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Problem 1

(@) One possible solution is
®(z) = p(z) — plz — 1)
1 0
= (1 —1) opo <(1) T+ (_1>), x € R.
This network satisfies £(®) = 2, W(®) =2, and M(P) =5

(b) We directly calculate the function f as
(

0, forx <0
Az, for0 <z <4
— 3 1 3
f(x)— —2$+§, f0r1§$<z
4o — 3, for%§x<1
(1, forz > 1.
The sketch of f is given below.
 f(2)
1 +
% f —
0 1 3 1
1 1

Figure 1: f(x).

One possible solution for ®/ is

®f(v) = 4p(zx) — 6p(xr — 1/4) + 6p(x — 3/4) — dp(x — 1)
1 0
1 —1/4
:(4 —6 6 — opo 1 x+ 3y , r€eR,
1 ~1



(d)

which satisfies £(®7) = 2, W(®/) = 4, M(®/) = 11, and B(®/) = 6.

We first realize the function g as a o-network according to

g(ﬂ?,y):(W3OO'OW200'OW1><I',y), (1)
where
= + 1 eR
- 05 _2 y 0 ) .flf,y 9
(x :( a:, z € R?,
(x) =2z, z€eR.

Based on the result from subproblem (a), namely

o(z) = p(z) — plz = 1),

we can convert ¢ in (1) to obtain a ReLU network realizing ¢(z, y) according to

9 (z,y) = (WiopoW;yo0poWi)(z,y), ()
where
-2 -1 1
, 12 —1 T 0
0.5 =2 -1

w = (1L e (), sem

Wi(z)=(1 —1)z, =zeR.
Inspection of (2) shows that £(®9) = 3 as desired.
We can express the operation V by affine copies of p according to
zVy=max{z,y} =z + max{0,y — 2} = p(x) — p(—z) + p(y — x), forxz,y € R.

One possible solution for " is hence

1 0
V(z,y)=(1 -1 l)opo(<i 2) (y)) r,y € R.

Likewise, for the operation A, we have
r Ay =min{z,y} =2 —max{0,z — y} = p(z) — p(—x) — p(x —y), forz,yecR.

So we can choose " according to

1 0 .
PNz,y)=(1 -1 1)opo((11 01) <y)) z,y € R.
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(e) In(d), the “min” operation can be realized according to
min{xv y} = (WQ cpo WO(Z’,Z/),

where
1

0
Wl(xay): -1 0 (x)7 fa?JE]K
1 -1) W

Wo(z)=(1 -1 —-1)z, zeR’.
Using z = p(z) — p(—=2), for z € R, the ReLU network W, o p o W3 with

1 0 O
-1 0 0 T
Wi(z,y,z) =11 =1 0 yl, z,y,z€R,
0O 0 1 z
0 0 -1

1 -1 -1 0 0
W4(x):(0 0 0 1_1)x, r € R

satisfies

(Wiopo ey = (M) pzer

Let " := Wyo0po W, oW, 0 poWs Then ®"(z,y,2) = min{min{z,y},z} =
min{z,y, z} as required.



Problem 2

(a)

(b)

()

(d)

An e-covering of F with respect to the metric p., is a set {z1,...,zy} C F such
that for each = € F, there exists an ¢ € {1,..., N} so that po(z,z;) < e. The
e-covering number N (e; F, p) is the cardinality of a smallest e-covering of F.

For all 0,0" € [0, 1], we have

poo(fo.0r, foo) = sup |foe(x)—foo(z)| = maX 1—e 9“””+0’] = max (1—e 9$+9’) < 2.
z€[0,1] z€0,1] z€[0,1]

Therefore, for € > 2, the e-ball around fj contains all elements in F. The single-
ton set { fo 0} constitutes an e-covering of F, which establishes

N(&;F,pso) =1, fore>2.

For given € < 2, for every fpo € F, we can find (6;,0’) in the set {(0;,0}) : 4,7 =

0,1,...,T + 1}, such that |0 — 0] < ¢/2and |0, — ¢'| < ¢/2. We then have
p(foer = Jo.o)) = sup |fo(x) = fo.0,(2)]

z€[0,1]

= max | —e¢ " +e " 40 — 0
xz€[0,1]

< 10" — 6| + max e

z€[0,1]
<0 =0 +16; — 0] <,

where we used, for 0 < 6,

max |e % — e7%*| = max e |1 —

(9279):)3‘
z€[0,1] z€[0,1]

IN

max (1 — e~ #=0)7)
z€]0,1]

< max (0; — 0)x
z€]0,1]

The case 6 > 0, follows similarly. We conclude that the set { fgiﬁ; i, =0,...,T+

1} constitutes an e-covering of . An upper bound on the covering number is
hence given by N(e; F, pos) < (T +2)? < (1 42)%

