(Ary)| (23)
<k Azl lp(Arz) — p(Asz)|| (24)
<k |42l [Arz — Avyll (25)
<k Azl d Al Nz =yl (26)

where (24) and (26) follow from the Hint in subproblem (a), and (25) is by the
inequality in the Hint to subproblem (b).

We therefore have
[P (x) — Oy ()]

|[D1]p = sup

z,y€R? HiL‘ - y”oo
TFY
kd|lA A —
< sup Felell AL 2 =l
z,ycRY ||.T - y“oo
TFY
=dk | A1l | A2]| -

(¢) On the one hand, we have

’\Dn|Lip = sup

z,yeR |$—y|
T#Y
v, (1) — ¥, (0
> 1) = %00 o)
_2”—0
S 1-0
=2"

On the other hand, it follows by application of the result in subproblem (b) that
Wl < W A2l Al < W(B(,))* < AW (28)

This upper bound together with the lower bound (27) yields 4W > 2", which
results in W > 272,



(d) For all z,y € R? with z # y, we have

[@(z) - ()]l (29)
— 1 Au(p (s (e p (A1) . ))) = Aulp (Auca (oo (A) . Dl (30)
< Nt Al 19 (Ancs (oo p (As) ) = p(Auca(cop(Ary) . Dl BD)
< Nt 1Al A1 Coop (A1) o) = Auaeeop (Arg) )l (32)
<SW@)B(®) | Ay 1(-p(Ar) ) = Aualep (Ar) -l (33)
< W(@)B@))" [l — ]l (34)

where (31) follows from the Hint in subproblem (a), (32) is by the Hint in sub-
problem (b), and in (33) we used N,,_; < W(®) and || A4,]|, < B(®).

Therefore, we get

o sup 120 =2
Lip —

z,ycR? ||$ - yHoo
THY

< VOB@) [z~

x,y€R? ”l‘ - y”oo
T#y

= (W(®)B(®))"

as desired.