We construct an e-packing as follows. Set 6, = 0 and define 6; = — log(1—ei) for all
i such that ¢; < 1. The largest index 7" so that this holds is given by T" = L%J .
Forj=0,1,...,|%], let 0} = je. Note that for any two distinct points (;,}) and
(O, 0,,), if j # n, we have

p(fo.0rs fomor,) = nax | fo,.0,(x) = fon,0,(2)] = | fo,.0,(0) = fo,.0,(0)] = 0 — O} ] > e,

and if j = n, then i # m, and we have

p(fo.0r5 fomor,) = nax | fo,,00 (2) = fou0, (@)| = | for00(1) = fo,.0,(1)] = |e(t—m)| = €.

We can therefore conclude that the set {fgl.,g; 1=0,...,7,j=0,..., L
packing and the packing number satisfies M (e; F, poo) > (T+1)(1+ |1
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(e) By subproblems (c) and (d) and Lemma 1 in the Handout, we obtain

1—et
(2¢)?

1 2
<M2e; F, poo) < N(&; F, poo) < <—+2) ,
€

which allows us to conclude that log N(g; F, ps) < log(1/€) as e — 0.



Problem 3

(a)

Softmax! (z) = exp(2) =1, 3)

exp ()

forall x € R.

(b) Fixz € R*and i € {1,...,n}. Forallt € R, exp(t) > 0, so

Softmax\™ (z) = M > 0. 4
) S e ) - @
Moreover,
Softmax" (z) = nexp(xi) < exp(z:) <1 5
% () Y opepexp (zg) ~ exp(x;) — ®)
(c) Letne N, 7,5 €{1,...,n},and z € R". Suppose that i # j.

‘ ()N A exp(z;)
0; Softmax; ’ (v) = 0; <—221 oxp (Ik)) (6)
_exp(r)d, (Y exp (a2) -

(X exp (24))°
_ exp(x;) exp(x;) ®)
(Xhey exp (1))

= — Softmax'" (z) Softmax§n) (). )
9; Softmax\™ (z); = 0, (M) 10
KO S e () 1o

_ ko e () Oi(exp(i)) — exp(:)0i (3 k—y exp (1)) a1
(i exp (1)

(X ky exp (z1)) exp(x;) — exp(x;)*

- n 2 (12)
(Zk:l exp (7))
exp(;) exp(z;)?
DY - 13
S (@) (S exp () (1
= Softmaxgn)(x) — Softmaxgn) () Softmaxgn) (z). (14)

Combining (14) for each i € {1,...,n}, we obtain the result in the hint, namely
V Softmax™ (z) = diag <Softmax(”) (ac)) — Softmax™ (z) Softmax™ (z)”.  (15)

By subproblem b), one has 0 < Softmaxgn) (x) <1,forallz e R*,i e {1,...,n}. It
follows that —1 < V Softmaxgz)(x) <1, forallz € R", 4,5 € {1,...,n}. Therefore,
|V Softmax™ (z)||« < 1, for all z € R", as desired.

(d) Letn € Nand z,y € R", x # y. By Theorem 1 in the Handout, there exists z € R"
such that

|| Softmax™ (y) — Softmax™ ()|, < ||V Softmax™ (2)(y — )| (16)
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If follows that

(@)
|| Softmax™ (y) — Softmax™ (z) s < || Softmax™ (y) — Softmax™ (z)||,  (17)

(16)

< ||V Softmax™ (2)(y — z) || (18)
(0)

< V||V Softmax™ (2)(y — ) ||oe (19)

(c)
< nn||VSoftmax(”)(Z)||oo||y—$||C>o (20)

(d)
< n*2||(y — 2)|| oo, (1)

where (a) and (b) follow from Lemma 2 in the Handout, (c) is by Lemma 3 in the
Handout, and (d) is by subproblem (c). We conclude that

Softmax™ () — Softmax™ (y)||se
| Softmax™ |15 ==  sup || Softmax'™ (z) — Softmax""™ (y)|| <2 ()
z,ye[—1,1)¢ |z = ylloo
TFY

(e) Letx,y € [—1,1]%
lé(2) = ¢(y)llo, = l| Softmax™(Aap(Arz)) — Softmax™(Ap(A1y))lle  (23)

& 02 Anp(Ayz) — Asp(Ary) o (24)
< 032 Aslloelp(Arz) — (A1)l (25)
2 032 m Aglloll Ar — Aryllo 26)
< 32 Aglloo| A ol = 9l @)

where (a) is by subproblem (d), (b) follows from Lemma 3 in the Handout, (c)
is a consequence of the ReLU function being 1-Lipschitz, and (d) follows from
Lemma 3 in the Handout. In summary, we have established that

|6l Lip < 1n*Pmd]| Azlloo| Ai]|cc. (28)



Problem 4
(a) We use Definition 6 in the Handout to compute x4, 25, 23, and x4 as follows:

= (A K)sa= Y [Alsiprzig 1K= Y [Asig[Kili,  (29)

pe{l,..,1} qel1,...,3}
qe{1,...,.3}
= [A1]32[K1)11 + [A1]3s[Ki]12 + [A1]s4[ K1) = 1. (30)

ra= (A x K)aa= Y [Adipr2ig 1K= D [Adarg[Kili, (1)

pe{l,..,1} qel1,...,3}
qe{1,...,.3}
= [A1]ao[K1)11 + [A1]as[Ki]12 + [A1]aa[ K] = 1. (32)

x3 = (Ay * K3)24 Z [Atlosp-141q-1[Kalpg = Z [Ai]i1palKalpr  (33)

pel{l,...,3} pell,...,3}
qe{1,...,1}
= [A1]24[K2)11 + [A1]34[K2)21 + [A1]sa][ K231 = 2. (34)

zy = (Ar % Ky)34 = Z [A1]31p-1.41q-1[Kalpg = Z [A1]21palKalpr  (35)

pe{l,...3} pe{l,...,3}
ge{1,...,1}
= [A1]3a[Ka)11 + [Ar]aa[Ko]on + [Ai]54[K)31 = 3. (36)
We deduce that
[ A1 Killoo = 1, [|A1 % Kaloe = 3. (37)
It follows that
O(A1) = ([[Ar * Kif|oo, [[Ar % Kalo) = (1, 3). (38)

(b) As ¢(A1) = ¢(As), X is not in ¢-general position. {X+, X~} is ¢-separable. In-
deed, consider w = (—1,1). Then,

<¢(Al)>w> = <¢(A2),’LU> =2, (39)

and

<¢(A3),’LU> = <¢(A4)7w> = —2. (40)

© K1l = [[K2lp = 1—11221 1 = 1. By Lemma 4 in the Handout, for all A €
[0, 12928, [[A  Ki|loo < [[Alloo[[Kill1 < [ Al and [|A % Kol < [[Alloo]| K2l <
| Al As A € [0,1]28%28, it follows that ¢(A) € [0, 1), forall A € X.

(d) In subproblem (a), we have seen that convolution with a matrix of ones lined up
horizontally tends to produce maximal values if the image contains a horizontal
line, and conversely, convolution with a matrix of ones lined up vertically tends
to produce maximal values if the image contains a vertical line.

The red points represent the value of ¢(A) for A € X~. X~ contains images of
handwritten ones, which are approximately vertical lines. Hence, for A € X,
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(e)

A x K, yields small values (close to 0) while A x K, yields higher values (close
to 1), and therefore ||A * Ki||oc =~ 0 while ||A * K| ~ 1. This explains why
¢(A) ~(0,1)for A e X~.

The blue points represent the value of ¢(A) for A € X*. X7 contains images
of handwritten zeros, which are approximately a combination of horizontal and
vertical lines. Hence, for A € X, both A« K; and A * K, yield high values (close
to 1), and therefore || A * K;||s = ||A * K3||o =~ 1. This explains why ¢(A) ~ (1,1)
for Ae X+,

The distribution of blue and red points clearly overlap, so it is not possible to
separate {¢(X ™), (X )} with a line. Therefore, X is not ¢-separable. We can
design a map ¢’ which could lead to better separation properties as follows. ¢
is designed to “spot” the horizontal and vertical lines on images, through the
convolution with K; and K,. However, handwritten zeros and ones are not com-
posed of horizontal and vertical lines: ones are not perfectly vertical, but rather
deviate a little bit to the right, and zeros have many components, such as curved
lines and edges. A strategy to get a better separation would be to add more coor-
dinates to the output of ¢ to detect more diverse features. For example, one can
choose ¢ : R#®*# — R!? according to

P'(A) = (Ax Ki)ie{l 12y, VA€ R?8%2%8, (41)

.....

where the K; are matrices. The first two coordinates would remain the same, but
the next ones would use convolutions with other matrices, with the purpose of
detecting inclined lines, curved lines and edges. Here is an example of the K, for
i=3,...,12

0 1 001
K3 = , Ky=101 0], (42)
Lo 1 00
10
are designed to detect inclined lines,
0 1 10
10 01
1 0001 01110
K:= |1 0|, Kg= 01,K7:< ),ng( )
10 01 01110 1 0001
0 1 10

are designed to detect curved lines, and

11 11 10 0 1
K9_ (1 0)7 Klo_ (0 1)7 Kll_ (1 1)7 KlZ_ (1 1) (43)

are designed to detect edges.



